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Background on Neretin groups
1.
In the 1990s Neretin introduced a class of groups as a 
combinatorial analogue of the diffeomorphism group of the 
circle.  










































Let f be a regular tree of finitedegree of 923

V I
T V 2J the boundary of T

identified as infinite geodesic rays from 0

i n

Aut T the automorphism group of the tree T

Equip Aut T with the topology of pointwise convergence

The Neretin group Nq is the topological full group

of AutfT nu 2T




































































That is a homeomorphism GE Homeo 2T is in

Ng iff one can find a partition of 2J into disjoint

clopen subsets 2J i
Ui sit

for each if 11,2 k I fi E Aut T

go fi vi

Explicitly g E Ng can be represented by a triple

A B 4 where A B are complete finite

subtrees 12A1 12131 4 is forest isomorphism

Exi A B

Th A
u AAN

µ A
A A A

A A
4 can be written as 4 61 4 next

6 2A 213 a bijection Cf is a rooted automorphism in Tv

















































             
 
 
 
 
 
 
 
 
 
 
 
 
 

Such homeomorphisms are also called

Spheromorphisms of 2T Neretin

almost automorphism of T
near automorphism of J Cornulier

germs of automorphisms of AutfT Caprace de Medts

some properties of Ng
Nq carries a group topology set the natural inclusion

AutfT Ng
is continuous and open wrt this topology Ng is a

non discrete t.d.EC group

The Higman Thompson group Vq.iq embeds as a dense

subgroup of Nq As a consequence Ng is compactly generated

Kapondjian99 Hq is abstractly simple



2. Invariant random subgroups 
Let G be a locally compact second countable group. Consider its Chabauty space. 
 
 
 
 
 
 
 
 
 
 


















































SUB G the set of closed subgroups of CT
The Chabauty topology is generated by open sets of the form

K HE SUBIG Hnk 0 kcG compact

V HESUBIG Hr 0 0 UCG open

G acts on SUBIG by conjugation

An invariant random subgroup of G is a G invariant

Borel probability measure on SUBIG

Pnp Abert Bergeron Biringer Gelander Nikolov Raimbault Sam

Any IRS µ of G is induced by some probability measure

preservin action of G

G T X D W preserved by G

considerthemo.pl SIBabg
gggg.g




































































µµµ µ a.µ

Examples of IRS si
Ssw N T G normal subgroup

Trivial IRSs refer to Skid 81Gt

EEG closed subgroup of finite covolume

G SUB G factors through GII
g t gig

That is the normalized Haar measure on Gfi gives an IRS

supported on conjugates of I

ET acts on a rooted tree To by automorphisms

A G nu 2T m m invariant measure

All
11 1 1 1 It gives rise to a stabilizer IRS supported on

Stabat xc.at

Expect to have more Rss




































































choose a fixed point set C C 2T

and take Fixe C GE Gi g x x for all xeC

flat closed subsets of 2T SUBIG

C H fixe C
pushforwarda G invariant measure on f 2T we get an IRS

Evidence supporting there is no interesting IRSs

Say G is defined by its action Gnu X

Suppose we already know G a f X admits

no ergodic invariant measure other than Sugg SEX

Example The Higman Thompson group Vd k acts

On 2T there is no invariant measure on
d k i

f 2 Ta k other than the trivial ones

In the situation of countable topological full group
one can upgrade

no nontrivial ergodic invariant measure on fCX

no nontrivial ergodic IRS





3.  
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Double commutator lemma for IRS Z 19

Let IT be a countable group acting faithfully on a

second countable Hausdorff Space X by homeomorphisms

Let µ be an ergodic IRS of I µ 8 id

Then for µ a e H there exists Uc X U open

and non empty sit

H Z Reto Resto

Rist.lv
RI U is the rigid stabilizer of I in U

I

i

j

I




































































Lemma Continued

If in addition we assume that R V has no fixed

point in U for all non empty open V

Then for µ a e H if X E X is not a fixed pet

of It then there is an open nbhd Tf of so

H Reith RetrD

The double commutator lemma for normal subgroup is

well known

Higman simplicity tha Grigorchuk Matri Nekrashevych

For IRS it is used in a similar way to relate

It to its fixed point Seton X

Example The derived subgroup Va.is has

no nontrivial IRS Dudko Medynets




































































Can the lemma be extended to t.d.la groups

By explicit counting arguments shown to be true in

elliptic subgroups of Neretin group Ng Z 9

Bader Caprace Gelander Mozes i Jug does not contain any lattice

Proof goes through open subgroup 0

expand the tree to level R

A B T T On A B y A B Tn
A AA TnANIMA

t II AMIDA sync

0 Von
Suppose I is a lattice in Nq

then to _In 0 is a lattice in 0

Contradiction comes from

Io is discrete In large enough taffeta Ant

Io has finite covolume in O the projection of

















4. Neretin groups have no nontrivial IRS

In 0k to Sym Lk Satisfies a specific volume lowerbn

OA 0AM

e.g A down n levelsAn expand A

OAn ftp.ntutITu XSymlaAn
A A
11111

Outline Let µ be an ergodic IRS of Ng µ t Seid

1 It has to intersect some 0A
Lemma for ft a e H there exists a finite complete A

sit H n O t id



Step 1 implies it is meaningful to consider induced IRSs

SUB Ng SUB Oa

H t Hn OA
push µ forward to Ma

Where It goes over finite complete subtrees countable
collection

2 Consider an ergodic IRS 4 of Oa ft Sesia

Pnp for g a e H there exists Vc 27 U open

nonempty such that

H Z Roa.lv Roath

3 Recall that the Higman Thompson groupµq q
is

dense in Nq It follows that if
H contains Ro.lu R fog then H n V lid

t t 2 implies that the induced IRS

SUB Ng SUB Tt
H H Hn V
µ pushforward to Hq

does not charge the trivial subgroup id



c g 9 I

Finally invoke the result that V has no nontrivial

IRSs it follows ftp.i 8µg

Back to SOB Aq it means ft a e H Z V

Key picture in step 2

covering intersection inducing IRS condition disintegration

to arrive at probability measures that can be understood

A N
A Al ITHAHA i

t.lk
u

Hi H contains an element 8

that
gouges

u to Tv and



Expand n steps down

µ yy
the projection of Hr Oa to AA.ggHHIASym

2An cannot be small


