
ar
X

iv
:1

40
3.

37
96

v4
  [

m
at

h.
G

R
] 

 4
 A

ug
 2

01
6

Metric geometry of locally compact groups

Yves Cornulier and Pierre de la Harpe

July 31, 2016

http://arxiv.org/abs/1403.3796v4


2



Abstract

This book offers to study locally compact groups from the point of
view of appropriate metrics that can be defined on them, in other words
to study “Infinite groups as geometric objects”, as Gromov writes it in
the title of a famous article. The theme has often been restricted to
finitely generated groups, but it can favourably be played for locally
compact groups.

The development of the theory is illustrated by numerous examples,
including matrix groups with entries in the the field of real or complex
numbers, or other locally compact fields such as p-adic fields, isometry
groups of various metric spaces, and, last but not least, discrete group
themselves.

Word metrics for compactly generated groups play a major role. In
the particular case of finitely generated groups, they were introduced by
Dehn around 1910 in connection with the Word Problem.

Some of the results exposed concern general locally compact groups,
such as criteria for the existence of compatible metrics (Birkhoff-Kakutani,
Kakutani-Kodaira, Struble). Other results concern special classes of
groups, for example those mapping onto Z (the Bieri-Strebel splitting
theorem, generalized to locally compact groups).

Prior to their applications to groups, the basic notions of coarse and
large-scale geometry are developed in the general framework of metric
spaces. Coarse geometry is that part of geometry concerning properties
of metric spaces that can be formulated in terms of large distances only.
In particular coarse connectedness, coarse simple connectedness, met-
ric coarse equivalences, and quasi-isometries of metric spaces are given
special attention.

The final chapters are devoted to the more restricted class of com-
pactly presented groups, which generalize finitely presented groups to
the locally compact setting. They can indeed be characterized as those
compactly generated locally compact groups that are coarsely simply
connected.
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Chapter 1

Introduction

1.A Discrete groups as metric spaces

Whenever a group Γ appears in geometry, which typically means that Γ acts on a
metric space of some sort (examples include universal covering spaces, Cayley graphs
and Rips complexes), the geometry of the space reflects some geometry of the group.

This phenomenon goes back at least to Felix Klein and Henri Poincaré, with
tessellations of the half-plane related to subgroups of the modular groups, around
1880. It has then been a well-established tradition to study properties of groups
which can be viewed, at least in retrospect, as geometric properties. As a sample,
we can mention:

– “Dehn Gruppenbild” (also known as Cayley graphs), used to picture finitely
generated groups and their word metrics, in particular knot groups, around
1910. Note that Dehn introduced word metrics for groups in his articles on
decision problems (1910-1911).

– Amenability of groups (von Neumann, Tarski, late 20’s), and its interpretation
in terms of isoperimetric properties (Følner, mid 50’s).

– Properties “at infinity”, or ends of groups (Freudenthal, early 30’s), and struc-
ture theorems for groups with two or infinitely many ends (Stallings for finitely
generated groups, late 60’s, Abels’ generalization for totally disconnected lo-
cally compact groups, 1974).

– Lattices in Lie groups, and later in algebraic groups over local fields; first a
collection of examples, and from the 40’s a subject of growing importance, with
foundational work by Siegel, Mal’cev, Mostow, L. Auslander, Borel & Harish-
Chandra, Weil, Garland, H.C. Wang, Tamagawa, Kazhdan, Raghunathan,
Margulis (to quote only them); leading to:

– Rigidity of groups, and in particular of lattices in semisimple groups (Mostow,
Margulis, 60’s and 70’s).

– Growth of groups, introduced independently (!) by A.S. Schwarz (also written
Švarc) in 1955 and Milnor in 1968, popularized by the work of Milnor and Wolf,
and studied later by Grigorchuk, Gromov, and others, including Guivarc’h,
Jenkins and Losert for locally compact groups.

– Structure of groups acting faithfully on trees (Tits, Bass-Serre theory, Dun-
woody decompositions and accessibility of groups, 70’s); tree lattices.

9



10 CHAPTER 1. INTRODUCTION

– Properties related to random walks (Kesten, late 50’s, Guivarc’h, 70’s, Varopou-
los).

– And the tightly interwoven developments of combinatorial group theory and
low dimensional topology, from Dehn to Thurston, and so many others.

From 1980 onwards, for all these reasons and under guidance of Gromov, in particular
of his articles [Grom–81b, Grom–84, Grom–87, Grom–93], the group community has
been used to consider a group (with appropriate conditions) as a metric space, and
to concentrate on large-scale properties of such metric spaces.

Different classes of groups can be characterized by the existence of metrics with
additional properties. We often write discrete group for group, in view of later sec-
tions about topological groups, and especially locally compact groups. In the discrete
setting, we distinguish four classes, each class properly containing the next one:

(all) all discrete groups;
(ct) countable groups;
(fg) finitely generated groups;
(fp) finitely presented groups.

This will serve as a guideline below, in the more general setting of locally compact
groups.

Every group Γ has left-invariant metrics which induce the discrete topology, for
example that defined by d(γ, γ′) = 1 whenever γ, γ′ are distinct. The three other
classes can be characterized as follows.

Proposition 1.A.1. Let Γ be a group.

(ct) Γ is countable if and only if it has a left-invariant metric with finite balls.
Moreover, if d1, d2 are two such metrics, the identity map (Γ, d1) −→ (Γ, d2)
is a metric coarse equivalence.

Assume from now on that Γ is countable.

(fg) Γ is finitely generated if and only if, for one (equivalently for every) metric d
as in (ct), the metric space (Γ, d) is coarsely connected. Moreover, a finitely
generated group has a left-invariant large-scale geodesic metric with finite balls
(e.g. a word metric); if d1, d2 are two such metrics, the identity map (Γ, d1) −→
(Γ, d2) is a quasi-isometry.

(fp) Γ is finitely presented if and only if, for one (equivalently for every) metric d
as in (ct), the metric space (Γ, d) is coarsely simply connected.

The technical terms of the proposition can be defined as follows; we come back
to these notions in Sections 3.A, 3.B, and 6.A. A metric space (X, d) is

– coarsely connected if there exists a constant c > 0 such that, for every pair
(x, x′) of points of X , there exists a sequence x0 = x, x1, . . . , xn = x′ of points
in X such that d(xi−1, xi) ≤ c for i = 1, . . . , n,

– large-scale geodesic if there exist constants a > 0, b ≥ 0 such that the previous
condition holds with, moreover, n ≤ ad(x, x′) + b,
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– coarsely simply connected if every “loop” x0, x1, . . . , xn = x0 of points in X
with an appropriate bound on the distances d(xi−1, xi), can be “deformed by
small steps” to a constant loop x0, x0, . . . , x0; see 6.A.5 for a precise definition.

If X and Y are metric spaces, a map f : X −→ Y is

– a metric coarse equivalence if,

· for every c > 0, there exists C > 0 such that,
for x, x′ ∈ X with dX(x, x′) ≤ c, we have dY (f(x), f(x′)) ≤ C,
· there exists g : Y −→ X with the same property, satisfying

supx∈X dX(g(f(x)), x) <∞ and supy∈Y dY (f(g(y)), y) <∞;

– a quasi-isometry if there exist a > 0, b ≥ 0 such that

· dY (f(x), f(x′)) ≤ adX(x, x′) + b for all x, x′ ∈ X ,
· there exists g : Y −→ X with the same property, satisfying

supx∈X dX(g(f(x)), x) <∞ and supy∈Y dY (f(g(y)), y) <∞.

Two metrics d, d′ on a set X are coarsely equivalent [respectively quasi-isometric]
if the identity map (X, d) −→ (X, d′) is a metric coarse equivalence [resp. a quasi-
isometry].

The characterizations of Proposition 1.A.1 provide conceptual proofs of some
basic and well-known facts. Consider for example a countable group Γ, a subgroup
of finite index ∆, a finite normal subgroup N ⊳ Γ, and a left-invariant metric d
on Γ, with finite balls. Coarse connectedness and coarse simple connectedness are
properties invariant by metric coarse equivalence. A straightforward verification
shows that the inclusion ∆ ⊂ Γ is a metric coarse equivalence; it follows that ∆ is
finitely generated (or finitely presented) if and only if Γ has the same property.

It is desirable to have a similar argument for Γ and Γ/N ; for this, it is better to
rephrase the characterizations (ct), (fg), and (fp) in terms of pseudo-metrics rather
than in terms of metrics. “Pseudo” means that the pseudo-metric evaluated on two
distinct points can be 0.

It is straightforward to adapt to pseudo-metric spaces the technical terms defined
above and Proposition 1.A.1.

1.B Discrete groups and locally compact groups

It has long been known that the study of a group Γ can be eased when it sits as a
discrete subgroup of some kind in a locally compact group G.

For instance, a cocompact discrete subgroup in a connected locally compact
group is finitely generated (Propositions 2.C.3 and 2.C.8). The following two stan-
dard examples, beyond the scope of the present book, involve a lattice Γ in a locally
compact group G: first, Kazhdan Property (T) is inherited from G to Γ [BeHV–08];
second, if Γ is moreover cocompact in G, cohomological properties of Γ can be
deduced from information on G or on its homogeneous spaces [Brow–82, Serr–71].

Other examples of groups Γ that are usefully seen as discrete subgroups of G
include finitely generated torsion-free nilpotent groups, which are discrete cocompact
subgroups in simply connected nilpotent Lie groups [Ragh–72, Theorem 2.18], and
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polycyclic groups, in which there are subgroups of finite index that are discrete
cocompact subgroups in simply connected solvable Lie groups [Ragh–72, Theorem
4.28]. For some classes of solvable groups, the appropriate ambient group G is
not Lie, but a group involving a product of linear groups over non-discrete locally
compact fields. For example, for a prime p, the group Z[1/p] of rational numbers of
the form a/pk (with a ∈ Z and k ≥ 0), and the p-adic field Qp, we have the diagonal
embedding

Z[1/p] −֒→ R×Qp,

of which the image is a discrete subgroup with compact quotient. We refer to
Example 8.D.2 for other examples, of the kind

Z[1/6] ⋊1/6 Z −֒→ (R×Q2 ×Q3) ⋊1/6 Z,

of which the image is again discrete with compact quotient.
It thus appears that the natural setting is that of locally compact groups. (This

generalization from Lie groups to locally compact groups is more familiar in harmonic
analysis than in geometry.) More precisely, for the geometric study of groups, it is
appropriate to consider σ-compact and compactly generated locally compact groups ;
in the case of discrete groups, σ-compact groups are countable groups, and compact
generation reduces to finite generation. Though it is not so well-known, there is
a stronger notion of compact presentation for locally compact groups, reducing to
finite presentation in the case of discrete groups. One of our aims is to expose basic
facts involving these properties.

We use LC-group as a shorthand for “locally compact group”.

1.C Three conditions on LC-groups

Locally compact groups came to light in the first half of XXth century. The no-
tion of compactness slowly emerged from 19th century analysis, and the term was
coined by Fréchet in 1906; see [Enge–89, Page 136]. Local compactness for spaces
was introduced by Pavel Alexandrov in 1923 [Enge–89, Page 155]. The first ab-
stract definition of a topological group seems to be that of Schreier [Schr–25]; early
contributions to the general theory, from the period 1925–1940, include articles by
Leja, van Kampen, Markoff, Freudenthal, Weyl, von Neumann (these are quoted
in [Weil–40, chapitre 1]), as well as van Dantzig, Garrett Birkhoff, and Kakutani.
Influential books were published by Pontryagin [Pont–39] and Weil [Weil–40], and
later by Montgomery & Zippin [MoZi–55].

(Lie groups could be mentioned, but with some care. Indeed, in the early theory
of XIXth century, “Lie groups” are local objects, not systematically distinguished
from Lie algebras before Weyl, even if some examples are “global”, i.e., are topolog-
ical groups in our sense. See the discussion in [Bore–01], in particular his § I.3.)

Among topological groups, LC-groups play a central role, both in most of what
follows and in other contexts, such as ergodic theory and representation theory. Re-
call that these groups have left-invariant regular Borel measures, as shown by Haar
(1933) in the second-countable case, and by Kakutani and Weil (late 30’s) in the
general case. Conversely, a group with a “Haar measure” is locally compact; see La



1.C. THREE CONDITIONS ON LC-GROUPS 13

réciproque du théorème de Haar, Appendice I in [Weil–40], and its sharpening in
[Mack–57]; see also Appendix B in [GlTW–05]. Gelfand and Raikov (1943) showed
that LC-groups have “sufficiently many” irreducible continuous unitary represen-
tations [Dixm–69, Corollary 13.6.6]; this does not carry over to topological groups
(examples of topological groups that are abelian, locally homeomorphic to Banach
spaces, and without any non-trivial continuous unitary representations are given in
[Bana–83, Bana–91]).

Let G be an LC-group. Denote by G0 its identity component, which is a normal
closed subgroup; G0 is connected and the quotient group G/G0 is totally discon-
nected. Our understanding of connected LC-groups, or more generally of LC-groups
G with G/G0 compact, has significantly increased with the solution of Hilbert Fifth
Problem in the early 1950’s (Gleason, Montgomery, Zippin, Yamabe, see [MoZi–55]).
The seminal work of Willis ([Will–94], see also [Will–01a, Will–01b]) on dynamics
of automorphisms of totally disconnected LC-groups allowed further progress. Spe-
cial attention has been given on normal subgroups and topologically simple totally
disconnected LC-groups [Will–07, CaMo–11, CaRW–I, CaRW–II].

The goal of this book is to revisit three finiteness conditions on LC-groups, three
natural generalizations of countability, finite generation, and finite presentation.

The first two, σ-compactness and compact generation, are widely recognized as
fundamental conditions in various contexts. The third, compact presentation, was
introduced and studied by the German school in the 60’s (see Section 1.E below),
but mainly disappeared from the landscape until recently; we hope to convince the
reader of its interest. For an LC-group G, here are these three conditions:

(σC) G is σ-compact if it has a countable cover by compact subsets. In analysis,
this condition ensures that a Haar measure on G is σ-finite, so that the Fubini
theorem is available.

(CG) G is compactly generated if it has a compact generating set S.
(CP) G is compactly presented if it has a presentation 〈S | R〉 with the generating

set S compact in G and the relators in R of bounded length.

Though it does not have the same relevance for the geometry of groups, it is
sometimes useful to consider one more condition: G is second-countable if its topol-
ogy has a countable basis; the notion (for LC-spaces) goes back to Hausdorff’s 1914
book [Enge–89, Page 20].

There is an abundance of groups that satisfy these conditions:

(CP) Compactly presented LC-groups include connected-by-compact groups, abelian
and nilpotent compactly generated groups, and reductive algebraic groups over
local fields. (Local fields are p-adic fields Qp and their finite extensions, and
fields Fq((t)) of formal Laurent series over finite fields.)

(CG) Examples of compactly generated groups that are not compactly presented
include

(a) K2 ⋊ SL2(K), where K is a local field (Example 8.A.28),
(b) (R × Q2 × Q3) ⋊2/3 Z, where the generator of Z acts by multiplication

by 2/3 on each of R, Q2, and Q3 (Example 8.D.2).
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(σC) GLn(K) and its closed subgroups are second-countable σ-compact LC-groups,
for every non-discrete locally compact field K and every positive integer n.

The condition of σ-compactness rules out uncountable groups with the discrete
topology, and more generally LC-groups G with an open subgroup H such that
the homogeneous space G/H is uncountable; see Remark 2.A.2(3), Example 2.B.8,
Corollaries 2.C.6 & 2.E.7(1), and Example 8.B.7(1). Among σ-compact groups,
second countability rules out “very large” compact groups, such as uncountable
direct products of non-trivial finite groups.

It is remarkable that each of the above conditions is equivalent to a metric
condition, as we now describe more precisely.

1.D Metric characterization of topological prop-

erties of LC-groups

A metric on a topological space is compatible if it defines the given topology. It is
appropriate to relax the condition of compatibility for metrics on topological groups,
for at least two reasons.

On the one hand, a σ-compact LC-group G need not be metrizable (as un-
countable products of non-trivial finite groups show). However, the Kakutani-
Kodaira theorem (Theorem 2.B.6) establishes that there exists a compact normal
subgroup K such that G/K has a left-invariant compatible metric dG/K ; hence
dG(g, g′) := dG/K(gK, g′K) defines a natural pseudo-metric dG on G, with respect
to which balls are compact. On the other hand, an LC-group G generated by a
compact subset S has a word metric dS defined by

dS(g, g′) = min

{
n ∈ N

∣∣∣∣
there exist s1, . . . , sn ∈ S ∪ S−1

such that g−1g′ = s1 · · · sn

}
.

Note that dS need not be continuous as a function G×G −→ R+. For example, on
the additive group of real numbers, we have d[0,1](0, x) = ⌈|x|⌉ := min{n ≥ 0 | n ≥
|x|} for all x ∈ R; hence 1 = d[0,1](0, 1) 6= limε→0 d[0,1](0, 1 + ε) = 2 (with ε > 0 in
the limit).

As a consequence, we consider non-necessarily continuous pseudo-metrics,
rather than compatible metrics. In this context, it is convenient to introduce some
terminology.

A pseudo-metric d on a topological space X is proper if its balls are relatively
compact, and locally bounded if every point in X has a neighbourhood of finite
diameter with respect to d. A pseudo-metric on a topological group is adapted if
it is left-invariant, proper, and locally bounded; it is geodesically adapted if it is
adapted and large-scale geodesic. Basic examples of geodesically adapted metrics
are the word metrics with respect to compact generating sets. On an LC-group, a
continuous adapted metric is compatible, by Proposition 2.A.9.

Every LC-group has a left-invariant pseudo-metric with respect to which balls of
small enough radius are compact (Corollary 4.A.4). Classes (σC), (CG) and (CP)
can be characterized as follows.
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Proposition 1.D.1 (characterization of σ-compact groups). An LC-group G is σ-
compact if and only if it has an adapted metric, if and only if it has an adapted
pseudo-metric, if and only if it has an adapted continuous pseudo-metric (Proposi-
tion 4.A.2).

If G has these properties, two adapted pseudo-metrics on G are coarsely equiva-
lent (Corollary 4.A.6).

In particular, a σ-compact group can be seen as a pseudo-metric space, well-
defined up to metric coarse equivalence. See also Corollary 3.E.6.

The main ingredients of the proof are standard results: the Birkhoff-Kakutani
theorem, which characterizes topological groups that are metrizable, the Struble the-
orem, which characterizes locally compact groups of which the topology can be de-
fined by a proper metric, and the Kakutani-Kodaira theorem, which establishes that
σ-compact groups are compact-by-metrizable (Theorems 2.B.2, 2.B.4, and 2.B.6).

Proposition 1.D.2 (characterization of compactly generated groups). Let G be a
σ-compact LC-group and d an adapted pseudo-metric on G.

G is compactly generated if and only if the pseudo-metric space (G, d) is coarsely
connected. Moreover, if this is so, there exists a geodesically adapted continuous
pseudo-metric on G (Proposition 4.B.8).

If G is compactly generated, two geodesically adapted pseudo-metrics on G are
quasi-isometric (Corollary 4.B.11).

In particular, word metrics associated to compact generating sets of G are bilip-
schitz equivalent to each other (Proposition 4.B.4).

Alternatively, an LC-group is compactly generated if and only if it has a faithful
geometric action (as defined in 4.C.1) on a non-empty geodesic pseudo-metric space
(Corollary 4.C.6). In particular a compactly generated group can be seen as a
pseudo-metric space, well-defined up to quasi-isometry.

To obtain characterizations with metrics, rather than pseudo-metrics, second-
countability is needed:

An LC-group G is second-countable if and only if it has a left-invariant proper
compatible metric (Struble Theorem 2.B.4).

An LC-group G is second-countable and compactly generated if and only if G has
a large-scale geodesic left-invariant proper compatible metric (Proposition 4.B.9).

It is a crucial fact for our exposition that compact presentability can be charac-
terized in terms of adapted pseudo-metrics:

Proposition 1.D.3 (characterization of compactly presented groups). Let G be a
compactly generated LC-group and d an adapted pseudo-metric on G.

G is compactly presented if and only if the pseudo-metric space (G, d) is coarsely
simply connected (Proposition 8.A.3).

One of the motivations for introducing metric ideas as above appears in the
following proposition (see Section 4.C), that extends the discussion at the end of
Section 1.A:
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Proposition 1.D.4. Let G be a σ-compact LC-group, H a closed subgroup of G
such that the quotient space G/H is compact, and K a compact normal subgroup of
G. Then the inclusion map i : H −֒→ G and the projection p : G։ G/K are metric
coarse equivalences with respect to adapted pseudo-metrics on the groups. Moreover,
if G is compactly generated and the pseudo-metrics are geodesically adapted, the
maps i and p are quasi-isometries.

In particular, if Γ is a discrete subgroup of G such that G/Γ is compact, G is
compactly generated [respectively compactly presented] if and only if Γ is finitely
generated [resp. finitely presented].

For other properties that hold (or not) simultaneously for G and Γ, see Remarks
4.A.9 and 4.B.14.

1.E On compact presentations

Despite its modest fame for non-discrete groups, compact presentability has been
used as a tool to establish finite presentability of S-arithmetic groups. Consider an
algebraic group G defined over Q. By results of Borel and Harish-Chandra, the
group G(Z) is finitely presented [Bore–62]. Let S be a finite set of primes, and let
ZS denote the ring of rational numbers with denominators products of primes in
S. It is a natural question to ask whether G(ZS) is finitely presented; for classical
groups, partial answers were given in [Behr–62].

The group G(ZS) is naturally a discrete subgroup in G := G(R)×∏
p∈S G(Qp).

In [Knes–64], Martin Kneser has introduced the notion of compact presentability,
and has shown that G(ZS) is finitely presented if and only if G(Qp) is compactly
presented for all p ∈ S; an easy case, that for which G/G(ZS) is compact, follows
from Corollary 8.A.5 below. Building on results of Bruhat and Tits, Behr has then
shown that, when G is reductive, G(K) is compactly presented for every local field
K [Behr–67, Behr–69]. To sum up, using compact presentability, Kneser and Behr
have shown that G(ZS) is finitely presented for every reductive group G defined over
Q and every finite set S of primes. (Further finiteness conditions for such groups
are discussed in several articles by Borel and Serre; we quote [BoSe–76].)

After these articles of Kneser and Behr from the 60’s, Abels discussed compact
presentation in great detail for solvable linear algebraic groups [Abel–87], show-
ing in particular that several properties of G(Z[1/p]) are best understood together
with those of G(Qp). Otherwise, compact presentations seem to have disappeared
from the literature. In his influential article on group cohomology and properties
of arithmetic and S-arithmetic groups, Serre does not cite Kneser, and he cites
[Behr–62, Behr–69] only very briefly [Serr–71, in particular Page 127].

1.F Outline of the book

Chapter 2 contains foundational facts on LC-spaces and groups, the theorems of
Birkhoff-Kakutani, Struble, and Kakutani-Kodaira, on metrizable groups, with proofs,
and generalities on compactly generated LC-groups. The last section describes re-
sults on the structure of LC-groups; they include a theorem from the 30’s on compact
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open subgroups in totally disconnected LC-groups, due to van Dantzig, and (with-
out proofs) results from the early 50’s solving the Hilbert Fifth Problem, due among
others to Gleason, Montgomery-Zippin, and Yamabe.

Chapter 3 deals with two categories of pseudo-metric spaces that play a major
role in our setting: the metric coarse category, in which isomorphisms are closeness
classes of metric coarse equivalences (the category well-adapted to σ-compact LC-
groups), and the large-scale category, in which isomorphisms are closeness classes
of quasi-isometries (the category well-adapted to compactly generated LC-groups).
Section 3.C shows how pseudo-metric spaces can be described in terms of their metric
lattices, i.e., of their subsets which are both uniformly discrete and cobounded. Sec-
tion 3.D illustrates these notions by a discussion of notions of growth and amenability
in appropriate spaces and groups. Section 3.E, on what we call the coarse category,
alludes to a possible variation, involving bornologies rather than pseudo-metrics.

Chapter 4 shows how the metric notions of Chapter 3 apply to LC-groups. In
particular, every σ-compact LC-group has an adapted metric (Proposition 1.D.1),
and every compactly generated LC-group has a geodesically adapted pseudo-metric
(Proposition 1.D.2). Moreover, σ-compact LC-groups are precisely the LC-groups
that can act on metric spaces in a “geometric” way, namely by actions that are
isometric, cobounded, locally bounded, and metrically proper; and compactly gen-
erated LC-groups are precisely the LC-groups that can act geometrically on coarsely
connected pseudo-metric spaces (Theorem 4.C.5, sometimes called the fundamental
theorem of geometric group theory). Section 4.D illustrates these notions by dis-
cussing locally elliptic groups, namely LC-groups in which every compact subset is
contained in a compact open subgroup (equivalently LC-groups G with an adapted
metric d such that the metric space (G, d) has asymptotic dimension 0).

Chapter 5 contains essentially examples of compactly generated LC-groups, in-
cluding isometry groups of various spaces.

Chapter 6 deals with the appropriate notion of simple connectedness for pseudo-
metric spaces, called coarse simple connectedness. In Section 6.C, we introduce the
(2-skeleton of the) Rips complex of a pseudo-metric space.

Chapter 7 introduces bounded presentation, i.e., presentations 〈S | R〉 with ar-
bitrary generating set S and relators in R of bounded length. It is a technical
interlude before Chapter 8, on compactly presented groups, i.e., on bounded presen-
tations 〈S | R〉 of topological groups G with S compact in G.

As explained in Chapter 8, an LC-group is compactly presented if and only if the
pseudo-metric space (G, d) is coarsely simply connected, for d an adapted pseudo-
metric. Important examples of compactly presented LC-groups include:

(c) connected-by-compact groups,
(d) abelian and nilpotent compactly generated LC-groups,
(e) LC-groups of polynomial growth,
(f) Gromov-hyperbolic LC-groups.
(g) (R×Q2 ×Q3) ⋊1/6 Z (compare with (b) in Section 1.C),
(h) SLn(K), for every n ≥ 2 and every local field K.
(i) every reductive group over a non-discrete LC-field is compactly presented (this

last fact is not proven in this book).
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(Items (a) and (b) of the list appear above, near the end of Section 1.C, and refer
to LC-groups which are not compactly presented.) A large part of Chapter 8 is
devoted to the Bieri-Strebel splitting theorem: let G be a compactly presented LC-
group such that there exists a continuous surjective homomorphism π : G։ Z; then
G is isomorphic to an HNN-extension HNN(H,K,L, ϕ) of which the base group H
is a compactly generated subgroup of ker(π). Among the prerequisites, there is a
section exposing how to extend the elementary theory of HNN-extensions and free
products with amalgamation from the usual setting of abstract groups to our setting
of LC-groups (Section 8.B).

For another and much shorter presentation of the subject of this book, see [CoHa].
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Chapter 2

Basic properties

It is convenient to agree on the following standing assumptions, notation, and
abbreviations:

(A1) Topological spaces and in particular topological groups appearing below are
assumed to be Hausdorff, unless explicitly stated otherwise.

(A2) We denote by N the set of natural numbers {0, 1, 2, . . .}, including 0,

Z the ring of rational integers,

R the field of real numbers,

R+ the subset of non-negative real numbers,

R×
+ the group of positive real numbers,

R+ the union R+ ∪ {∞},
C the field of complex numbers,

Zp the ring of p-adic integers,

Qp = Zp[
1
p
] the field of p-adic numbers.

If R is a commutative ring with unit, R× stands for its multiplicative group of
units. For example, R× = Rr {0} and Z×

p = Zp r pZp.

(A3) For subsets S, T of a group G,

ST = {g ∈ G | g = st for some s ∈ S, t ∈ T}.

For n ∈ Z, define Sn by S0 = {1}, S1 = S, S2 = SS, Sn+1 = SnS for n ≥ 2,
S−1 = {g ∈ G | g−1 ∈ S}, and S−n = (S−1)n for n ≥ 2.

(A4) Let P and R be properties of topological groups. A group G is

P-by-R

if it has a closed normal subgroup N with Property P such that the quotient
group G/N has Property R. If P is a property inherited by closed subgroups
of finite index and F is the property of being finite, a P-by-F group is also
called a virtually P group.

19
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(A5) As already agreed above (end of 1.B), we use the shorthand LC-group for
“locally compact topological group”. Similarly for LC-space.

Moreover, we wish to insist from the start on our use of the words “metric” and
“action”:

• On a topological space X , a metric d need be neither continuous nor proper;
in particular, d need not define the topology of X (Remark 2.A.8(1)).

• We will never use “metric” as a shorthand for “Riemannian metric”.

• An LC-group with an adapted metric (as defined in 4.A.1) need not be metriz-
able (Remark 4.A.3).

• On a topological space or a metric space, an action of a topological group
need not be continuous (Remark 4.C.3).

2.A A reminder on topological spaces and pseudo-

metric spaces

Before dealing with groups, we recall some basic facts in the larger context of spaces.

Definition 2.A.1. A topological space is locally compact if each of its points has a
compact neighbourhood, σ-compact if it is a countable union of compact subspaces,
first-countable if each of its points has a countable basis of open neighbourhoods,
second-countable if its topology has a countable basis of open sets, and separable
if it contains a countable dense subset.

A subset of a topological space is relatively compact if its closure is compact.

Remark 2.A.2. (1) In this book, σ-compact spaces need not be locally com-
pact (contrary to the convention in some books or articles, such as [BTG1-4] and
[Dugu–66]).

Similarly, our compactly generated groups need not be locally compact. See
Definition 2.C.1 and Digression 2.C.17 below.

(2) An LC-space X is σ-compact if and only if there exists a countable family
(Kn)n≥0 of compact subspaces whose interiors cover X . One may add the require-
ment that Kn ⊂ int(Kn+1) for all n ≥ 0 [BTG1-4, Page I.68].

(3) Though most LC-groups occurring in this book are σ-compact, some groups
of interest in geometry are not.

One example is the discrete group R ⊗Z (R/πQ), where ⊗Z denotes a tensor
product of Z-modules; this group is the receptacle of the Dehn-Sydler invariant, in
the theory of equidecomposition of polyhedra in Euclidean 3-space (see the exposi-
tions in [Bolt–78] and [Cart–86]).

Connected Lie groups endowed with the discrete topology appear in the theory
of foliations (among other places); see for example [Haef–73] and [Miln–83].

For other examples of LC-groups that are not σ-compact, see Examples 2.B.8
and 8.B.7(1), and Corollary 2.E.7(1).
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(4) A second-countable topological space is first-countable. An uncountable dis-
crete space is first-countable but is not second-countable.

(5) A second-countable space is always separable, but the converse does not hold
(even for compact groups, as Example 2.A.15 shows).

(6) Though most LC-groups occurring in this book are second-countable, some
are not: see Examples 2.A.14, 2.A.15, and Remark 2.C.11.

It is convenient to assume that LC-groups are second-countable in several occa-
sions, e.g. in ergodic theory (see [Zimm–84]) or in the theory of unitary representa-
tions (reduction theory, direct integrals, see [Dixm–69, Section 18.7]).

(7) For a discrete space, the following four properties are equivalent: X is σ-
compact, X is second-countable, X is separable, X is countable.

In this book, a countable set can be either finite or infinite.

Definition 2.A.3. If X, Y are topological spaces, a map f : X −→ Y (not neces-
sarily continuous) is proper if f−1(L) is relatively compact in X for every compact
subspace L of Y .

The adjective proper is used in several other situations: for pseudo-metrics and
for metric spaces (2.A.7 below), for actions (4.C.1), and for subsets (a subset A of a
set X is proper if the complement X r A is non-empty).

Example 2.A.4. In the situation of Definition 2.A.3, f−1(L) need not be closed,
because f is not necessarily continuous.

An example of a proper non-continuous map is that of the floor function R −→
Z, mapping x ∈ R to the largest integer ⌊x⌋ ∈ Z not greater than x.

Definition 2.A.5. A pseudo-metric on a set X is a map d : X × X −→ R+

such that d(x, x) = 0, d(x′, x) = d(x, x′), and d(x, x′′) ≤ d(x, x′) + d(x′, x′′) for all
x, x′, x′′ ∈ X . An écart on X is a map on X ×X with values in R+ = [0,∞], that
formally satisfies the same identities and inequalities (in this text, this will only
appear in § 6.C).

A pseudo-metric space is a pair (X, d) of a set X and a pseudo-metric d on
X . If convenient, we write dX for d. Whenever possible, we write X rather than
(X, d) or (X, dX). For x ∈ X and A ⊂ X , we define

dX(x,A) = inf{dX(x, a) | a ∈ A}.

Note that dX(x, ∅) =∞, in agreement with the natural convention inf ∅ =∞. The
closed ball of radius r > 0 and centre x ∈ X is

Bx
X(r) = {y ∈ X | dX(x, y) ≤ r}.

Open balls are defined similarly, with the strict inequality dX(x, y) < r. The diam-
eter of a subset Y of a pseudo-metric space (X, dX) is diam(Y ) = supy,y′∈Y dX(y, y′).

A metric on a set X is a pseudo-metric d such that d(x, x′) = 0 implies x = x′.
A metric space is a pair (X, d) of a set X and a metric d on X . Often, X stands
for (X, d).
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A metric space is canonically a topological space, with open sets defined to be
unions of open balls. On a topological space, a metric is compatible if it defines
the original topology. A topological space X is metrizable if it has a compatible
metric, and completely metrizable if it has a compatible metric for which it is a
complete metric space. A topological space is Polish if it is completely metrizable
and separable.

Remark 2.A.6. In compliance with the convention to only allow Hausdorff topo-
logical spaces (see (A1) Page 19), we do not consider any topology associated to a
pseudo-metric space.

Definition 2.A.7. On a topological space X , a pseudo-metric d is

(1) proper if balls with respect to d are relatively compact, equivalently if the
map X −→ R+, x 7−→ d(x0, x) is proper for all x0 ∈ X ,

(2) locally bounded if every point in X has a neighbourhood of finite diameter,
(3) continuous if the map d : X ×X −→ R+ is continuous.

(Note that the map X ×X −→ R+, (x, y) 7−→ d(x, y) is proper if and only if X is
compact.)

A metric space (X, d) is proper if its subsets of finite diameter are relatively
compact. Observe that this holds if and only if, on the associated topological space,
the metric d is proper.

Remark 2.A.8. (1) In this book,

• metrics on topological spaces need be neither continuous nor proper;
in particular, metrics need not be compatible.

On R, the metric d[−1,1] : R×R −→ R+, which assigns to (x, y) the smallest integer
⌈y − x⌉ greater or equal to |y − x|, is proper and not continuous. The subscript
[−1, 1] indicates that it is a word metric, see Definition 4.B.2.

Let (X, d) be a metric space; assume that X is not compact. Then the metric

(x, y) 7−→ d(x,y)
1+d(x,y)

is compatible (in particular continuous) and non-proper.

(2) Let X be a topological space, d a metric on X , and Xd the underlying set of
X together with the topology defined by d. Then d is continuous on X if and only if
the identity map viewed as a map X −→ Xd is continuous. This does not imply that
d is compatible, in other words it does not imply that this map is a homeomorphism,
as shown by the case of the left-closed right-open interval X = [0, 1[ ⊂ R and the
continuous metric d defined on it by d(x, x′) = |e2iπx − e2iπx′ |.

The situation for morphisms of σ-compact LC-groups is different. See Corollaries
2.D.6 and 2.D.7.

(3) Let X be a topological space;

• for a proper metric d on X, the metric space (X, d) need not be
proper.
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Consider for example the compact topological space X = R/Z, the non-compact
topological space Y = (R/Z)×R, a compatible metric dY on Y that is non-proper
(for example a bounded metric), a bijection ϕ : X −→ Y (for example an isomor-
phism of abelian groups), and the pullback metric dX = ϕ∗(dY ) on X . The metric
dX on X is proper (because X is compact), but the metric space (X, dX) is not
proper (because it is isometric to (Y, dY )).

(4) On a topological space, even on a locally compact one, a metric need not be
locally bounded, as shown by the metric defined on R by (x, y) 7−→ |γ(x) − γ(y)|,
where γ is a non-continuous group automorphism of R. Indeed, there exists on R/Z
a proper non-continuous metric that is not locally bounded (Remark 4.B.3(5)).

On a topological space X , a continuous pseudo-metric d is necessarily locally
bounded. The word metric d[−1,1] on R, as in (1) above, is locally bounded and is
not continuous.

(5) Let X a topological space and d a pseudo-metric on X . Suppose that d is
locally bounded. Then every compact subset of X has a finite diameter; and so does
every relatively compact subset of X .

When X is locally compact, the converse holds: if every compact subset of X has
finite diameter, then d is locally bounded. For an LC-space X , Definition 2.A.7(2)
can therefore be reformulated as:

A pseudo-metric d on a locally compact space X is locally bounded if every
compact subset of X is bounded with respect to d.

(6) A topological space on which there exists a proper locally bounded pseudo-
metric is necessarily locally compact and σ-compact. A fortiori, a proper metric
space is locally compact and σ-compact.

Conversely, there exists a compatible proper metric on every σ-compact locally
compact space [Vaug–37] (see also [WiJa–87, Theorem 1]).

(7) A metric space is always first-countable, but need not be second-countable.
A first-countable compact space need not be separable, hence need not be metriz-

able [Kell–55, Chapter V, Problem J].
However a topological group is first-countable if and only if it is metrizable (by

the Birkhoff-Kakutani Theorem, 2.B.2 below).

Proposition 2.A.9. On a locally compact space, every proper continuous metric is
compatible.

Proof. Let X be a locally compact space, d a proper continuous metric on X , and
Xd the space X together with the topology defined by d. The identity mapping
provides a map j : X −→ Xd which is continuous, because d is continuous. It
remains to show that, for every closed subset F of X , its image in Xd is also closed.

Consider a point x ∈ X and a sequence (xn)n≥0 of points in F such that
limn→∞ d(xn, x) = 0. We have to show that x ∈ F . Since d is proper, there exists
a compact subset of X that contains xn for all n ≥ 0. Upon replacing (xn)n≥0 by
a subsequence, we may assume that (xn)n≥0 converges in X towards some point
y ∈ F . Since limn→∞ d(xn, y) = 0, we have y = x. Hence F is closed in Xd.
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About continuous and compatible metrics on groups, see also Corollary 2.D.7.

Theorem 2.A.10 (Second-countable LC-spaces). For a locally compact space X,
the following properties are equivalent:

(i) X is second-countable;
(ii) X is metrizable and σ-compact;
(iii) X is metrizable and separable;
(iv) X is Polish;
(v) the topology of X can be defined by a proper metric.

On the proof. A second-countable LC-space is obviously σ-compact. It is metrizable
by a particular case of Urysohn’s metrization theorem: every second-countable
regular space is metrizable. For this and other implications, see e.g. [BTG5-10, Page
IX.21] or [Kech–95, Theorem 5.3].

The next proposition answers questions concerning properties of closed sub-
spaces, quotient spaces, and products. We first recall a standard terminology.

Definition 2.A.11. Let R be an equivalence relation on a topological space X ; let
X/R denote the quotient space.

The relation R is open if the canonical projection X −→ X/R is open, equiva-
lently if the R-closure of every open subset in X is open.

The relation R is Hausdorff if X/R is Hausdorff. When R is open, then R is
Hausdorff if and only if the graph of R is closed in X ×X [BTG1-4, Page I.55].

Note. If G is a topological group and H a closed subgroup, the relation R defined
on G by g1Rg2 if g−1

1 g2 ∈ H is open and Hausdorff. In this case, G/R is rather
written G/H ; the natural projection from G onto G/H need not be closed.

For 2.A.12 (and for 2.C.8 below), we consider the following properties of topo-
logical spaces:

(a) local compactness,
(b) metrizability,
(c) first countability,
(d) σ-compactness,
(e) second countability,
(f) separability.

Proposition 2.A.12 (hereditary properties). Let X be a topological space, and Y
a subspace.

(1) Assume that X is locally compact (a). Then Y is locally compact if and only if
there exist in X a closed subset C and an open subset U such that Y = C ∩U .

(2) If X has one of Properties (b), (c) or (e), then Y has the same property.
(3) If X is locally compact (a) and σ-compact (d), closed subspaces of X have the

same properties, but open subspaces need not have.
(4) Assume that X is separable (f). Open subspaces of X are separable, but closed

subsets need not be.
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Let R be an open Hausdorff equivalence relation on X.

(5) If X has one of Properties (a), (c), (d), (e), (f), then X/R has the same
property. This does not carry over to (b).

Let I be a set, (Xi)i∈I a collection of topological spaces, each of them containing at
least two points, and X =

∏
i∈I Xi their product, with the product topology.

(6) X has one of the properties (a), (d) if and only if all the Xi ’s have this
property and all but possibly finitely many of them are compact.

(7) X has one of the properties (b), (c), (e) if and only if all the Xi ’s have this
property and I is countable.

(8) X is separable (f) if and only if all the Xi ’s are separable and the cardinality
of I is at most that of the continuum.

On proofs and references. Most of the claims are straightforward. For (1), see for
example [Enge–89, Corollary 3.3.10]. For (4), see [Dugu–66, Section VIII.7]. For an
example of a non-separable subspace of a separable space, consider the topological
space E1

u with underlying set R and the so-called upper limit topology, for which
intervals of the form ]a, b] constitute a basis, its square product, and the uncountable
discrete subset of pairs (x,−x) in E1

u × E1
u with x irrational.

Concerning (5), see [Enge–89, Theorem 3.3.15] for (a) and [Enge–89, Example
4.4.10] for (b).

Concerning (6), see [Enge–89, Theorem 3.3.13] for (a). Here is a simple argument
for (d). Assume that I contains an infinite subset J with Xj non-compact for all
j ∈ J . Let pj : X −։ Xj denote the canonical projection. Let (Cn)n≥1 be a
countable family of compact subsets of X . For each j ∈ J and n ≥ 1, there exists a
point xj ∈ Xjrpj(Cn). For each i ∈ IrJ , choose xi ∈ Xi. Then (xi)i∈I /∈

⋃
n≥1Cn.

Hence X is not σ-compact.
Concerning (7), see [Enge–89, Theorem 2.3.14] for (c) and (e), and [Enge–89,

Theorem 4.2.2] for (b). In the particular case of a product space FA, with F finite
of cardinality at least 2 and A uncountable, here is an easy argument to show that
FA is not second-countable. If it were, every subspace would be separable. But
the space F (A) of finitely supported functions from A to F is not separable: every
countable subset of F (A) is contained in the proper closed subspace FB of FA, for
some countable subset B of A.

For (8), see [Enge–89, Corollary 2.3.16], as well as [RoSt–64].

Note that, in the particular case of a product space FA, with F a finite set of
cardinality at least 2 an A a set, the following four properties are equivalent: (i)
FA is first-countable, (ii) FA is second-countable, (iii) FA is metrizable, (iv) A is
countable.

Example 2.A.13 (metric graphs). Let X be a connected graph, i.e., a connected
1-dimensional CW-complex. There is a natural combinatorial metric d1 on X ,
for which every edge with distinct endpoints (resp. every loop) is isometric to a
real interval of length 1 (resp. a circle of perimeter 1), and for which the distance
between two points is the minimum of the lengths of arcs connecting these two
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points; see for example [BrHa–99, Section I.1.9]. The metric space (X, d1) is the
metric realization of X . Note that standard books of algebraic topology consider
other metrics on X , which are not proper in general; see for example Pages 111 and
119 in [Span–66].

Recall that a graph X is locally finite if, for every vertex x of X (i.e., for every
point x in the 0-skeleton of X), the number nx of closed 1-cells (i.e., of edges) of X
containing x is finite. The following four conditions are equivalent: (i) the graph X
is locally finite, (ii) the metric space (X, d1) is proper, (iii) the topology defined on
X by d1 coincides with the “weak topology” of the CW-complex, (iv) the vertex set
X0 of X , viewed as a subspace of the metric space (X, d1), is locally finite in the
sense of Definition 3.D.1 below, i.e., balls in X0 with respect to d1 are finite.

A graph X has bounded valency if there is a positive constant c such that,
with the notation above, nx ≤ c for every vertex x of X , equivalently if the vertex
set of X , as a subspace of (X, d1), is uniformly locally finite in the sense of Definition
3.D.1.

Given a constant c > 0, there is a variation (X, dc) of this construction in which
edges [respectively loops] are isometric to a real interval of length c [resp. to a circle
of perimeter c]; this is used in 3.B.5.

There is a 2-dimensional analogue of this example in Proposition 6.B.5.

Example 2.A.14 (σ-compactness and metrizability). Metrizability and σ-compact-
ness are independent properties. Indeed, let M be a discrete group and A a set. The
LC-group M × (Z/2Z)A is σ-compact if and only if M is countable, and metrizable
if and only if A is countable.

It follows thatM×(Z/2Z)A is second-countable (i.e., both σ-compact and metriz-
able) if and only if both M and A are countable.

Note however that a topological space that has a proper compatible metric is
σ-compact, and therefore second-countable by Theorem 2.A.10.

Example 2.A.15 (separable and not second-countable). A second-countable LC-
space is separable (Remark 2.A.2(5)) and σ-compact (Theorem 2.A.10), but the
converse implication does not hold.

Indeed, consider a finite set F of cardinality at least 2 and an uncountable set A of
cardinality at most that of the continuum. By Proposition 2.A.12, the product space
FA is compact, separable, not first-countable, and a fortiori not second-countable.
Note that FA is naturally a compact group if F is a finite group.

Recall however the following: a metrizable topological space is second-countable
if and only if it is separable (Theorem 2.A.10).

We come back to second-countable LC-groups and σ-compact LC-groups in Re-
mark 2.C.11.

Definition 2.A.16. A topological space X is a Baire space if every countable
intersection of dense open subsets of X is dense in X .

In particular, a Baire group is a topological group that is a Baire space.

Theorem 2.A.17 (Baire). (1) Every LC-space is a Baire space.
(2) Every completely metrizable topological space is a Baire space.
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Proof. See [BTG5-10, Page IX.55].

Remark 2.A.18. It follows from Baire’s Theorem that a countable LC-space has
an isolated point, and therefore that a non-discrete LC-group is uncountable.

2.B Metrizability for topological groups and σ-

compact LC-groups

There are two natural questions concerning a compatible metric d on a topological
space X : is the metric space (X, d) complete? is it proper? If d is a compatible
metric on a topological group G, there is one more question: is d left-invariant?
Some remarks are in order.

Remark 2.B.1 (on metrizability for topological groups and LC-groups). Let G be
a topological group.

(1) Theorem 2.B.2 below shows that, if G is metrizable in the sense of Defi-
nition 2.A.5, i.e., if G admits a compatible metric, then G admits a left-invariant
compatible metric.

(2) If G is completely metrizable, even if G is a Polish group, then G need not
have any complete left-invariant compatible metric; see Example 5.B.8.

(3) In a topological group G, a sequence (gm)m≥1 is a left Cauchy sequence if,
for every neighbourhood U of 1 in G, there exists ℓ ≥ 1 such that g−1

n gm ∈ U when
m,n ≥ ℓ.

When G has a left-invariant compatible metric d, a sequence (gm)m≥1 in G is
a left Cauchy sequence in this sense if and only if it is a Cauchy sequence for the
metric space (G, d). It follows that two left-invariant compatible metrics on G have
the same left Cauchy sequences.

(4) On an LC-group G, every left-invariant compatible metric d is complete.
To check this, consider a compact neighbourhood K of 1 in G and a Cauchy

sequence (gn)n≥0 in G with respect to d. Since limmin{m,n}→∞ d(1, g−1
m gn) = 0, there

exists an integer n0 such that g−1
m gn ∈ K whenever m,n ≥ n0, in particular such

that gn is in the compact subset gn0
K for all n ≥ n0. It follows that (gn)n≥0 has a

limit in G.

(5) An interesting class of Polish groups is that of cli-groups. A cli-group is a
Polish group which has a compatible metric that is both complete and left-invariant;
see [Beck–98], and in particular his Proposition 3.C.2(d), on Polish groups that are
cli. For example, abelian Polish groups are cli, and the group Sym(N) of Example
5.B.8 is a non-cli Polish group.

(6) Let G be an LC-group and d a left-invariant compatible metric on G. Balls
with respect to d with sufficiently small radius are relatively compact, but large balls
need not be (unless d is proper).

(7) Let G be a Baire group. If G is σ-compact, in particular if G is compactly
generated, then G is locally compact.



28 CHAPTER 2. BASIC PROPERTIES

To check this, consider a sequence (Kn)n≥0 of compact subspaces of G such
that G =

⋃
n≥0Kn. Since G is Baire, there exists n ≥ 0 such that Kn has an

interior point. We conclude by observing that a group that contains one point with
a compact neighbourhood is locally compact.

The next three Theorems (2.B.2, 2.B.4, 2.B.6) are basic criteria of metrizabiity
for LC-groups.

Theorem 2.B.2 (Birkhoff-Kakutani). For a topological group G, the following three
properties are equivalent:

(i) G is first-countable;
(ii) G is metrizable;
(iii) there exists a left-invariant compatible metric on G.

The original articles are [Birk–36] and [Kaku–36]. Related references include
[MoZi–55, Theorem of 1.22, Page 34], [HeRo–63, Theorem 8.5], and [BTG5-10, Page
IX.23].

Our proofs of Theorem 2.B.2 and of its companion result, Theorem 2.B.4, follow
Lemma 2.B.5.

Remark 2.B.3. (1) Recall that an LC-group need not be first-countable (Example
2.A.14).

(2) Any LC-group has a left-invariant continuous pseudo-metric with balls of
radius 0 compact; see Corollary 4.A.4 below.

Theorem 2.B.4 (Struble). For an LC-group G, the following three properties are
equivalent:

(i) G is second-countable;
(ii) G is σ-compact and first-countable;
(iii) there exists a left-invariant proper compatible metric on G.

The original article [Stru–74] is an adaptation of [Birk–36, Kaku–36]. On an LC-
group that has the properties of Theorem 2.B.4, two left-invariant proper compatible
metrics are “coarsely equivalent”; see Corollary 4.A.6(2).

Lemma 2.B.5. Let G be a topological group and (Kn)n∈Z a sequence of subsets of
G such that

⋃
n∈ZKn = G, with Kn symmetric containing 1 for all n. We assume

moreover that KnKnKn ⊂ Kn+1 for all n ∈ Z, and that Km has non-empty interior
for some m. Define d : G×G −→ R+ by

d(g, h) = inf

{
t ∈ R+

∣∣∣∣
∃ n1, . . . , nk ∈ Z and w1 ∈ Kn1

, . . . , wk ∈ Knk

with g−1h = w1 · · ·wk and t = 2n1 + · · ·+ 2nk

}

and set |g| = d(1, g). Then:

(1) d is a left-invariant pseudo-metric on G for which every compact subset has a
finite diameter;

(2) if each Kn is a neighbourhood of 1, then d is continuous;
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(3) for all n ∈ Z, |g| < 2n implies g ∈ Kn;
(4) {g ∈ G | d(1, g) = 0} =

⋂
n≤0Kn; in particular, if

⋂
n≤0Kn = {1}, then d is a

metric.

Note: instead of “such that
⋃

n∈ZKn = G”, one could equivalently write “such that⋃
n∈ZKn generates G”; the point is to ensure that d(g, h) is finite for every pair

(g, h).

Proof. (1) It is obvious that d is a left-invariant pseudo-metric on G. Let L ⊂
G be a compact set. Since the interior int(Km) of Km is non-empty, Km+1 is a
neighbourhood of 1, so that L ⊂ ⋃

ℓ∈L ℓ int(Km+1), and L is covered by finitely
many translates of Km+1. It follows that supℓ,ℓ′∈L d(ℓ, ℓ′) <∞.

(2) Let g, h ∈ G, and ε > 0. Let n ≥ 0 be such that 2−n ≤ ε/2. Since K−n is
a neighbourhood of 1, for x and y in G near enough g and h respectively, we have
g ∈ xK−n, x ∈ gK−n, h ∈ yK−n, and y ∈ hK−n. Then

d(x, y) ≤ d(1, x−1g) + d(1, g−1h) + d(1, h−1y) ≤ d(g, h) + ε

and similarly d(g, h) ≤ d(x, y) + ε. It follows that d is continuous.

(3) Let us spell out what has to be proven as follows:

Claim: let w ∈ G, n ∈ Z, k ≥ 0, n1, . . . , nk ∈ Z, and v1 ∈ Kn1
, . . . , vk ∈ Knk

, with
(∗) w = v1 · · · vk and 2n1 + · · ·+ 2nk < 2n;

then w ∈ Kn.
(Observe that the hypothesis of the claim holds precisely when |w| < 2n.)

If k = 0, then w = 1 and there is nothing to show. If k = 1, we have n1 < n
by (∗), so that w ∈ Kn−1 ⊂ Kn. If k = 2, we have n1, n2 < n by (∗), so that
w ∈ Kn−1Kn−1 ⊂ Kn. We continue by induction on k, assuming from now on that
k ≥ 3 and that the claim has been shown up to k− 1 (this for all n ∈ Z altogether).
We isolate part of the argument as:

Subclaim: there exists j ∈ {1, . . . , k} such that w = w1vjw2, where w1 = v1 · · · vj−1

and w2 = vj+1 · · · vk satisfy
(∗∗) |w1|, |w2| < 2n−1.

(Here, we think of w as a word in k letters.)

If there is one j ∈ {1, . . . , k} with nj = n− 1, this j is necessarily unique by (∗),
so that we can write w = w1vjw2, where each of w1, w2 is a product similar to that
of (∗) for a smaller value of k and for n− 1, and the subclaim follows.

Otherwise, we have ni ≤ n − 2 for i = 1, . . . , k. Let ℓ be the largest of those i
for which 2n1 + · · · + 2ni < 2n−1. If ℓ = k, it is enough to set j = 2. If ℓ < k, set
j = ℓ + 1, so that w = w1vjw2, with w1, w2 as in the subclaim. On the one hand,
|w1| < 2n−1 by the definition of ℓ; on the other hand, 2n1 + · · · + 2nℓ ≥ 2n−1 and
therefore |w2| < 2n−1 by (∗). This ends the proof of the subclaim.

We can resume the proof of the claim (in the situation with k ≥ 3). Since w1, w2

are products similar to that of (∗) for a smaller value of k and for n − 1, we have
w1, w2 ∈ Kn−1 by the induction hypothesis, so that w ∈ Kn−1Kn−1Kn−1 ⊂ Kn.

(4) This is a straightforward consequence of (3).
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Proof of the Birkhoff-Kakutani theorem 2.B.2. The implications (iii) ⇒ (ii) ⇒ (i)
are straightforward.

Let us assume that (i) holds, i.e., that there exists in the topological group G a
countable basis (Vn)n≥1 of neighbourhoods of 1, and let us show that (iii) holds, i.e.,
that there exists a left-invariant compatible metric on G. For n ≥ 0, set Kn = G. For
n ≥ 1, choose inductively a symmetric neighbourhood K−n of 1 such that K−n ⊂ Vn
and K−nK−nK−n ⊂ K−n+1. Let d be defined as in Lemma 2.B.5. Then d is a metric
on G, by (4) of this lemma, that is continuous, by (2), and indeed compatible with
the topology of G, by (3); that is to say, d is a left-invariant compatible metric on
G, as in (iii) of Theorem 2.B.2.

Proof of the Struble theorem 2.B.4. In view of Theorem 2.A.10, the implications (iii)
⇒ (i) ⇒ (ii) are straightforward.

Let us assume that (ii) holds. Thus, there exists a sequence (Ln)n≥0 of symmetric
compact subsets of G containing 1 such that G =

⋃
n≥0 Ln, and also a countable

basis (Vn)n≥0 of neighbourhoods of 1, with V0 relatively compact. For n ≥ 0, define
inductively a symmetric compact subset Kn of G by K0 = L0 ∪ V0 and Kn+1 =
Ln+1 ∪KnKnKn. For n ≥ 1, choose inductively a sequence K−n ⊂ Vn of symmetric
neighbourhoods of 1 such that K−n ⊂ Vn and K−nK−nK−n ⊂ K−n+1, as in the proof
of (i) ⇒ (iii) of Theorem 2.B.2. Observe that KnKnKn ⊂ Kn+1 holds for all n ∈ Z.
The metric defined in Lemma 2.B.5 is now moreover proper, by (3) of this lemma.
Thus (iii) of the theorem holds.

Theorem 2.B.6 (Kakutani-Kodaira). Let G be a σ-compact LC-group. For every
sequence (Un)n≥0 of neighbourhoods of 1 in G, there exists a compact normal subgroup
K of G contained in

⋂
n≥0 Un such that G/K is metrizable.

In particular, every σ-compact LC-group is compact-by-metrizable.

The original article is [KaKo–44]. The argument below, for σ-compact groups,
is that of [HeRo–63, Theorem 8.7], stated there for compactly generated groups. A
convenient reference is [Comf–84, Page 1166].

There are metrics with extra properties on LC-groups with extra conditions. We
will come back to this in later chapters, in particular in Propositions 4.A.2 and 4.B.8.

Proof. By hypothesis, there exists a sequence (Ln)n≥0 of compact subsets of G such
that 1 ∈ Ln ⊂ Ln+1 for each n and G =

⋃
n≥0 Ln. For n ≥ 0, set Kn = G. For

n ≥ 1, define inductively a symmetric compact neighbourhood K−n of 1 as follows.
Suppose that n ≥ 0 and that K0, . . . , K−n have been defined. Observe that the

map
Ln ×G −→ G, (λ, κ) 7−→ λκλ−1

is continuous, and its value is identically 1 on Ln × {1}. By continuity, there exists
for all λ ∈ Ln an open neighbourhood Vλ of λ and a compact neighbourhood Wλ of
1 such that ℓkℓ−1 ∈ K−n for all ℓ ∈ Vλ and k ∈ Wλ. Let λ1, . . . , λj ∈ Ln be such
that Ln ⊂

⋃j
i=1 Vλj

. Set K−n−1 =
⋂j

i=1Wλj
.

Then ℓkℓ−1 ∈ K−n for all ℓ ∈ Ln and k ∈ K−n−1. Upon replacing K−n−1 by
a smaller symmetric compact neighbourhood of 1, we can assume moreover that
(K−n−1)

3 ⊂ K−n and K−n−1 ⊂ Un.
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Define K =
⋂

n≥1K−n. Then K is clearly a closed subgroup of G contained in⋂
n≥0 Un. We claim that K is normal in G. Indeed, let g ∈ G. There exists n0 ≥ 1

such that g ∈ Ln for all n ≥ n0. Thus, for n ≥ n0, we have gK−n−1g
−1 ⊂ K−n ⊂

K−n0
, and a fortiori gKg−1 ⊂ K−n. It follows that gKg−1 ⊂ ⋂

n≥n0
K−n = K.

By Lemma 2.B.5, there exists a left-invariant proper continuous pseudo-metric
d on G, such that d(1, g) = 0 if and only if g ∈ K. This induces a left-invariant
proper compatible metric on G/K.

Remark 2.B.7. (1) Let G be a non-metrizable σ-compact LC-group, and K a com-
pact normal subgroup of G such that G/K is metrizable. It follows from Proposition
2.C.8(2) below (case of (b)) that K is non-metrizable.

In loose words, in a σ-compact LC-group G, the existence of non-metrizable
compact normal subgroups is the only obstruction to the non-metrizability of G.

(2) The conclusion of the previous theorem can equally be phrased as “such that
G/K is second-countable”; see Theorem 2.A.10. Thus, every σ-compact LC-group
is compact-by-(second-countable).

(3) The inclusions

{σ-compact LC-groups} ⊂ {compact-by-metrizable LC-groups}
⊂ {LC-groups}

are strict. Concerning the first inclusion, note that uncountable discrete groups are
metrizable and are not σ-compact. Concerning the second, Example 2.B.8 shows
that LC-groups need not be compact-by-metrizable, indeed need not be (σ-compact)-
by-metrizable. In particular, an LC-group does contain compactly generated open
subgroups (see Proposition 2.C.3), but need not contain a normal σ-compact open
subgroup, i.e., need not be (σ-compact)-by-discrete.

(4) Every LC-group contains a σ-compact open subgoup. See Proposition 2.C.3,
that establishes a stronger property: every LC-group contains compactly generated
open subgroups.

Example 2.B.8 (a topologically simple LC-group that is not σ-compact). For a
set X , denote by Sym(X) the group of all permutations of X , and by Symf(X) its
subgroup of permutations with finite support. Let I be an infinite set and J a finite
set; assume that |J | ≥ 5, so that Alt(J) is a simple group. Consider the compact
group

K =
{
g ∈ Sym(I × J) | g(i, j) ∈ {i} × J for all i ∈ I

}
≃ (Sym(J))I ,

where ≃ indicates an isomorphism of groups, with the product topology TK on
(Sym(J))I . Let G be the subgroup of Sym(I × J) generated by K ∪ Symf (I × J).
By Proposition 8.B.4 below, there exists on G a unique topology TG such that:

(1) G is a topological group, in which K is open,
(2) the restriction of TG to K coincides with the topology TK .

Observe that this topology on G is locally compact. Moreover, with this topology:
(3) G is topologically simple.
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This is a result of [CaCo–14, Section 5], building on [AkGW–08]. Observe that (1)
implies that G is locally compact.

Assume moreover that the set I is not countable. Then G is not metrizable,
because K is not, and not σ-compact, for any of the following two reasons. A first
reason is that it cannot be σ-compact, by the Kakutani-Kodaira theorem 2.B.6. To
indicate a second reason, we anticipate on Section 2.C. The natural action of G on
I × J is transitive, because G contains Symf(I × J), and continuous, because the
stabilizer in G of every point (i0, j0) in I × J is open (this stabilizer contains the
compact open subgroup (Sym(J))Ir{i0} of K). Hence the index of K in G is at
least the cardinal of I × J . If I is not countable, G is not σ-compact by Corollary
2.C.6(1).

Example 2.B.9 ((pseudo-)metrics on GLn(R) and related groups). Let n be a
positive integer; denote by Mn(R) the algebra of n-by-n real matrices. A norm on
the underlying real vector space defines a compatible metric d on Mn(R). Since the
general linear group GLn(R) = {g ∈ M(R) | g invertible} is open in Mn(R), the
restriction of d to GLn(R) is also a compatible metric; but it is not left-invariant.
It follows from Theorem 2.B.2 that GLn(R) and its subgroups have left-invariant
metrics; but writing down explicitly some of these is not immediate.

(1) Denote by G = GL+
n (R) the identity {g ∈ GLn(R) | det(g) > 0} of GLn(R),

and by g its Lie algebra. A scalar product on g defines uniquely a left-invariant
Riemannian metric on G. The associated metric on G is a proper compatible metric
(see Example 4.C.9). This carries over to every connected real Lie group G.

(2) Let Pn(R) be the space of positive-definite symmetric matrices in Mn(R).
Denote by tg the transpose matrix of g ∈ Mn(R). There is a natural action

GLn(R)× Pn(R) −→ Pn(R), (g, p) 7−→ gptg

that is smooth and transitive; it induces a faithful action of GLn(R)/{±id} on
Pn(R).

The space Pn(R) has a Riemannian metric that makes it a symmetric space,
and for which GLn(R)/{±id} acts by isometries; for this, we refer to [Most–55],
or [BrHa–99, Chapter II.10]. As on any group of isometries of a proper metric
space, there exists on GLn(R)/{±id} left-invariant proper compatible metrics; see
Proposition 5.B.5 below.

(3) For g ∈ GLn(R), denote by pg ∈ Pn(R) the positive square root of tgg, and
let ug ∈ O(n) be the orthogonal matrix defined by g = pgug. Let 〈· | ·〉 denote the
standard scalar product on Rn. Define the norm of a matrix x ∈ Mn(R) by

‖x‖ = sup{
√
〈xξ | xξ〉 | ξ ∈ Rn, 〈ξ | ξ〉 ≤ 1}.

For g ∈ GLn(R), set ν(g) = log(‖g‖ ‖g−1‖); using the polar decomposition g = pgug,
it can be checked that ν(g) = 0 if and only if pg is a scalar multiple of the identity
matrix.

It follows that d : (g, h) 7−→ ν(g−1h) is a left-invariant proper continuous pseudo-
metric on SL±

n (R) = {g ∈ GLn(R) | det(g) = ±1}. The ball of radius 0 around the
origin, i.e., {g ∈ SL±

n (R) | d(1, g) = 0}, is the orthogonal group O(n).
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(4) Other left-invariant metrics on groups of this example appear in Example
4.C.9.

Example 2.B.10 (metrics on automorphism groups of graphs). Let X be a con-
nected locally finite graph. For the topology of pointwise convergence relative to
the vertex set X0 of X , the automorphism group Aut(X) of X is an LC-group.
See for example [Trof–85], or Section 5.B; see also Example 2.E.4(5).

We define a function dx : Aut(X) × Aut(X) −→ R+, as in [Trof–85]. Choose
x ∈ X0. Recall that Bx

X0(n) denotes the closed ball of radius n ∈ N with respect to
the combinatorial metric on X0 (see Example 2.A.13). For g, h ∈ Aut(X), set

dx(g, h) =





0 if g = h.

2−n if n ≥ 0 is such that g(y) = h(y) ∀y ∈ Bx
X0(n)

and g(z) 6= h(z) for some z ∈ Bx
X0(n+ 1),

n if dX(x, g−1h(x)) = n ≥ 1.

Then dx is a left-invariant proper compatible metric on Aut(X). Since closed balls
with respect to dx are both open and closed, the group Aut(X) is totally discon-
nected.

For two points x, y ∈ X0, it is easy to check that the metrics dx and dy are
equivalent.

Example 2.B.11. Let G be a profinite group, i.e., a totally disconnecgted com-
pact group. (More on these in Example 2.E.4(2).) Assume moreover that G is sec-
ond countable; it follows that there exists a sequence G = G0 ⊃ G1 ⊃ · · · ⊃ Gn ⊃ · · ·
of open normal subgroups of finite index such that

⋂
n≥0Gn = {1}. For g, h ∈ G,

set n(g, h) = max{n ≥ 0 | g−1h ∈ Gn} if g 6= h and n(g, g) =∞. The function

d : G×G −→ R+, (g, h) 7−→ 1

n(g, h)

is a left- and right-invariant ultrametric on G, and the diameter of (G, d) is 1.
(This can be varied by defining d(g, h) as an appropriate function of n(g, h), not
necessarily the function n 7→ 1

n
.) The Hausdorff dimension of (G, d) is investigated

in [Aber–94, BaSh–97].
Observe that d is an adapted metric on G.

2.C Compact generation

Definition 2.C.1. A generating set, or a set of generators, for a group G, is a
subset S ⊂ G such that

(2.1) G =
⋃

n≥0

Ŝn where Ŝ := S ∪ S−1 ∪ {1},

or equivalently, such that for every g ∈ G there exist n ≥ 0 and s1, . . . , sn ∈ S ∪S−1

with g = s1 · · · sn.
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To such a generating set, we associate the free group FS over S and the canonical
projection

(2.2) π : FS −→ G

which associates to s ∈ S ⊂ FS the element s ∈ S ⊂ G.
A topological group is compactly generated if it has a compact generating set.

Recall from Remark 2.A.2 that, in this article, a compactly generated group need
not be locally compact (see Digression 2.C.17).

A group is finitely generated if it has a finite generating set, namely if it is
compactly generated as a discrete group.

Remark 2.C.2. (1) The previous definition has been phrased with the assumption
that S is a subset of G. In some situations, it is more convenient not to assume
this, so that a generating set for G is rather a set S given together with a surjective
homomorphism FS −→ G; the restriction of this surjection to S need not be injective.
See Definition 7.A.1 and Remark 7.A.3.

(2) For a topological group G, the following properties are equivalent:

(i) G is locally compact and compactly generated;
(ii) there exists a relatively compact and open subset of G that is generating;

(iii) there exists a relatively compact and open neighbourhood of 1 that is gener-
ating.

The proof is straightforward (see [HeRo–63, Theorem 5.13] if necessary).

(3) Let S be a generating set of a non-countable group (for example of a non-
discrete LC-group, see Remark 2.A.18). Then the cardinality of S is equal to that
of G.

(4) Groups need not have minimal generating sets. For instance, in the additive
group Q of the rationals, given a subset S ⊂ Q and an element s ∈ Q, s /∈ S, it is
easy to check that S ∪ {s} is a generating set if and only if S is a generating set.

(5) Let G be an LC-group. Consider a subset S of G, the subgroup H of G
generated by S, and its closure H. If S is compact, then there exists a compact
subset of G generating H . Indeed, if T ⊂ H is a compact subset with non-empty
interior in H , then S ∪ T is compact and generates H .

Similarly, let N be a normal subgroup of G, generated as a normal subgroup by
a compact subset of G. Then N is a normal subgroup of G compactly generated as
a normal subgroup of G.

In (1) below, “filtering” means that two compactly generated open subgroups of
G are contained in a single larger one.

Proposition 2.C.3 (compactly generated open subgroups). Let G be an LC-group.

(1) G is the filtering union of its compactly generated open subgroups; in particular,
G contains compactly generated open subgroups.

(2) If G is connected, every neighbourhood of 1 in G is a generating subset; in
particular, G is compactly generated.
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Suppose moreover that G is σ-compact.

(3) There exists a nested sequence

G1 ⊂ G2 ⊂ · · · ⊂ Gn ⊂ Gn+1 ⊂ · · ·

of compactly generated open subgroups of G such that
⋃

n≥1Gn = G.

Suppose moreover that G has a compact generating set S.

(4) For n large enough, Ŝn is a neighbourhood of 1.
(5) For every compact subset K of G, there exists k ≥ 0 such that K is contained

in the interior of Ŝk.
(6) For every other compact generating set T of G, there exist k, ℓ ∈ N such that

T ⊂ Ŝk and S ⊂ T̂ ℓ.

Proof. (1) Any element g in G is contained in some compact neighbourhood Vg of
1 in G, and the union

⋃
n≥0(Vg ∪ V −1

g )n is an open subgroup of G. Claims (2) and
(3) are straightforward.

(4) By Baire’s Theorem applied to the covering G =
⋃

n≥0 Ŝ
n, there exists m ≥

0 such that Ŝm has a non-empty interior: Hence the interior of Ŝn is an open
neighbourhood of 1 for every n ≥ 2m.

(5) For each x ∈ K, there exists ℓ(x) ≥ 0 such that x ∈ Ŝℓ(x). Let m be as in (4);

then x is in the interior of Ŝℓ(x)+2m. Hence K ⊂ ⋃
k≥0 Int(Ŝk); since K is compact,

the conclusion follows.
Claim (6) follows from (5).

Remark 2.C.4. (a) Concerning Claim (1) of Proposition 2.C.3, it is shown be-
low that an LC-group contains also open subgroups that are connected-by-compact
(Corollary 2.E.7).

Connected-by-compact LC-groups are compactly generated (Proposition 5.A.1),
and compactly presented (Proposition 8.A.21).

(b) There is a converse to Claim (2) of Proposition 2.C.3: an LC-group in which
every neighbourhood of 1 is generating is connected [BTG1-4, Page III.36].

Definition 2.C.5. The index of a subgroup G0 of a group G is the cardinal of the
homogeneous set G/G0. In particular, in a topological group G, an open subgroup
G0 is of countable index if the discrete homogeneous space G/G0 is countable
(possibly finite).

A group G is finitely generated over a subgroup G0 if there exists a finite
subset F of G such that F ∪G0 generates G.

Corollary 2.C.6. (1) For an LC-group G, the following properties are equivalent:

(i) G is σ-compact;
(ii) every open subgroup of G is of countable index;
(iii) there exists a compactly generated open subgroup of G of countable index.

(2) For an LC-group G, the following properties are equivalent:
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(i) G is compactly generated;
(ii) G is finitely generated over every open subgroup;
(iii) there exists a compactly generated open subgroup of G over which G is

finitely generated.

Note: compare (1) above with (1) in Corollary 2.E.7.

Proof. (1) Implication (i) ⇒ (ii) holds for every topological group. Indeed, let H
be an open subgroup of a σ-compact group G; the homogeneous space G/H is
countable, because it is both discrete and σ-compact. Implication (iii) ⇒ (i) is
equally straightforward. For G locally compact, (ii) ⇒(iii) follows from Proposition
2.C.3(1).

The proof of (2) is analogous.

Definition 2.C.7. In a topological group G, a subgroup H is cocompact if there
exists a compact subset K of G such that G = KH .

For 2.C.8, we consider the following properties of topological spaces :

(a) local compactness,
(b) metrizability,
(c) first countability,
(d) σ-compactness,
(e) second countability,
(f) separability,

as in 2.A.12, as well as the property of

(g) compact generation

for topological groups.

Proposition 2.C.8 (on hereditarity). Let G be a topological group, H a closed
subgroup, G/H the corresponding homogeneous space, and π : G −→ G/H the
canonical projection.

(1) If G is has one of Properties (a) to (e) then H and G/H have the same
property. When G is locally compact, this extends to Property (f).

(2) If H and G/H have both one of Properties (a), (b), (c), (e), (f), then G has
the same property. When G is locally compact, this extends to Property (d).

(3) Suppose that H is cocompact closed in G. Then G is compactly generated if
and only if H is so.

(4) Let N be a closed normal subgroup of G. If G is compactly generated (g),
so is G/N . Suppose moreover that G is locally compact; if N and G/N are
compactly generated, G is compactly generated.

Concerning Claim (4), note that a closed subgroup (even a normal one) of a
compactly generated LC-group need not be compactly generated (Example 2.C.13).

We come back below on hereditarity of compact generation (Proposition 4.C.11)
and compact presentation (Corollary 8.A.5).
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Lemma 2.C.9 (lifting compact subspaces). Let G, H, and π : G −→ G/H, be as
in the previous proposition. For the condition

(*) every compact subset of the coset space G/H is the image by π of a compact
subset of the group G

to hold, it is sufficient that G be locally compact, or that G be completely metrizable.

On the proof. The lemma for G locally compact is a particular case of a more general
fact, proved in [BTG1-4, Page I.80]: let X be an LC-space and R an open Hausdorff
equivalence relation on X ; then every compact subspace of X/R is the image of a
compact subspace of X .

For G a completely metrizable group, the lemma is a particular case of Proposi-
tion 18 in [BTG5-10, Page IX.22].

Note that the hypothesis on G (locally compact or completely metrizable) cannot
be omitted; see [BeHV–08, Pages 64 and 324] for comments and references.

Proof of Proposition 2.C.8. (1) It is an easy exercise to check that, if G has one of
Properties (a) to (e), the same holds for H and G/H ; for the metrizability of G/H ,
see if necessary [MoZi–55, Theorem 1.23]. We refer to [CoIt–77], both for the claim
in case of (f) and for the fact it does not carry over to topological groups in general.

(2) Claim (2) for (a) is originally due to Gleason [Glea–49]. We refer to [MoZi–55,
Theorem of 2.2, Page 52], or [Hoch–65, Theorem 2.6 of Chapter I].

For (c), we follow an argument of Graev, as reported in [HeRo–63, Theorem
5.38.e]. Let (Un)n≥0 and (Vn)n≥0 be sequences of neighbourhoods of 1 in G such
that (π(Un))n≥0 is a basis of neighbourhoods of π(1) in G/H and (Vn ∩H)n≥0 is a
basis of neighbourhoods of 1 in H ; we assume furthermore that Vn is symmetric and
(Vn+1)

2 ⊂ Vn for all n ≥ 0. For n ≥ 0, set

On = Vn+1(H ∩ (Gr Vn)), Cn = On,

Pn = (UnH) ∩ (Gr Cn), Qn = P0 ∩ P1 ∩ · · · ∩ Pn.

Observe thatOn∩Vn+1 = ∅ (as a consequence of (Vm+1)
2 ⊂ Vm), hence Cn∩Vn+1 = ∅.

Thus Pn and Qn are open neighbourhoods of 1 in G. Let us check that (Qn)n≥0 is
a basis of neighbourhoods of 1 in G.

Let X be a neighbourhood of 1 in G; we claim that Qn ⊂ X for n large enough.
Choose a neighbourhood Y of 1 in G such that Y 2 ⊂ X . By hypothesis, there exist
integers m ≥ 1 and k ≥ m+ 1 such that Vm∩H ⊂ Y ∩H and π(Uk) ⊂ π(Y ∩Vm+1).
We have

Qk ⊂ Pk ∩ Pm ⊂
(
UkH

)
∩
(
Gr Vm+1(H ∩ (Gr Vm))

)

⊂
(

(Y ∩ Vm+1)H
)
∩
(
Gr (Y ∩ Vm+1)(H ∩ (Gr Vm))

)

⊂
(
Y ∩ Vm+1

)(
H ∩ Vm

)
⊂ Y 2 ⊂ X

and this proves the claim.
Claim (2) for (b) is now a consequence of the Birkhoff-Kakutani Theorem 2.B.2.
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In the special case where G/H is paracompact and the bundle G −→ G/H is
locally trivial, one can alternatively define a metric on G in terms of metrics in H
and G/H , and of a partition of unity by functions with supports inside trivializing
subsets of G/H . However, in the general case of a locally compact group G, the
bundle G −→ G/H need not be locally trivial [Karu–58].

The case of (f) is easily checked: if there exist a countable subset {am}m≥1 in G
such that {π(am)}m≥1 is dense in G/H and a countable subset {bn}n≥1 dense in H ,
then the set {ambn}m,n≥1 is countable and dense in G.

In view of Lemma 2.C.9, the case of (d) is similar.

By Theorem 2.A.10, Case (e) follows from Cases (b) and (f).

(3) Let K be as in Definition 2.C.7, so that G = KH . If H is generated by
a compact set T , then G is generated by T ∪ K. Conversely, suppose that G is
generated by a compact set S. There is no loss of generality in assuming S symmetric
and K ∋ 1. Set T = KSK−1 ∩ H , where KSK−1 is the subset of G of elements
of the form g = k1sk

−1
2 , with k1, k2 ∈ K and s ∈ S; observe that T is compact. It

remains to check that T generates H .

Let h ∈ H . There exist s1, . . . , sn ∈ S with h = s1 · · · sn. Set k0 = 1; since
HK = G, we can choose inductively k1, . . . , kn−1 ∈ K such that ki−1sik

−1
i ∈ H ; set

kn = 1. We have h =
∏n

i=1 ki−1sik
−1
i , and ki−1sik

−1
i ∈ T for i = 1, . . . , n.

For G locally compact, there is another proof of (3) in Proposition 4.C.11 below.

(4) The first part of the claim is straightforward, and the second part is a con-
sequence of Lemma 2.C.9.

Example 2.C.10. Let G be an LC-group. Denote by Aut(G) the group of its
continuous automorphisms, with the topology generated by the subbasis

N(K, V ) =

{
α ∈ Aut(G)

∣∣∣
α(g) ∈ V g and α−1(g) ∈ V g
for all g ∈ K

}
,

where K is a compact subset of G and V an open neighbourhood of 1 in G. Then
Aut(G) is a topological group [Hoch–65, Section III.3, Page 40]. This topology is
often called the Braconnier topology on Aut(G), and the Birkhoff topology in
[Brac–48, § IV.1].

The topology defined above on Aut(G) coincides with the compact-open topology
in some cases, for example if G is connected-by-compact, or connected-by-discrete
[Wang–69]. However, Wang shows that they do not coincide for the following ex-
ample: G = FN × F (N), where F is a finite group, F 6= {1}, and G is the direct
product of the compact group FN with the discrete countable group F (N).

For an LC-group G, the topological group Aut(G) need not be locally compact.
For example, if G is the free abelian group Z(N) on an infinite countable set, or
its Pontryagin dual (R/Z)N, then Aut(G) is not locally compact (see [HeRo–63,
Example 26.18]).

There are large classes of LC-groups G for which Aut(G) is locally compact. If
G is finitely generated, Aut(G) is discrete. If G is a Lie group such that G/G0 is
finitely generated, Aut(G) is a Lie group [BGLA2-3, Ch. III, § 10, no 2].
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A recent short guide on the Braconnier topology on Aut(G) can be found in
[CaMo–11, Appendix I]

There are known sufficient conditions for the group Int(G) of inner automor-
phisms to be closed in Aut(G); for example, this is obviously so when G is compact
(more on this in Example 2.E.4(6) below). In general, Int(G) need not be closed in
Aut(G), as shown by an example of the form G = (C×C) ⋊R given in [Helg–62,
Pages 127–128]. Further properties of Aut(G) and sufficient conditions for Int(G)
to be closed in Aut(G) are discussed in [PeSu–78].

Remark 2.C.11 (compact generation, σ-compactness, second countability). (1) It
follows from Equation (2.1) of Definition 2.C.1 that a compactly generated group is
σ-compact. The converse does not hold; for example:

(a) Discrete groups such as the additive group Q of rational numbers and its
subgroups Z

[
1
n

]
are countable, and are not finitely generated (n is an integer,

n ≥ 2).
(b) For a prime p, the additive group Qp of p-adic numbers is σ-compact, second-

countable, and is not compactly generated. We come back to this in Examples
5.A.2 (on Qp, Q

×
p , and compact generation) and 4.D.7 (local ellipticity of Qp).

This carries over to the additive group Qm of the m-adic numbers, for every
integer m ≥ 2.

(2) For an LC-group, compact generation and second countability are indepen-
dent properties. The four possibilities are illustrated by the following four examples:
Z, Q, Rdis, that are discrete groups, and (Z/2Z)Rdis, that is a compact group. Here,
Rdis denotes the additive group of real numbers with the discrete topology.

(3) An LC-group that contains a finitely generated dense subgroup is compactly
generated.

The converse does not hold. Consider again a compact group G = FA, with
F a non-trivial finite group and A a set, as in Example 2.A.15. We leave it as an
exercise for the reader to check that any finitely generated subgroup of FA is finite,
more precisely that any subgroup of FA generated by k elements is isomorphic to a
subgroup of FN , with N = |F |k.

If A is infinite countable, say A = N, then FN is a compact group that is infinite,
metrizable, and second-countable, but without finitely generated dense subgroups.
(If the cardinality of A is strictly larger than that of the continuum, then G is non-
separable by Proposition 2.A.12(8), i.e., G does not contain any countable dense
subset.)

(4) Any connected Lie group G contains finitely generated dense subgroups.
Indeed, let X1, . . . , Xk be generators of the Lie algebra of G. For each j ∈ {1, . . . , k},
the one-parameter subgroup (exp(tXj))t∈R ≃ R contains two elements, say aj =
exp(Xj) and bj = exp(

√
2Xj), which generate a dense subgroup. It follows that

{a1, b1, . . . , ak, bk} generates a dense subgroup of G.
A non-solvable connected Lie group G contains finitely generated free dense

subgroups; see [Kura–51] for G semisimple, and [BrGe–03] in general. For more on
finitely generated dense subgroups of Lie groups, see [Breu] and [Glut–11].
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(5) Let G be a σ-compact group G. Choose a compact normal subgroup K of G
such that G/K is metrizable (Theorem 2.B.6). Then G is second-countable if and
only if K is so; in loose words, second countability for G can be seen on K. (For
σ-compactness and second countability, see also Example 2.A.15.)

(6) An LC-group G is just non-compact if it is not compact and every closed
normal subgroup N 6= {1} of G is cocompact. Just non-compact LC-groups include
just infinite discrete groups, R, and wreath products S ≀X F , with S a simple LC-
group and F a finite group acting transitively on a set X . Compactly generated
LC-groups that are just non-compact are discussed in [CaMo–11].

Example 2.C.12. Let K be a non-discrete locally compact field, for example R, Qp,
or Fq((t)); by “field” we always mean “commutative field”. Then K is σ-compact
and metrizable, and therefore second-countable (Theorem 2.A.10); see [Weil–67,
Chapter I, Proposition 2] or [BInt7-8, chap. 7, § 1, no 10].

For n ≥ 1, the general linear group GLn(K) and the special linear group SLn(K)
are locally compact, σ-compact, metrizable, second-countable, and separable. They
are moreover compactly generated (Example 5.A.11).

Let G be an algebraic group defined over K, and let G be the group of its
K-points, with its K-topology. Thus G is a closed subgroup of GLn(K) for some
n. It follows from Proposition 2.C.8 that G is locally compact, σ-compact, second-
countable, metrizable, and separable.

The group G need not be compactly generated (see Example 2.C.13(2)).

Example 2.C.13. There are non-compactly generated closed subgroups of com-
pactly generated LC-groups.

(1) Historically, the first example we know appears in an observation of Max
Dehn concerning discrete groups: a non-abelian free group of finite rank has sub-
groups that are not finitely generated ([Dehn–11] and [DeSt–87, Page 135]). This
is straightforward in terms of covering spaces of wedges of circles. Indeed, if X is a
wedge of a finite number k ≥ 2 of circles, every normal subgroup Γ of π1(X) is the
fundamental group of a Galois covering Y −→ X , and Γ is not finitely generated if
and only if Y is neither simply connected nor compact, if and only if Γ is non-trivial
and of infinite index in π1(X).

(2) Consider a prime p, the field Qp of p-adic numbers, and the affine group

Aff1(Qp) =

(
Q×

p Qp

0 1

)
≃ Q×

p ⋉Qp.

The usual p-adic topology on Qp and Q×
p induces a topology on this affine group

which makes it a compactly generated LC-group (see Example 5.A.10). The trans-
lation subgroup, identified with Qp, is not compactly generated.

Similarly, in

BS(1, p) =

(
pZ Z[1/p]
0 1

)
≃ Z⋉p Z[1/p] ≃ 〈s, t | t−1st = sp〉,
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a solvable Baumslag-Solitar group generated by s =

(
1 1
0 1

)
and t =

(
p 0
0 1

)
, the

subgroup

(
1 Z[1/p]
0 1

)
≃ Z[1/p] is not finitely generated.

(3) However, a closed subgroup of a compactly generated abelian or nilpotent
LC-group is compactly generated (Proposition 5.A.7).

Definition 2.C.14. Let G1, G2, H be LC-groups. For j = 1, 2, let pj : Gj ։ H be
a continuous surjective homomorphism. The corresponding fibre product is the
group defined by

G1 ×H G2 = {(g1, g2) ∈ G1 ×G2 | p1(g1) = p2(g2)}.

As a closed subgroup of G1 ×G2, it is an LC-group.

Remark 2.C.15. We keep the notation of the previous definition.

(1) Assume furthermore that the homomorphisms p1 and p2 are open (this is
automatic in case G1 and G2 are σ-compact, by Corollary 2.D.6 below). For {j, k} =
{1, 2}, we have a short exact sequence

Nj −֒→ G1 ×H G2

πk−։ Gk

where Nj = ker(pj), and where πk denotes the canonical projection. Indeed, we have
ker(π2) = ker(p1)× {1}, and similarly ker(π1) = {1} × ker(p2).

It follows that G1×H G2 is compactly generated as soon as G1 and N2 are so, or
G2 and N1 are so (Proposition 2.C.8(4)).

(2) Suppose thatG1 andG2 are compactly generated. The fibre productG1×HG2

need not be compactly generated, as the following example shows (the argument
anticipates on a proposition of Chapter 8).

Let F be a finitely presented group and p : F ։ Q a surjective homomorphism.
Set

E = F ×Q F = {(x, y) ∈ F × F | p(x) = p(y)}.
Assume that Q is not finitely presented; we claim that E is not finitely generated.

Denote by N the normal subgroup ker(p) × {1} of E, and let ∆ the diagonal
subgroup of elements of the form (y, y), with y ∈ F . Then N ∩∆ = {1}, and E =
N⋊∆ since every (x, y) ∈ E can be written as the product (xy−1, 1)(y, y) ∈ N∆. By
Proposition 8.A.10, the group ker(p) is not finitely generated as a normal subgroup
of F . Hence there exists a strictly increasing nested sequence

K1 $ K2 $ · · · $ Kn $ Kn+1 $ · · · ⊂
⋃

n≥1

Kn = ker(p)

of normal subgroups of F . For each n ≥ 1, set En = (Kn × {1})⋊∆. Then we have

E1 $ E2 $ · · · $ En $ En+1 $ · · · ⊂ E =
⋃

n≥1

En,

and this shows that E is not finitely generated.
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For G1, G2 compactly generated LC-groups, short of having compactly generated
fibre products, we have the following:

Proposition 2.C.16. Let G1, G2, H be compactly generated LC-groups. For j =
1, 2, let pj : Gj ։ H be a continuous surjective homomorphism.

There exist a compactly generated LC-group E and two continuous surjective
homomorphisms π1, π2 such that the diagram

E

π1
��
��

π2
// // G2

p2
��
��

G1
p1

// // H

commutes. Moreover, for {i, j} = {1, 2}, there exists an isomorphism of topological
groups from ker(πi) to an open subgroup of ker(pj).

Proof. Let

F := G1 ×H G2 = {(g1, g2) ∈ G1 ×G2 | p1(g1) = p2(g2))} ⊂ G1 ×G2

denote the relevant fibre product. For i ∈ {1, 2}, denote by πi the canonical projec-
tion G1×G2 ։ Gi as well as its restriction to F (and also its restriction to E as soon
as E will be defined). For j = 1, 2, there exists by Lemma 2.C.9 a compact subset
Sj of F such that πj(Sj) generates Gj . Let U be a compact subset of F containing
S1 ∪ S2; assume moreover that U has a non-empty interior. Then we can define E
as the open subgroup of F generated by U .

The last claim follows from the equalities ker(π2) = (ker(p1) × {1}) ∩ D and
ker(π1) = ({1} × ker(p2)) ∩D. See Remark 2.C.15(1).

Digression 2.C.17 (compact generation beyond local compactness). A topological
group G generated by a compact subset K need not be locally compact, as shown
by Examples (1) and (3) below.

(1) Let H be a Hilbert space, with the weak topology; it is a topological group
under addition. The unit ball H1 is a compact generating set of H. If H is infinite-
dimensional, this group is compactly generated and is not locally compact (see (2)
below).

This carries over to the dual of any infinite-dimensional Banach space with the
w∗-topology, by a theorem of Alaoglu.

Note that, for the norm topology, an infinite-dimensional Banach space is never
compactly generated. This follows from (2) just below and Remark 2.B.1(7).

(2) Recall the following theorem. Let K be a non-discrete complete valued
field and E 6= {0} a Hausdorff topological vector space over K; if E is locally
compact, then K is a non-discrete locally compact field and E is finite-dimensional
[BEVT, chapitre 1, § 2, no 4]. Recall also that, with the weak topology, an infinite-
dimensional Hilbert space is non-metrizable; its unit ball is metrizable if and only if
the space is separable [Halm–74, Problems 18, 19, and 21].
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(3) Free topological groups1 and free abelian topological groups have been de-
fined and investigated in the early 1940’s, by A.A. Markov. For references, let us
indicate Section II.8 in [HeRo–63], Abels’ article [Abel–72’], an introduction to free
topological groups [Todo–97, Section 25], and an extended review [Sipa–03].

Let X be a topological space, identified with a subset of the free group FX on X .
Then FX is given the finest group topology which induces on X a topology coarser
than the given one. Then, every continuous mapping from X to a topological group
G extends uniquely to a continuous homomorphism from FX to G; moreover, if X
is Hausdorff and completely regular, the inclusion of X in FX is a homeomorphism.
The topological group FX is locally compact if and only if the topological space X
is discrete [Sipa–03, Page 5793]. In particular, if X is compact and infinite, FX is a
topological group which is compactly generated and not locally compact.

(4) Let Cr2(C) be the plane Cremona group over C, i.e., the group of birational
transformations of the complex projective plane. There exists a Hausdorff topol-
ogy on Cr2(C) making it a topological group, and inducing the usual topology on
its standard subgroups PGL3(C) and PGL2(C) × PGL2(C). The group Cr2(C) is
compactly generated and is not locally compact; see [BlFu–13], in particular their
Lemmas 5.15 and 5.17.

Remark 2.C.18. (1) Any countable group is a subgroup of a 2-generator group.
This is the HNN embedding theorem of [HiNN–49]; see [Rotm–95, Theorem 11.71],
or the very short exposition in [Galv–93], which includes a nine-lines-long proof. The
theorem is also an immediate consequence of the following result, where Sym(X)
stands for the symmetric group of all permutations of an infinite countable set
X : every countable subgroup of Sym(X) is contained in a 2-generator subgroup of
Sym(X); see Example 4.E.15.

(2) It is natural to ask whether (1) extends to the locally compact setting, more
precisely to ask whether every σ-compact LC-group embeds as a closed subgroup of
a compactly generated LC-group. The answer is negative, as shown in [CaCo–14].

(3) Pestov has shown that every σ-compact topological group H is isomorphic to
a closed subgroup of a compactly generated topological group G; in this statement,
neither H nor G need be locally compact ([Pest–86], see also [Todo–97, Section 24]).

Also: every separable topological group embeds as a subgroup in a topological
group containing a dense subgroup generated by 2 elements [MoPe–98].

Remark 2.C.19. For discrete groups, finite generation is the first of a sequence
(Fn)n≥1 of increasingly stronger properties, introduced by C.T.C. Wall in 1965. For
n ≥ 1, a group Γ is of type Fn if there exists a connected CW-complex with finite
n-skeleton, fundamental group Γ, and trivial higher homotopy groups. A group is
of type F1 if and only if it is finitely generated, and of type F2 if and only if it is
finitely presented. For each n ≥ 1, a group of type Fn need not be of type Fn+1, as
shown by examples of Stallings for n = 2 and Bieri for n ≥ 3 (among others).

For LC-groups, Abels and Tiemeyer [AbTi–97] have defined a sequence of types
(Cn)n≥1, with the following properties:

1In this book, with the exception of the present digression, we do not consider any topology on
a free group FS , even when G = FS/N is a topological group rather than just a group.
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(1) an LC-group is of type C1 if and only if it is compactly generated,
(2) an LC-group is of type C2 if and only if it is compactly presented (Chapter 8),

(dis) for all n ≥ 1, a discrete group is of type Cn if and only if it is of type Fn.

Moreover, these properties are invariant “up to compactness”: more precisely, con-
sider an LC-group G, a cocompact closed subgroup H , a compact normal subgroup
N , and an integer n ≥ 1; then G is of type Cn if and only if H is of type Cn, if and
only if G/N is of type Cn.

In [Tiem–97], it is shown that reductive groups over local fields of characteristic
0 are of type Cn, for all n ≥ 1. This is used to give a new proof of a result of Borel
and Serre [BoSe–76]: S-arithmetic subgroups of reductive groups are of type Fn for
all n ≥ 1.

2.D Miscellanea

In this section, we collect a few very standard facts, for convenient reference.

Let X be a topological space. If X is Hausdorff, then every point of X is closed.
It is well-known that the converse does not hold; see e.g. Chap. I, § 8, Exercise 7 in
[BTG1-4, Page I.101]. However, for a possibly non-Hausdorff topological group, we
have:

Proposition 2.D.1. Let G be a (possibly non-Hausdorff) topological group. Then
G is Hausdorff if and only {1} is closed in G.

Proof. Recall that a topological space X is Hausdorff if and only if the diagonal
{(x, y) ∈ X ×X | x = y} is closed in the product space X ×X .

To show the non-trivial implication, suppose {1} is closed in G. The diagonal
is closed in G × G, because it is the inverse image of {1} by the continuous map
(g, h) 7−→ gh−1 from G×G to G. Hence G is Hausdorff.

Proposition 2.D.2. Let G,H be topological groups and p : G ։ H a continuous
surjective homomorphism. Then p is a covering if and only if p is a local homeo-
morphism at 1.

Proof. Suppose that p is a local homeomorphism at 1: there exist a neighbourhood
U of 1 in G and a neighbourhood V of 1 in H so that the restriction pU of p to U
is a homeomorphism of U onto V . Then p−1(V ) =

⋃
x∈ker(p) xU ⊂ G.

For x, y ∈ ker(p) with x 6= y, we have xU ∩ yU = ∅. Indeed, otherwise, there
would exist u1, u2 ∈ U with u1 = x−1yu2, hence with pU(u1) = pU(u2), and this
is impossible since pU is injective. Therefore, we have a disjoint union p−1(V ) =⊔

x∈ker(p) xU , so that p−1(V ) is naturally homeomorphic to ker(p)×V , that is to the

product of the discrete space ker(p) with V .

For every h ∈ H , we have by left translation a neighbourhood hV of h in H such
that p−1(hV ) is homeomorphic to ker(p)× hV . This means that p is a covering.

The converse implication is trivial.
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Proposition 2.D.3. (1) In a connected topological group, every discrete normal
subgroup is central.

(2) The fundamental group of a connected Lie group is abelian.

Note: the fundamental group of a connected Lie group is moreover finitely gen-
erated (Corollary 8.A.23).

Proof. (1) LetG be a connected topological group andN a discrete normal subgroup.
For n ∈ N , the image of the continuous map G −→ G, g 7−→ gng−1n−1 is both
connected and contained in N . Hence this image is {1}, and n is central in G.

(2) For a connected Lie group L with universal covering group L̃, the fundamental

group π1(L) can be identified with the kernel of the covering projection L̃ ։ L.

Hence π1(L) is abelian, by (1) applied to the connected group L̃.

Remark 2.D.4 (some properties of LC-groups). The following properties of LC-
groups and their homomorphisms are of frequent use.

(1) Locally compact groups are paracompact. Indeed, let G be an LC-group,
V a compact symmetric neighbourhood of 1, and U =

⋃
n≥0 V

n as in the proof of
Proposition 2.C.3. Then U is a subgroup of G that is σ-compact, and therefore
paracompact. Since U is an open subgroup, G is homeomorphic to U ×G/U , where
G/U is discrete. It follows that G is paracompact [BTG1-4, Theorem 5, Page I.70].

More generally, if G is an LC-group and H a closed subgroup, the homogeneous
space G/H is paracompact [BTG1-4, Page III.35].

Recall that a Hausdorff topological space X is paracompact if every open cov-
ering of X has a locally finite refinement. For such a space X and any open covering
U of X , it is a basic fact that there exists a continuous partition of unity, subordinate
to U .

(2) Since paracompact spaces are normal [Dugu–66, Section 8.2], it follows
from (1) that a locally compact group is normal. Note that a locally compact
space is completely regular, but need not be normal [Dugu–66, Section 11.6].

Recall that a Hausdorff topological space X is normal (or T4) if, for every pair
(Y, Z) of disjoint closed subsets of X , there exists a continuous function f : X −→
[0, 1] such that f(y) = 0 for all y ∈ Y and f(z) = 1 for all z ∈ Z. The space X is
completely regular (or T3 1

2
) if the analogous condition holds with Y a singleton

subspace {y}. The space X is regular (or T3) if, given any point y ∈ X and closed
subset Z ⊂ X , there exist neighbourhoods U of y and V of Z such that U ∩ V = ∅.

(3) A continuous bijection between locally compact spaces need not be a home-
omorphism, as shown by the bijection x 7−→ e2iπx from the half-open half-closed
interval [0, 1[ to the unit circle in C (compare with Remark 2.A.8(2)). However, a
continuous bijective homomorphism between locally compact groups is an isomor-
phism of topological groups (Corollary 2.D.6 below).

More generally, we have the following proposition, which can be viewed as an
open mapping theorem:

Proposition 2.D.5 (Freudenthal). Let G be an LC-group, X a locally compact
space, G × X −→ X a transitive continuous action, a ∈ X a base point, and
H = {g ∈ G | g(a) = a} the corresponding isotropy subgroup.
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If G is σ-compact, the orbit map ia : G −→ X, g −→ g(a), is open, and the
quotient map G/H ։ X is therefore a homeomorphism.

Note. Our attribution to Freudenthal rests on [Freu–36, Item 26]. Hewitt and Ross
refer to a article by A.A. Markov, from 1935 [HeRo–63, Pages 37 and 51]. The
proposition can also be found in [Hoch–65, Theorem 2.5 of Chapter I].

Proof. Let g ∈ G and V an open neighbourhood of g. We have to show the existence
of an open neighbourhood of ia(g) in X contained in ia(V ).

Let U be a symmetric compact neighbourhood of 1 in G such that gU2 ⊂ V .
Since G is σ-compact, there exists a sequence (gn)n≥0 in G such that G =

⋃
n≥0 gnU ;

thus X =
⋃

n≥0 ia(gnU). Since X is a Baire space, there exists n ≥ 0 such that
the interior int(ia(gnU)) is non-empty; as x 7−→ gnx is a homeomorphism of X , we
have int(ia(U)) 6= ∅. Hence there exists g′ ∈ U such that ia(g

′) ∈ int(ia(U)), and
therefore a ∈ int(ia(U

2)). It follows that ia(g) ∈ int(ia(gU
2)) ⊂ ia(V ), as was to be

shown.

Corollary 2.D.6. Let G1, G2 be two LC-groups and ϕ : G1 −→ G2 a continuous
homomorphism. Assume that G1 is σ-compact.

(1) If ϕ is surjective, then ϕ is open. In particular, if ϕ is a bijective continuous
homomorphism, then ϕ is an isomorphism of topological groups.

(2) The homomorphism ϕ is proper if and only if ker(ϕ) is compact in G1 and
f(G1) closed in G2.

Proof. (1) This follows from Proposition 2.D.5, applied to the action G1×G2 −→ G2

of G1 defined by (g1, g2) 7−→ ϕ(g1)g2.
(2) If ϕ is proper, then ker(ϕ) is compact and ϕ(G1) is closed, as are all fibers

and all images of all proper continuous maps from one topological space to another.
For the non-trivial implication, assume that ker(ϕ) is compact, so that the canon-

ical projection π : G1 −→ G1/ ker(ϕ) is proper, and that ϕ(G1) is closed, so that the
inclusion j : ϕ(G1) −→ G2 is proper. By (1), the natural map ψ : G1/ ker(ϕ) −→
ϕ(G1) is an isomorphism, in particular is proper. It follows that the composition
ϕ = j ◦ ψ ◦ π is proper.

In Corollary 2.D.6(1), the hypothesis “G1 is σ-compact” cannot be deleted, as

the example Rdis
id−→ R shows, where Rdis stands for the group R with the discrete

topology.

As a particular case of Corollary 2.D.6, with G1 = G2 as abstract groups:

Corollary 2.D.7. On a σ-compact LC-group, a continuous left-invariant metric is
compatible.

2.E LC-groups: structure and approximation by

Lie groups

Definition 2.E.1. Let X be a topological space. The connected component of a
point x ∈ X is the union of the connected subspaces of X containing x; it is a closed
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subspace of X [BTG1-4, Page I.84]. A topological space is totally disconnected if
every point in it is its own connected component. A subspace of a topological space
is clopen if it is both closed and open. A topological space is zero-dimensional if
its clopen subspaces constitute a basis of its topology.

Any zero-dimensional space is clearly totally disconnected. There is a partial
converse. In a totally disconnected LC-space, every neighbourhood of a point con-
tains a clopen neighbourhood of this point [HeRo–63, Theorem 3.5]. Thus:

Proposition 2.E.2. A locally compact space is totally disconnected if and only if it
is zero-dimensional.

Let X be a topological space. Let R be the relation defined on X by xRy if the
connected components of x and y coincide; then R is an equivalence relation on X .
The quotient space 2 H0(X) := X/R is totally disconnected, see again [BTG1-4,
Page I.84]; note that H0(X) is not necessarily Hausdorff. If X is a non-empty
topological space, X is connected if and only if H0(X) is the one-point space, and
X is totally disconnected if and only if the canonical projection X −→ H0(X) is a
homeomorphism.

Let G be a topological group. The identity component of G, denoted by
G0, is the connected component of the identity in G; it is a closed subgroup of
G that is normal, indeed characteristic. The quotient group H0(G) = G/G0 is
totally disconnected (it is a particular case of the result on X/R quoted above). In
particular, G is totally disconnected if and only if G0 = {1}. A topological group
G is connected-by-compact if G/G0 is compact. This terminology fits with our
general terminology, see (A4) in Chapter 2; many authors use “almost connected”
for “connected-by-compact”.

If G is an LC-group, its identity component G0 is also the intersection of the open
subgroups of G [BTG1-4, Page III.35]. This does not hold in general; a trivial exam-
ple is provided by the group Q, with the topology inherited from the usual topology
on R; moreover, there are known examples of totally disconnected Polish groups
in which any neighbourhood of 1 generates the whole group; see the discussion in
[Sole–05].

In an LC-group G, the identity component need not be open; for example, when
G is totally disconnected, G0 = {1} is open if and only if G is discrete. However, in a
locally path-connected LC-group, for example in a Lie group, connected components
are open.

One of the main open problems about totally disconnected LC-groups is the
Hilbert-Smith conjecture, which can be formulated as a question: Does there exist
an LC-group, which is not a Lie group, that has a faithful continuous action on
a connected topological manifold? Equivalently: does there exist for some prime

2As agreed in (A1), Page 19, we note here that H0(X) need not be Hausdorff. An example is
provided by the subspace

X = {(0, 0)} ∪ {(0, 1)} ∪
( ⋃

n≥1

({1/n} × [0, 1])
)

of the Euclidean plane.
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p a faithful continuous action of Zp on a connected topological manifold? For the
equivalence, see [Lee–97]. The answer is known to be negative for manifolds of
dimension at most three [Pard–13].

Example 2.E.3 (non-discrete locally compact fields). Let K be non-discrete locally
compact field. Then K is either Archimedean, and then isomorphic to one of R or
C, or non-Archimedean, in which case it is defined to be a local field.

[Some authors, including [Weil–67, Page 20] and [Marg–91], define a local field
to be any commutative non-discrete locally compact field. Others are keen on not
formulating a precise definition, like Serre in his “Corps locaux” (outside the intro-
duction).]

A non-discrete locally compact field is connected if and only if it is Archimedean,
i.e., if it is isomorphic to R or C. The multiplicative group C× is connected, and
R× has two connected components.

Here are some basic facts on local fields and their classification. More information
on the subject can be found, among many other places, in [Neuk–99, Chapter II]
or/and [Cass–86]. Absolute values on local fields are briefly discussed in Remark
4.D.9

From now on, let K be a local field. Then K has a unique maximal compact
subring

oK =
{
x ∈ K

∣∣ {xn | n ≥ 1} is relatively compact
}

and oK has a unique maximal ideal

pK = {x ∈ K | lim
n→∞

xn = 0}.

Both oK and pK are compact and open in K. Moreover, the ideal pK is principal
in oK: there exists a “prime element” π such that pK is the ideal (π) generated by
π. The nested sequence of ideals (π) ⊃ · · · ⊃ (πn) ⊃ (πn+1) ⊃ · · · constitute a
basis of clopen neighbourhoods of 0 in K, so that K is totally disconnected. The
multiplicative group K× is also totally disconnected.

If K is of characteristic zero, then K is a finite extension of a field Qp; for each
prime p and each degree n, the number Np,n of extensions of Qp of degree n satisfies
1 ≤ Np,n <∞ [Robe–00, Section 3.1.3 and Theorem 3.1.6].

In the particular case K = Qp, we have oK = Zp and a choice for π is p. Every
x ∈ Qp can be written uniquely as [x] +

∑n
i=1 xip

−i, with [x] ∈ Zp, n ≥ 0, and
xi ∈ {0, 1, . . . , p− 1} for i = 1, . . . , n, with xn 6= 0 when n ≥ 1. Every x ∈ Q×

p can
be written uniquely as pnu, with n ∈ Z and u ∈ Z×

p ; it follows that the multiplicative
group Q×

p is the disjoint union
⊔

n∈Z p
nZ×

p ; hence Q×
p is homeomorphic to the direct

product pZ×Z×
p . The multiplicative group Z×

p is homeomorphic to the direct product
of the finite group {x ∈ Zp | xp−1 = 1} of (p − 1)th roots of 1, which is cyclic of
order p− 1, and of the compact group 1 + pZp, itself homeomorphic to Zp when p
is odd and to Z2 × (Z/2Z) when p = 2 (see for example [Serr–70, chap. 2]).

If K is of finite characteristic p, then K is a field of formal Laurent series Fq((t))
over a finite field Fq, where q = pd for some d ≥ 1. Then oK is the ring of formal
power series Fq[[t]], and a choice for π is t. The multiplicative group Fq((t))

× is
isomorphic to a product of three groups: the infinite cyclic group generated by t,
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the finite group {x ∈ oK | xq−1 = 1} ≃ Z/(q − 1)Z of (q − 1)th roots of unity, and
the multiplicative group 1 + pK, which is compact.

Similarly, let R be a finite commutative ring. Then R((t)) is a totally disconnected
LC-ring in which R[[t]] is an open subring.

Example 2.E.4 (totally disconnected LC-groups). Discrete groups are clearly to-
tally disconnected. Here are some other examples.

(1) Let (Fα)α∈A be an infinite family of finite groups, viewed as compact groups.
The product

∏
α∈A Fα is a totally disconnected compact group, i.e., a profinite

group (as defined in Example 2.B.11).

(2) Let I be a directed set, with its order relation denoted by α ≤ β. Let
(Fα, πα,β) be an inverse system of finite groups (viewed as compact groups) and
surjective homomorphisms. The inverse limit lim←−Fα is a profinite group, as a closed
subgroup of

∏
α∈A Fα.

Conversely, let K be a profinite group. Every neighbourhood U of 1 in K con-
tains a normal compact open subgroup N of K (see [MoZi–55, Section 2.5], and
compare with Remark 2.E.8). The finite groups K/N and the natural surjective
homomorphisms constitue an inverse system, and the group K is the inverse limit
of this inverse system.

For example, the groups Zp = lim←−n
Z/pnZ and GL(d,Zp) = lim←−n

GL(d,Z/pnZ)
are profinite groups.

(3) Let K be a local field, G an algebraic group defined over K, and G the group
of its K-points. The group G can be seen as a subgroup of GLn(K), and the latter
is an open subspace of the algebra Mn(K) of n-by-n matrices over K; it follows that
G has a natural topology T inherited from the topology of K, and G with T is
a totally disconnected LC-group. When K is Qp or a finite extension of Qp, this
topology is sometimes called the p-adic topology on G.

(4) For any non-discrete LC-field K, there is a notion of Lie group over K. These
groups are totally disconnected when K is so. If K = Qp, they include all closed
subgroups of GLn(Qp); see [BGLA2-3, Chap. 3, § 8, no 2].

(5) Let X be a connected locally finite graph. For the topology of pointwise
convergence, the automorphism group Aut(X) is a totally disconnected LC-group
(Example 2.B.10). It is a discrete group if and only if there is a finite subset V of
the vertex set of X such that {g ∈ Aut(X) | gv = v for all v ∈ V } is trivial. The
following examples have non-discrete automorphism groups.

Let Tk be a regular tree of some valency k ≥ 3. Let Aut+(Tk) be the index two
subgroup of Aut(Tk) generated by the vertex stabilizers. Then Aut+(Tk) is a non-
discrete LC-group; as an abstract group, it is simple [Tits–70]. When k = p+ 1 for
some prime p, the group Aut(Tk) has subgroups isomorphic to the projective linear
groups PGL2(Qp) and PGL2(Fp((t))), see [Serr–77]; these are closed subgroups, by
Proposition 5.B.6(2).

Consider two integers m,n ∈ Z r {0}, the Baumslag-Solitar group BS(m,n) =
〈s, t | t−1smt = sn〉, its Bass-Serre tree Tm+n (a regular tree of valency m + n), and
the closure Gm,n of the natural image of BS(m,n) in the automorphism group of
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Tm+n. The groups Gm,n are non-discrete totally disconnected LC-group; moreover,
for m,n,m′, n′ ∈ Zr {0}, the following conditions are equivalent:

(i) BS(m′, n′) is isomorphic to BS(m,n),
(ii) Gm′,n′ is isomorphic to Gm,n,
(iii) (m′, n′) is one of (m,n), (n,m), (−m,−n), (−n,−m).

See [ElWi].
Cayley graphs of appropriate Coxeter groups provide other examples of graphs

X with non-discrete Aut(X). See [HaPa–98, Theorem 1.3].

(6) Let K be a compact group. With the natural topology (see Example 2.C.10),
the outer automorphism group Aut(K)/ Int(K) is totally disconnected [Iwas–49,
Theorem 1]; see also [Serr–50, théorème 6].

Let G be a totally disconnected LC-group. The automorphism group Aut(G) is
totally disconnected [Brac–48].

[Recall that Aut(K) and Aut(G) need not be locally compact, as already noted
in Example 2.C.10.]

(7) With the Krull topology, the Galois group Gal(L/K) of a Galois extension
L of a field K is a totally disconnected compact group.

Total disconnectedness is inherited by closed subgroups, and more generally by
subspaces of topological spaces. Claim (1) of the next proposition shows that it is
also inherited by quotient spaces of LC-groups; if it far from being so for quotient
spaces of topological spaces, since every metrizable compact space is a continuous
image of the Cantor space.

Proposition 2.E.5. Let G be an LC-group, H a closed subgroup, G/H the quotient
space, and π : G −→ G/H the canonical projection.

(1) The connected components of G/H are the closures of the images by π of the
connected components of G. In particular: if G is totally disconnected, so is
G/H.

Assume moreover that H is a normal subgroup, so that G/H is a topological group.

(2) If G is locally compact and L = G/H a Lie group, then π(G0) = L0.

Proof. See [BTG1-4, Page III.36] for (1) and [CCMT–15, Lemma 2.4] for (2).

Claim (1) does not hold without the hypothesis of local compactness. Indeed,
let G be the group of sequences of rational numbers having a limit in R, with the
ℓ∞-topology, and let H be the subgroup of sequences converging to 0. Then G is
totally disconnected, H is closed in G, and G/H can be identified to the connected
group R, with its standard topology [BTG1-4, Page III.70 (exercice 17)].

Theorem 2.E.6 (van Dantzig). Let G be a totally disconnected LC-group and U a
neighbourhood of 1 in G. Then U contains a compact open subgroup of G.

In other words: compact open subgroups constitute a fundamental system of
neighbourhoods of 1 in G.
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Note. This theorem is part of [HeRo–63, Theorem 7.7], where it is quoted from
the thesis of van Dantzig (1931); see also [Dant–36]. Related references include
[MoZi–55, Section 2.3], [BTG1-4, Page III.36], Willis [Will–94] and Tao [Tao–14].

Proof. By Proposition 2.E.2, there exists a compact open neighbourhood V of 1
contained in U . We define below a compact neighbourhood S of 1 in G generating
an open subgroup K inside V . This will complete the proof, because an open
subgroup is also closed, and a closed subgroup of the compact set V is compact.

For each x ∈ V , there exist a neighbourhood Sx of 1 in G and a neighbourhood
Vx of x in V such that SxVx ⊂ V ; we assume furthermore that Sx is symmetric.
Since V is compact, there exists a finite subset F ⊂ V such that V =

⋃
f∈F Vf . Set

S =
⋂

f∈F Sf ; it is a symmetric neighbourhood of 1. We have SVf ⊂ V for all
f ∈ F , and therefore SV ⊂ V .

Let K =
⋃

n≥0 S
n be the subgroup of G generated by S; since S is a neighbour-

hood of 1, the subgroup K is open. We have SnV ⊂ V for all n ≥ 0, by induction
on n, and therefore K ⊂ V .

Claim (1) of the next corollary appears as Lemma 1.4 in [Glea–51].

Corollary 2.E.7. Let G be an LC-group.
(1) There exists an open subgroup H of G, containing G0, such that the quotient

group H/G0 is compact.
In particular, every LC-group contains an open subgroup that is connected-by-

compact, and therefore compactly generated, a fortiori σ-compact.
(2) Assume moreover that G0 is compact (e.g., that G is totally disconnected).

Any compact subgroup of G is contained in a compact open subgroup.

Proof. (1) Let K be a compact open subgroup of the totally disconnected group
G/G0. The inverse image H of K in G is an open subgroup of G. Observe that G0,
which is normal in G, is a posteriori normal in H .

The quotient H/G0 is compact, isomorphic to K. Since G0 ⊂ H0, the quo-
tient group H/H0 is compact. Since H is connected-by-compact, H is compactly
generated (see Proposition 5.A.1), and in particular σ-compact.

(2) Let now K be a compact open subgroup of G. Let L be an arbitrary com-
pact subgroup of G. There exist ℓ1, . . . , ℓn ∈ L such that L ⊂ ⋃n

i=1 ℓiK. Set
N =

⋂
ℓ∈L ℓKℓ

−1. Observe that N =
⋂

1≤i≤n ℓiKℓ
−1
i , so that N is a compact open

subgroup of G. Since ℓNℓ−1 = N for all ℓ ∈ L, the product NL is a subgroup of G,
indeed a compact open subgroup containing L.

Remark 2.E.8. A totally disconnected LC-group need not contain a normal com-
pact open subgroup, i.e., need not be “compact-by-discrete”, as the two following
examples show.

For every d ≥ 2 and local field K, the totally disconnected LC-group PSLd(K)
is simple. It has compact open subgroups PSLd(π

noK) for every n ≥ 0 (with the
notation of Example 2.E.3).

Consider a prime p, the discrete group Z, the totally disconnected group Qp,
and the action of Z on Qp given by (n, x) 7−→ pnx. The corresponding semidirect
product G = Qp ⋊p Z, with the direct product topology, is a totally disconnected
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group. Observe that all orbits of Z in Qp r {0} are unbounded. The group G has
compact open subgroups, for example Zp, but it is easy to check that G does not
have any non-trivial compact normal subgroup. (Up to details, this is the example
of [MoZi–55, Section 2.5].)

In contrast, it is well-known that a compactly generated totally disconnected
nilpotent LC-group has a basis of neighbourhoods of 1 consisting of compact open
normal subgroups; see [Will–97].

Proposition 2.E.9. For an LC-group, the following two properties are equivalent:

(i) G is compactly generated and has a compact open subgroup;
(ii) there exist a connected graph X of bounded valency and a continuous action

of G on X which is proper and vertex-transitive.

Note. A compactly generated totally disconnected LC-group has Property (i), by
the van Dantzig theorem.

Definition 2.E.10. A G-graph X with Property (ii) of Proposition 2.E.9 is a
Cayley-Abels graph for G.

Proof of Proposition 2.E.9. To show that (i) implies (ii), let S0 be a compact gener-
ating set of G and K a compact open subgroup of G. Set S = K(S0 ∪ S−1

0 )K rK;
it is symmetric, K-biinvariant, open (because K is open), and S ∪K generates G.

Define a relation ∼ on G by g ∼ g′ if g−1g′ ∈ S; this relation is symmetric (g ∼ g′

implies g′ ∼ g), antireflexive (g ≁ g for all g ∈ G), and K-biinvariant (g ∼ g′ implies
k1gk2 ∼ k1g

′k2 for all k1, k2 ∈ K). This relation induces a left-K-invariant relation
on G/K, again denoted by ∼, again symmetric and antireflexive.

Define a graph X as follows: its vertex set is G/K, and there is an edge between
gK and g′K if gK ∼ g′K. Then X is connected, because S ∪K generates G. The
natural action of G on X preserves the graph structure.

The set of neighbours of the vertex 1K can be identified with the set {g ∈ G |
gK ∼ 1K}/K, which is S/K; it is finite, because the right action of K on S has
open orbits, and S is compact. By homogeneity, every vertex in X has the same
number |S/K| of neighbours.

To show that (ii) implies (i), we refer to Corollary 4.C.6 below. As X can
be viewed as a (coarsely) geodesic metric space, and as the action of G on X is
geometric, the group G is compactly generated. Moreover, for every vertex x0 ∈ X ,
the isotropy subgroup {g ∈ G | g(x0) = x0} is a compact open subgroup.

Remark 2.E.11. With the terminology of Definition 4.C.1, the natural actions of
G on its Cayley-Abels graphs are geometric. In particular, any two Cayley-Abels
graphs for a group G as in Proposition 2.E.9 are quasi-isometric [KrMo–08, Theorem
2.7].

For finitely generated groups, Cayley graphs in the usual sense (see e.g. [Cann–02])
are examples of Cayley-Abels graphs. “Cayley graphs” for infinite groups appeared
first in articles by Dehn, see [Dehn–10]; the terminology “Dehn Gruppenbild” is also
used.
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Cayley-Abels graphs appear, sometimes with different names, in [Abel–74, Beispiel
5.2], [Moll–03, Corollary 1], [KrMo–08, Section 2], and shortly after Proposition 2.1
in [CCMT–15].

Compactly generated LC-groups containing compact open subgroups appear
again in Theorem 8.A.20.

Before we state the next structure theorem, it is convenient to recall the standard
terminology related to real and complex Lie groups; see e.g. [Hoch–65].

Definition 2.E.12. A real analytic group is a group, and a connected real ana-
lytic manifold, such that the group operations are analytic. A real Lie group is a
topological group G of which the identity component is both open and a real ana-
lytic group. There are similar definitions for complex analytic groups and complex
Lie groups. We often write “Lie group” for “real Lie group”.

Remark 2.E.13. There is no restriction on the number of connected components
of a Lie group. In particular, every discrete group is a Lie group.

If G is the group of real points of an algebraic group defined over the reals, then
G is connected-by-finite. More generally, real algebraic varieties have finitely many
connected components; this is due to Whitney [Whit–57].

Theorem 2.E.14 (Gleason-Yamabe). Let G be a connected-by-compact LC-group
and let U be a neighbourhood of 1 in G.

There exists a compact normal subgroup N of G contained in U such that L =
G/N is a Lie group with finitely many connected components.

In particular, a connected-by-compact LC-group is compact-by-(analytic-by-finite).

On the proof. This is [MoZi–55, Theorem 4.6]. Observe that the quotient L/L0 is
finite, because it is discrete (L is a Lie group) and compact (by Proposition 2.E.5).

The original articles, [Glea–51] and [Yam–53b], were building upon a large amount
of deep work by various authors, including Chevalley, Kuranishi, Iwasawa, Mont-
gomery, and Zippin. See also [Bore–50], [Tao–14], and [DrGo–15].

Remark 2.E.15. (1) There exists also a maximal compact normal subgroup of G.
See Example 2.E.23(1).

(2) One way to express the theorem is that every connected-by-compact LC-
group can be approximated by Lie groups, the G/N ’s.

Here is another way. A topological group G is a generalized Lie group (in
the sense of Gleason [Glea–49, Glea–51]) if, for every neighbourhood U of 1 in G,
there exist an open subgroup H of G and a compact normal subgroup N of H , with
N ⊂ U , such that H/N is a Lie group; a generalized Lie group is locally compact.
Corollary 2.E.7 and Theorem 2.E.14 show that, conversely, every LC-group is a
generalized Lie group.

(3) The Gleason-Yamabe Theorem on the structure of LC-groups goes together
with the final solution of the Hilbert Fifth Problem, published in 1952 [Glea–52,
MoZi–52] (see Theorem 2.E.18). There is a classical exposition in [MoZi–55, in
particular Sections 2.15 and 4.10]; see also [Glus–57], [Tao–14], and [DrGo–15].
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(4) The hypothesis “connected-by-compact” cannot be omitted in Theorem 2.E.14,
as the following example shows.

Let G = SO(3)Z ⋊shift Z, where the semidirect product refers to the action of Z
by shifts; the topology is that for which SO(3)Z has the compact product topology,
and is open in G. Then G0 = SO(3)Z, and G has exactly two compact normal
subgroups which are G0 and {1}.

In particular, for a neighbourhood U of 1 in G such that U 6⊃ G0, there cannot
exist a compact normal subgroup N of G such that N ⊂ U and G/N is a Lie group.

Theorem 2.E.16. Let G be a connected-by-compact LC-group.

(1) The group G contains maximal compact subgroups, such that every compact
subgroup of G is contained in one of them.

(2) Maximal compact subgroups of G are conjugate with each other.
(3) If K is a maximal compact subgroup of G, the quotient space G/K is homeo-

morphic to Rn for some n ≥ 0; moreover, G0K = G, i.e., the natural action
of G0 on G/K is transitive.

(4) For K and n as in (3), there exists on G/K
homeo≈ Rn a G-invariant structure

of analytic manifold.

On the proof. For the particular case of a connected LC-group, the theorem is es-
sentially that of Section 4.13 in [MoZi–55]. For the theorem as stated, a convenient
strategy is to split the argument in two steps, as follows.

Assume first that G is a Lie group; we refer to [Hoch–65, Theorem 3.1 of Chapter
XV and Observation Page 186]. Credits for this are shared by several authors: “The
names to be attached to this result are: É. Cartan, C. Chevalley, K. Iwasawa, A.
Malcev, G.D. Mostow” (quoted from [Hoch–65, Preface]).

Assume now that G is a connected-by-compact LC-group. Let N be as in The-
orem 2.E.14 (for an arbitrary U). Inverse images of maximal compact subgroups
of G/N are maximal compact subgroups of G, and are conjugate with each other.
Let K be one of them. Then G/K ≈ (G/N)/(K/N), and the right-hand side is
homeomorphic to Rn for some n ≥ 0, by the Lie group case.

Let us check the equality G0K = G (even for G a Lie group, it is not explicitly
in [Hoch–65]). Since K is compact, G0K is closed. The homogeneous space G/G0K
is both totally disconnected (as a quotient of G/G0) and connected (as a quotient
of G/K), hence is just one point.

Set

J =
⋂

g∈G
gKg−1 = {g ∈ G | g acts as the identity on G/K ≈ Rn}.

It is a compact normal subgroup of G contained in K. Since the natural action
of G/J on G/K is faithful, G/J is a Lie group by the next theorem. Thus Rn ≈
G/K ≈ (G/J)/(K/J) has a natural analytic structure which is invariant by G/J ,
and a fortiori by G [Hoch–65, Theorems 2.1 and 3.1 of Chapter VIII].
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Remark 2.E.17. (1) LetG be a connected-by-compact LC-group, andK a maximal
compact subgroup, as in Theorem 2.E.16. The topology of K can be as rich as that
of G/K is poor.

The topology of connected compact Lie groups has been intensively studied in
the period 1925–1960 by many authors including Weyl (one of his first results in
this field is that π1(G) is finite for a semisimple connected compact Lie group),
É. Cartan, A. Borel, and Bott (periodicity theorems, including the isomorphisms
πj+2(limn→∞ U(n)) ≃ πj(limn→∞ U(n))). See for example [Bore–01], [Same–52],
[Bore–55], and [Bott–59].

(2) A compact group K is homeomorphic to the direct product K0 × K/K0

[HoMo–06, Corollary 10.38, Page 559].

(3) Without the hypothesis “connected-by-compact”, each conclusion of Theorem
2.E.16 may fail, as the following examples show.

(3a) An infinite locally finite group does not contain maximal finite subgroups.
Recall that a group Γ is locally finite if every finite subset of Γ is contained in a
finite subgroup of Γ.

(3b) Let A,B be two non-trivial finite groups. In the free product A∗B, maximal
finite subgroups are either conjugate of A or conjugate of B, and A,B are not
conjugate with each other [MaKS–66, Section 4.1, Problem 11].

For an integer n ≥ 2 and a prime p, the locally compact group SLn(Qp) contains
n distinct conjugacy classes of maximal compact subgroups ([PlRa–94, Proposition
3.14], see also [Bruh–64]). Note that, in GLn(Qp), maximal compact subgroups are
conjugate with each other.

(3c) Let Γ be an infinite discrete group and K a finite subgroup. The quotient
space Γ/K is not homeomorphic to a Euclidean space.

Theorem 2.E.18 (Montgomery-Zippin). Let G be a σ-compact LC-group that acts
transitively, faithfully, and continuously on a connected topological manifold.

Then G is isomorphic to a Lie group.

Proof. This follows simply from [MoZi–55, Corollary of Section 6.3].
A convenient reference is [Tao–14, Proposition 1.6.5, Pages 116–126]. Tao’s proof

uses first Proposition 2.D.5, to show that the natural map from G/H to the manifold
is a homeomorphism (where H is some isotropy subgroup), and then the van Dantzig
& Gleason-Yamabe Theorems, 2.E.6 & 2.E.14.

In particular, if a σ-compact LC-group G is locally homeomorphic to a Euclidean
space, Theorem 2.E.18 applied to the action of G0 on itself implies that G is iso-
morphic to a Lie group: this is the solution of Hilbert Fifth Problem .

Corollary 2.E.19. Let G be an LC-group. There exist a compact subgroup K of G,
a non-negative integer n, and a discrete subspace D of G, such that the homogeneous
space G/K is homeomorphic to D×Rn. The identity component G0 acts transitively
on each connected component of G/K.

On the space D ×Rn, there exists a G-invariant structure of analytic manifold
(in general non-connected).
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Proof. By Corollary 2.E.7 of van Dantzig Theorem, there exists a connected-by-
compact open subgroup H of G. Let K be a maximal compact subgroup of H .
By Theorem 2.E.16, we know that H/K ≈ Rn for some n ≥ 0, and that H0 acts
transitively on H/K, so that H0/(K ∩H0) = H/K.

Let D be a discrete subspace of G such that G =
⊔

d∈D dH (disjoint union), i.e.,
such that G is homeomorphic to D ×H ; without loss of generality, we can assume
that 1 ∈ D. Then

G/K =
⊔

d∈D
d(H/K) =

⊔

d∈D
d(H0/(K ∩H0)) ≈ D ×Rn.

Since the identity component G0 contains H0 and is connected, G0/(K ∩ G0) is
connected. Therefore H/K = H0/(K ∩ H0) = G0/(K ∩ G0) ≈ {1} × Rn is G0-
invariant; and G0 acts transitively on {1}×Rn. Since G0 is normal in G, the group
G0 acts transitively on each component {d} ×Rn.

The last claim follows from Theorem 2.E.16(4).

Compact normal subgroups appear in Theorem 2.E.14. We continue on this
theme as follows.

Definition 2.E.20. The polycompact radical of a topological group G is the
union W (G) of all compact normal subgroups of G. Actually, it is a subgroup,
indeed a topologically characteristic subgroup.

A topological group G has a compact radical if W (G) is compact; in this case
W (G) is called the compact radical of G, and W (G/W (G)) = {1}.

Remark 2.E.21. For G and W (G) as above, note that W (G) is compact if and
only if it is relatively compact. Indeed if the latter holds, then W (G) is a compact
normal subgroup and hence is contained in W (G), whence W (G) = W (G).

Example 2.E.22. We show an example where the polycompact radical is not com-
pact, and another one where the polycompact radical is not closed.

(1) If G = Qp for some prime p, or if G is an infinite locally finite discrete abelian
group, then W (G) = G; in particular, W (G) is closed in G and is not compact.

(2) Consider an integer n ≥ 3, the finite cyclic group A = Z/nZ, the group of
units B = (Z/nZ)× of A viewed as a ring, and the semidirect product

G =
(⊕

k≥1

Ak

)
⋊
(∏

k≥1

Bk

)
,

where every Ak is a copy of A and every Bk a copy of B. The action of the product
on the direct sum is the natural one, for which Bk acts on the corresponding Ak by
multiplication; the topology is that for which

⊕
k≥1Ak is discrete and

∏
k≥1Bk has

the compact product topology. It can be checked that

W (G) =
(⊕

k≥1

Ak

)
⋊
(⊕

k≥1

Bk

)
.
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In particular, W (G) is a dense, proper subgroup of G and is not closed. This group
is a particular case of Example 1 in Section 6 of [WuYu–72], related to an example
in the proof of Proposition 3 in [Tits–64].

It is known that, in a compactly generated LC-group, the polycompact radical
is closed [Corn–15, Theorem 1].

Example 2.E.23. We describe compact radicals in five classes of LC-groups.

(1) Let G be a connected-by-compact LC-group, as in Theorems 2.E.14 and
2.E.16. Then G has a compact radical W (G) =

⋂
g∈G gKg

−1, where K is any
maximal compact subgroup of G. The quotient G/W (G) is a Lie group with finitely
many connected components.

The quotient G/W (G) need not be connected; indeed, if G = PGL2(R), then
W (G) = {1} and G/W (G) = G has two connected components.

(2) Let A,B be two LC-groups, C a proper open subgroup of both A and B,
and G = A∗C B the locally compact amalgamated product, as in Proposition 8.B.9
below. Suppose moreover that W (C) is compact. Then G has a compact radical:
W (G) is the largest compact subgroup of C which is normal in both A and B.
Compare with [Corn–09].

(3) Let H be an LC-group, K,L two isomorphic open subgroups, ϕ : K
≃−→ L

a topological isomorphism, and G = HNN(H,K,L, ϕ) the corresponding HNN-
extension, as in Proposition 8.B.10 below. Suppose moreover that W (K) is compact.
Then G has a compact radical: W (G) is the largest compact subgroup of K which
is normal in H and invariant by ϕ.

(4) Let G be a Gromov-hyperbolic LC-group (see Remark 4.B.15). Then G has
a compact radical; if moreover G is not 2-ended, then W (G) is the kernel of the
G-action on its boundary. See [CCMT–15, Lemma 5.1].

(5) An LC-group G acting geometrically on a CAT(0)-space X has a compact
radical. (See Section 4.C for “geometrically”, and [BrHa–99] for CAT(0)-spaces.)

Indeed, let B be a bounded subset of X such that X =
⋃

g∈G gB. Set Ω = {g ∈
G | gB ∩B 6= ∅}; by properness, Ω is relatively compact in G. We claim that every
compact normal subgroup K of G is contained in Ω; modulo this claim, the union
W (G) of all compact normal subgroups of G is in Ω. Hence W (G) ⊂ Ω is relatively
compact, and therefore compact by Remark 2.E.21.

Let us finally prove the claim. Let K be a normal compact subgroup of G. Let
XK denote the subspace of X of the points fixed by K. As X is a CAT(0)-space
XK is non-empty. As K is normal, XK is G-invariant; it follows that XK contains
a point x ∈ B. Since kx = x for all k ∈ K, we have K ⊂ Ω.

More generally, the argument of (5) holds for every metric space X with the
following property: every group acting on X by isometries with a bounded orbit has
a fixed point. The property holds for CAT(0)-spaces by Proposition 2.7 of Chapter
II.2 in [BrHa–99].
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Chapter 3

The metric coarse category and
the large-scale category of
pseudo-metric spaces

3.A Coarsely Lipschitz maps and large-scale Lip-

schitz maps

Recall that, in this book, R+ = [0,+∞[ and R+ = [0,+∞]. It will be convenient
to call an upper control a non-decreasing function Φ+ : R+ −→ R+, and a lower
control a non-decreasing function Φ− : R+ −→ R+ such that limt→∞ Φ−(t) =∞.

Definition 3.A.1 (controls). Let X, Y be two pseudo-metric spaces (as in 2.A.5)
and f : X −→ Y a map. An upper control for f is an upper control Φ+ such that

dY (f(x), f(x′)) ≤ Φ+(dX(x, x′)) for all x, x′ ∈ X.

A lower control for f is a lower control Φ− such that

dY (f(x), f(x′)) ≥ Φ−(dX(x, x′)) for all x, x′ ∈ X.

It is suitable to allow infinite values for lower controls, for example to allow
Φ−(t) = ∞ for f : X −→ Y with X of finite diameter, say D, and t > D. See the
proof of Proposition 3.A.5.

If there exist controls Φ+,Φ− for f , as above, note that there exist continuous
controls Φ̃−, Φ̃+ for f such that

Φ̃−(t) ≤ Φ−(t) for all t ∈ R+, and Φ̃−(0) = 0,

Φ+(t) ≤ Φ̃+(t) for all t ∈ R+.

It suffices to set Φ̃−(t) =
∫ t

max{t−1,0} min{u,Φ−(u)}du and Φ̃+(t) =
∫ t+1

t
Φ+(u)du.

Definition 3.A.2. A subspace Z of a pseudo-metric space Y is cobounded if

sup{d(y, Z) | y ∈ Y } < ∞.

59
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Note that the empty subspace is cobounded if Y = ∅, and is not if Y 6= ∅.

Definition 3.A.3. Let X, Y be two pseudo-metric spaces. A map f : X −→ Y is

(a) coarsely Lipschitz if there exists an upper control for f ;
(b) coarsely expansive if there exists a lower control for f ;
(c) a coarse embedding if it is coarsely Lipschitz and coarsely expansive;
(d) essentially surjective if f(X) is cobounded in Y ;
(e) a metric coarse equivalence if it is coarsely Lipschitz, coarsely expansive,

and essentially surjective.

Two pseudo-metric spaces are coarsely equivalent if there exists a metric coarse
equivalence from one to the other (and thus conversely, see Proposition 3.A.16(3)).

Two maps f, f ′ from X to Y are close, and we write f ∼ f ′, if

sup
x∈X

dY (f(x), f ′(x)) < ∞.

Observe that, for maps, closeness is an equivalence relation.

Remark 3.A.4. The terminology is not well-established.
If f, f ′ : X −→ Y are two maps between metric spaces, other terms used for

“close” are “parallel” [Grom–93, 1.A’, Page 23], “at bounded distance”, “equivalent”,
and “bornotopic”.

A metric coarse equivalence here is called a “quasi-isometry” in [Shal–04, Def.
2.1.1], in contradiction with the meaning of “quasi-isometry” used in this book.
Coarsely Lipschitz maps here are “uniformly bornologous” maps in [Roe–93, Roe–03].
Coarsely expansive maps here are “effectively proper maps” in [BlWe-92] and “uni-
formly expansive maps” in [BeDr–08]. Coarse embeddings have been introduced
under the name of “placements” or “placings” in [Grom–88, Section 4.1]; they are
the “effectively proper Lipschitz maps” in [BlWe-92], and the “uniform embeddings”
in [Grom–93, 7.E, Page 211]. In [Grom–93, 2.D, Page 6], two metrics d1, d2 on a space
X are “uniformly equivalent on the large scale” if the identity (X, d1) −→ (X, d2) is
a metric coarse equivalence.

Definitions 3.A.3(a) and 3.A.3(b) can be reformulated without explicit references
to controls:

Proposition 3.A.5 (coarsely Lipschitz and coarsely expansive maps). Let X, Y be
two pseudo-metric spaces and f : X −→ Y a map.

The following properties are equivalent:

(1) the map f is coarsely Lipschitz;
(2) for all R ≥ 0, there exists S ≥ 0 such that, if x, x′ ∈ X satisfy dX(x, x′) ≤ R,

then dY (f(x), f(x′)) ≤ S;
(3) for every pair (xn)n≥0, (x′n)n≥0 of sequences of points in X with

supn≥0 dX(xn, x
′
n) <∞, we have supn≥0 dY (f(xn), f(x′n)) <∞.

Similarly, the following properties are equivalent:

(4) The map f is coarsely expansive;
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(5) for all s ≥ 0, there exists r ≥ 0 such that, if x, x′ ∈ X satisfy dX(x, x′) ≥ r,
then dY (f(x), f(x′)) ≥ s;

(6) for every pair (xn)n≥0, (x′n)n≥0 of sequences of points in X with
limn→∞ dX(xn, x

′
n) =∞, we have limn→∞ dY (f(xn), f(x′n)) =∞.

Proof. Implications (1) ⇒ (2) ⇒ (3) are straightforward.
Suppose that f satisfies Condition (3), and let us check that f is coarsely Lips-

chitz. Define

Φ+(c) = sup{dY (f(x), f(x′)) | x, x′ ∈ X with dX(x, x′) ≤ c} for all c ∈ R+.

We have to check that Φ+ is an upper control for f . Since Φ+ is obviously non-
decreasing, it is enough to check that Φ+ takes finite values only. Suppose ab absurdo
that one had Φ+(c) =∞ for some c; there would exist two sequences (xn)n≥0, (x′n)n≥0

in X such that supn≥0 dX(xn, x
′
n) ≤ c, and limn→∞ dY (f(xn), f(x′n)) = ∞, and this

would contradict the condition above.

Similarly, implications (4) ⇒ (5) ⇒ (6) are straightforward.
Suppose that f satisfies Condition (6), and let us check that f is coarsely expan-

sive. We proceed as above, defining at the appropriate point

Φ−(c) = inf{dY (f(x), f(x′)) | x, x′ ∈ X with dX(x, x′) ≥ c} for all c ∈ R+.

[Note that, in case X has finite diameter, say D, then Φ−(t) =∞ for t > D.]

The control Φ− of the previous proof is the compression function of f , and
Φ+ is the dilation function of f .

Proposition 3.A.6 (coarse properties of maps and closeness). Let X, Y, Z be three
pseudo-metric spaces f, f ′ : X −→ Y two close maps, and g, g′ : Y −→ Z two close
maps.

(1) The map f ′ is coarsely Lipschitz [respectively coarsely expansive, a coarse em-
bedding, essentially surjective, a metric coarse equivalence] if and only if f has
the same property.

(2) The composite maps g ◦ f and g′ ◦ f ′ are close.
(3) If f and g are coarsely Lipschitz [respectively coarsely expansive, coarsely Lip-

schitz and essentially surjective], then the composition g ◦ f has the same
property.

The proof is straightforward. �

Definition 3.A.7 (metric coarse category). Let X, Y be two pseudo-metric spaces.
A coarse morphism from X to Y is a closeness class of coarsely Lipschitz maps
from X to Y . By abuse of notation, we often denote a coarsely Lipschitz map and
its class by the same letter.

The metric coarse category is the category whose objects are pseudo-metric
spaces and whose morphisms are coarse morphisms.

Definition 3.A.8. Let X, Y be two pseudo-metric spaces and f : X −→ Y a map.
Then f is
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(a) large-scale Lipschitz if it has an affine upper control, in other words if there
exist constants c+ > 0, c′+ ≥ 0 such that dY (f(x), f(x′)) ≤ c+dX(x, x′) + c′+
for all x, x′ ∈ X ;

(b) large-scale expansive if it has an affine lower control, in other words if there
exist constants c− > 0, c′− ≥ 0 such that dY (f(x), f(x′)) ≥ c−dX(x, x′) − c′−
for all x, x′ ∈ X ;

(c) large-scale bilipschitz, or a quasi-isometric embedding, if it is large-scale
Lipschitz and large-scale expansive;

(e) a quasi-isometry if it is large-scale bilipschitz and essentially surjective.

An item (d), missing above, is identical with that of Definition 3.A.3. For a refor-
mulation of the definition of quasi-isometry, see Remark 3.C.7.

Two pseudo-metric spaces are quasi-isometric if there exists a quasi-isometry
from one to the other (and thus conversely, see Proposition 3.A.22(3)).

Remark 3.A.9. Let us again record some straightforward observations. To be
large-scale Lipschitz is invariant under closeness of maps. The composition of two
large-scale Lipschitz maps is large-scale Lipschitz. Note that every large-scale Lips-
chitz map between pseudo-metric spaces is coarsely Lipschitz; similarly a large-scale
expansive map is coarsely expansive.

The words “coarse equivalence” and “quasi-isometric” appear in [Grom–81], not
quite as they do here (this article is an early discussion of Gromov on the notion of
hyperbolicity). The terminology “large-scale Lipschitz” appears in [Grom–93, 1.A’,
Page 22].

Quasi-isometry can be extended from maps to relations, e.g., to “multi-valued
maps”. See [Cann–02], where quasi-isometries are called “quasi-Lipschitz equiva-
lences”.

We have an analogue of Proposition 3.A.6:

Proposition 3.A.10 (large-scale properties of maps and closeness). Let X, Y, Z be
three pseudo-metric spaces f, f ′ : X −→ Y two close maps, and g, g′ : Y −→ Z two
close maps.

(1) The map f ′ is large-scale Lipschitz [respectively large-scale expansive, large-
scale bilipschitz, a quasi-isometry] if and only if f has the same property.

(2) If f and g are large-scale Lipschitz [respectively large-scale expansive, large-
scale Lipschitz and essentially surjective], then the composition g ◦ f has the
same property.

Definition 3.A.11 (large-scale category). Let X, Y be two pseudo-metric spaces.
A large-scale Lipschitz morphism from X to Y is a closeness class (in the sense
of Definition 3.A.3) of large-scale Lipschitz maps from X to Y .

The large-scale category is the subcategory of the metric coarse category
whose objects are pseudo-metric spaces and whose morphisms are large-scale Lips-
chitz morphisms.

In particular, it is a wide subcategory of the metric coarse category (same objects,
“less” morphisms).
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For later reference, we recall the following more classical definition. Compare
(a′), (c′), (e′), below with (a), (c), (e) of Definition 3.A.8.

Definition 3.A.12. Let X, Y be two pseudo-metric spaces, and f : X −→ Y a
map. Then f is

(a′) Lipschitz if the condition of 3.A.8(a) holds with c′+ = 0,
(c′) bilipschitz if there exist constants c+, c− > 0 such that

c−dX(x, x′) ≤ dY (f(x), f(x′)) ≤ c+dX(x, x′) for all x, x′ ∈ X ,
(e′) a bilipschitz equivalence if it is bilipschitz and onto.

The Lipschitz metric category is the category whose objects are metric spaces
and whose morphisms are Lipschitz maps.

The Lipschitz pseudo-metric category is the category whose objects are
pseudo-metric spaces and whose morphisms are equivalence classes of Lipschitz
maps, where two maps f, f ′ from X to Y are equivalent if dY (f(x), f ′(x)) = 0
for all x ∈ X .

Observe that the Lipschitz metric category is a full subcategory of the Lips-
chitz pseudo-metric category, and also a subcategory of that of metric spaces and
continuous maps.

There is a variation: the pointed Lipschitz metric category, of pointed non-
empty metric spaces and base point preserving Lipschitz maps.

Remark 3.A.13. (1) A large-scale Lipschitz map between metric spaces, and a
fortiori a coarsely Lipschitz map, need not be continuous.

For example, if Z and R are given their natural metrics, defined by d(x, y) =
|y−x|, the floor function R −→ Z, x 7−→ ⌊x⌋ of Example 2.A.4 is a quasi-isometry.

(2) Let X, Y be pseudo-metric spaces. A map from f : X −→ Y is metrically
proper if f−1(B) is bounded in X for every bounded subset B of Y .

A coarsely expansive map is metrically proper. But a metrically proper map
need not be coarsely expansive, as shown by the map x 7−→ √x from R+ to itself,
with the usual metric.

Coarse expansiveness can be viewed as uniform notion of metric properness.

(3) Let X, Y be pseudo-metric spaces. Assume that X is metric, and that there
exists c > 0 such that dX(x, x′) ≥ c for every pair (x, x′) of distinct points of X . (For
example, assume that (X, d) is a group with a word metric.) A map f : X −→ Y is
large-scale Lipschitz if and only if it is Lipschitz.

(4) Given a non-principal ultrafilter ω on N, there is a functor called asymptotic
cones from the large-scale category to the pointed Lipschitz metric category. A basic
reference for asymptotic cones is [Grom–93, Chapter 2]; later ones include [Drut–01]
and [Corn–11].

(5) Notions as in Definition 3.A.8 have been used in the early 1960’s by Efremovič,
Tihomirova, and others in the Russian school. They play an important role in articles
by Mostow and Margulis.

A map satisfying the inequalities of 3.A.8(a) and 3.A.8(b) with c′+ = c′− = 0 is
usually called a bilipschitz embedding; in [Most–73, § 9, Page 66], it was called a
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pseudo-isometry. In [Marg–70], Margulis observes that two finite generating sets for
a group Γ provide two metrics d1, d2 on Γ that are bilipschitz equivalent.

The rigidity theorems of Mostow were decisive in establishing the importance
of notions like quasi-isometry or pseudo-isometry (see Example 3.C.5). This was
of course due to Mostow himself, but also to Thurston, Gromov, and others, who
revisited the rigidity theorem on several occasions; see e.g. Chapter 5 in [Thur–80],
[Grom–84], Lecture IV in [BaGS–85], as well as [KlLe–97].

(6) The notion of coarse embedding has been used in establishing cases of the
Baum-Connes conjecture. More precisely, let Γ be a countable group, viewed as
a metric space for some adapted metric (see Section 4.A); if Γ admits a coarse
embedding into a Hilbert space, then Γ satisfies the Baum-Connes conjecture. See
Theorem 6.1 in [SkTY–02], and related articles by Higson, Kasparov, Skandalis, Tu,
and Yu [Yu–00]. Later, coarse embeddings into uniformly convex Banach spaces
appear in the same context [KaYu–06].

(7) It is crucial and now well-recognized (but it has not always been so) that
one should carefully distinguish between coarsely Lipschitz maps and large-scale
Lipschitz maps, and similarly distinguish between metric coarse equivalences and
quasi-isometries.

(8) It is sometimes useful to compare pseudo-metrics in a finer way than in Defi-
nitions 3.A.3(e), 3.A.8(e), and even 3.A.12(e′). The following is used in [AbMa–04]:
two pseudo-metrics d1, d2 on a set X are coarsely equal if there exists a constant
c ≥ 0 such that |d2(x, x′) − d1(x, x′)| ≤ c for all x, x′ ∈ X , i.e., if the identity from
(X, d1) to (X, d2) is a a quasi-isometry with multiplicative constants c+ = c− = 1.

Example 3.A.14. (1) If Y is a pseudo-metric space, the empty map ∅ −→ Y is a
coarse embedding. If Y is non-empty, it is not essentially surjective: dY (y, ∅) = ∞
for all y ∈ Y .

(2) Let X, Y be two pseudo-metric spaces and f : X −→ Y a map. If X has finite
diameter, then f is large-scale expansive; the function defined by Φ−(s) = max{s−
diam(X), 0} for all s ∈ R+ is a lower control for f . If f(X) has finite diameter,
then f is large-scale Lipschitz; the function defined by Φ+(s) = diam(f(X)) for all
s ∈ R+ is an upper control for f . If Y has finite diameter and X is non-empty, f is
essentially surjective.

In particular, every non-empty pseudo-metric space of finite diameter is quasi-
isometric to the one-point space.

(3) Let a ∈ R×
+. The map R+ −→ R+, x −→ xa is coarsely Lipschitz if and only

if it is large-scale Lipschitz, if and only if a ≤ 1.

(4) Let (X, dX) be a pseudo-metric space. Let XHaus be the largest Hausdorff
quotient of X , more precisely the quotient of X by the relation “x ∼ y if dX(x, y) =
0”. It is naturally a metric space, for a metric that we denote by dHaus, and the
quotient map (X, dX) −→ (XHaus, dHaus) is an isomorphism in the Lipschitz pseudo-
metric category.

(5) Let (X, d) be a pseudo-metric space. Define a metric d1 on X by

d1(x, x
′) = max{1, d(x, x′)} for all x, x′ ∈ X with x 6= x′.
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The identity map defines a quasi-isometry (X, d) −→ (X, d1).
In particular, every metric space is quasi-isometric to a discrete metric space.

This shows that quasi-isometries do not respect at all the local structure of pseudo-
metric spaces. See also Remark 3.C.2.

Define another pseudo-metric dln on X by

dln(x, x′) = ln(1 + d(x, x′)) for all x, x′ ∈ X.

Viewed as a map f : (X, d) −→ (X, dln), the identity is now a metric coarse equiv-
alence; the functions Φ+,Φ− defined on R+ by Φ+(r) = Φ−(r) = ln(1 + r) are
respectively an upper control and a lower control for f (alternatively: Φ+(r) = r).
Note that f is not a quasi-isometry, unless X has finite diameter. The example of
(6) below is of the same flavour.

Similarly, for every metric space (X, d), the identity map (X, d) −→ (X,
√
d) is a

metric coarse equivalence. It is a quasi-isometry if and only if the diameter of (X, d)
is finite.

(6) Let H2 denote the upper half-plane model {z ∈ C | Im(z) > 0} for the hyper-
bolic plane. Consider the map f : R −→ H2, x 7−→ x+i, which is a parametrisation
of the horocycle h based at ∞ containing i. Then [Iver–92, II.8, Page 80]:

dH2(f(x), f(x+ ℓ)) = arg cosh(1 + ℓ2/2) ∼
ℓ→∞

2 ln ℓ.

The map f can be seen as a metric coarse equivalence from R with the usual metric
to the horocycle h with the metric induced from H2, and f is not a quasi-isometry.

This carries over to the hyperbolic space of any dimension n ≥ 2, and provides
maps f : Rn−1 −→ Hn whose images are horospheres.

In Example 3.D.25, we will state (and not completely prove) that Euclidean
spaces Rm, m ≥ 1, and hyperbolic spaces Hn, n ≥ 2, are pairwise non-quasi-
isometric.

(7) A pseudo-metric space X is hyperdiscrete if

{(x, x′) ∈ X2 | x 6= x′ and dX(x, x′) ≤ c}

is a finite set for all c > 0. An infinite example is given by the set of squares in N,
with the usual metric defined by d(m2, n2) = |m2 − n2|. Then every map from a
hyperdiscrete pseudo-metric space to any pseudo-metric space is coarsely Lipschitz.

(8) Let G be a connected real Lie group. The metrics associated to left-invariant
Riemannian metrics on G are all bilipschitz equivalent. Compare with Example
4.C.9.

It is known that G is quasi-isometric to a connected closed subgroup of real upper
triangular matrices [Corn–08, Lemma 6.7].

(9) Let n ≥ 1. Recall that an invertible matrix g ∈ GLn(R) is distal if all its
eigenvalues λ ∈ C are of modulus one, |λ| = 1, and semisimple if it is conjugate
in GLn(C) to a diagonal matrix.

Consider the Lie group GLn(R) with some left-invariant Riemannian metric, a
matrix g ∈ GLn(R), and the map f : Z −→ GLn(R) given by k 7−→ gk. Then f is
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(91) a Lipschitz map in all cases,
(92) a bilipschitz map if and only if g is non-distal,
(93) coarsely expansive if and only if g is either non-distal or non-semisimple,
(94) bounded if and only if g is distal and semisimple.

Let K be a local field (see Example 2.E.3), n ≥ 1 an integer, and g ∈ GLn(K) ; for
“g distal”, see now Definition 4.D.13. Let f : Z −→ GLn(K) be similarly defined
by f(k) = gk. The following four properties are equivalent:

(9local) f is bilipschitz, g is non-distal, f is coarsely expansive, f is unbounded.
We refer to [Grom–93, Chapter 3, on distortion] for other examples of inclusions

of sub-(semi-)groups in groups, looked at from the point of view of inclusions of
metric spaces inside each other.

(10) Let F2 denote the free group on a set S of two elements, with its natural
word metric dS (Definition 4.B.2). As shown below in Corollary 3.D.24, there does
not exist any coarse embedding of F2 (of exponential growth) into the Euclidean
space Rn (of polynomial growth), for every n ≥ 1.

There does not exist a large-scale bilipschitz map of F2, indeed of a free semi-
group of rank 2, in a separable infinite-dimensional Hilbert space H [Bour–86]. But
there exist coarse embeddings of (F2, dS) into H; more precisely, there exists an iso-
metric embedding of (F2,

√
dS) into H, see for example Item C.2.2(iii) in [BeHV–08].

(11) There is in [Tess] a characterization of functions that can be lower controls
of Lipschitz embeddings of the non-abelian free group F2 into Hilbert spaces.

Three basic examples from a later chapter

(12) Given a σ-compact LC-group G and a cocompact closed subgroup H (for
example a cocompact lattice), the inclusion j : H −֒→ G can be seen as a metric
coarse equivalence. If, moreover, G is compactly generated, j can be seen as a
quasi-isometry (Proposition 4.C.11).

(13) Given a σ-compact LC-group G and a compact normal subgroup K, the
canonical projection π : G ։ G/K can be seen as a metric coarse equivalence. If,
moreover, G is compactly generated, π can be seen as a quasi-isometry (Proposition
4.C.12).

(14) Let G be a σ-compact LC-group and H a closed subgroup. Let dG be an
adapted metric on G and dH an adapted metric on H . The inclusion j : (H, dH) −֒→
(G, dG) is a coarse embedding (Corollary 4.A.6).

In general, j is not a quasi-isometric embedding, even if G,H are both compactly
generated and dG, dH are word metrics defined by compact generating sets (Remark
4.B.12).

Lemma 3.A.15 (“inverses” of controls). (1) Let Φ+ : R+ −→ R+ be an upper
control. The function Ψ− : R+ −→ R+ defined by

Ψ−(s) = inf{r ∈ R+ | Φ+(r) ≥ s} for s ∈ R+

is a lower control such that Ψ−(Φ+(t)) ≤ t for all t ∈ R+.
(2) Let Φ− : R+ −→ R+ be a lower control. The function Ψ+ : R+ −→ R+

defined by
Ψ+(s) = sup{r ∈ R+ | Φ−(r) ≤ s} for s ∈ R+
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is an upper control such that t ≤ Ψ+(Φ−(t)) for all t ∈ R+.

The proof is an elementary exercise. We use the natural conventions: inf ∅ =∞
and sup ∅ = 0.

Consider for example the usual metric on R+ and the inclusion f of the interval
[0, 1] in R+. Define Φ+ : R+ −→ R+ and Φ− : R+ −→ R+ by Φ+(r) = Φ−(r) = r if
r ≤ 1, and Φ+(r) = 1, Φ−(r) =∞ if r > 1. Then Φ+ is an upper control for f and
Φ− a lower control for f ; moreover, with the definition of Lemma 3.A.15, we have
Ψ+ = Φ+ and Ψ− = Φ−.

Proposition 3.A.16 (on coarse morphisms). Let X, Y be two pseudo-metric spaces,
f : X −→ Y a coarsely Lipschitz map, and f the corresponding morphism (in the
sense of Definition 3.A.7). Then, in the metric coarse category:

(1) IfX is non-empty, f is an epimorphism if and only if f is essentially surjective;
(2) f is a monomorphism if and only if f is coarsely expansive;
(3) f is an isomorphism if and only if f is a metric coarse equivalence; if moreover

X is non-empty, this holds if and only if f is both an epimorphism and a
monomorphism.

Note. If X is empty and Y non-empty bounded, the morphism defined by the map
X −→ Y is an epimorphism that is not essentially surjective.

Proof. (1) Suppose first that f is essentially surjective; set c = supy∈Y dY (y, f(X)).
Consider a pseudo-metric space Z and two coarsely Lipschitz maps h1, h2 from Y to
Z. To show that f is an epimorphism, we assume that h1f ∼ h2f and we have to
show that h1 ∼ h2.

Since h1f ∼ h2f , there exists c′ > 0 such that dZ(h1(f(x)), h2(f(x))) ≤ c′ for
all x ∈ X . Since hi is a coarsely Lipschitz map, there exists ci > 0 such that
dZ(hi(y), hi(y

′)) ≤ ci for all y, y′ ∈ Y with dY (y, y′) ≤ c (i = 1, 2). Let y ∈ Y .
Choose x ∈ X such that dY (y, f(x)) ≤ c. Then

dZ(h1(y), h2(y)) ≤ dZ(h1(y), h1f(x)) + dZ(h1f(x), h2f(x)) + dZ(h2f(x), h2(y))

≤ c1 + c′ + c2 .

Hence h1 ∼ h2.

For the converse implication, suppose that f is not essentially surjective. Define
two functions h1, h2 : Y −→ R+ by h1(y) = 0 and h2(y) = dY (y, f(X)) for all
y ∈ Y ; note that h2 takes finite values because X 6= ∅. Observe that h1 and h2 are
coarsely Lipschitz functions with h1f = h2f = 0, so that in particular h1f ∼ h2f .
But h1(Y ) = {0} is bounded in R+ and h2(Y ) is not, so that h1 ≁ h2. Hence f is
not an epimorphism.

(2) Suppose first that f is coarsely expansive; let Φ− be a lower control for f ,
and define an upper control Ψ+ as in Lemma 3.A.15. Consider a pseudo-metric
space W and two coarsely Lipschitz maps g1, g2 from W to X . To show that f is a
monomorphism, we assume that fg1 ∼ fg2 and we have to show that g1 ∼ g2.
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Since fg1 ∼ fg2, there exists a constant c′ such that dY (fg1(w), fg2(w)) ≤ c′

for all w ∈ W . Since Φ− is a lower control for f , we have Φ−(dX(g1(w), g2(w))) ≤
dY (fg1(w), fg2(w)) for all w ∈ W . Hence

dX(g1(w), g2(w)) ≤ Ψ+(Φ−(dX(g1(w), g2(w))))

≤ Ψ+(dY (fg1(w), fg2(w))) ≤ Ψ+(c′) for all w ∈ W.

It follows that g1 ∼ g2.
For the converse implication, suppose that f is not coarsely expansive. There

exist a constant c > 0 and two sequences (xn)n≥0, (x
′
n)n≥0 of points in X such that

limn→∞ dX(xn, x
′
n) = ∞ and dY (f(xn), f(x′n)) ≤ c for every n ≥ 0. Let W denote

the space of squares in N as in Example 3.A.14(7); define two maps g1, g2 : W −→ X
by g1(n

2) = xn and g2(n
2) = x′n for all n2 ∈ W . Then g1, g2 are coarsely Lipschitz

maps, they are not close, and fg1, fg2 are close. Hence f is not a monomorphism.

(3) When X 6= ∅, the equivalence between “metric coarse equivalence” and
“epimorphism & monomorphism” follows from the definitions, and (1) & (2).

Suppose now that f is a metric coarse equivalence; let us show that f is an
isomorphism. If X = ∅ = Y , there is nothing to show. Otherwise, by Example
3.A.14(1), both X and Y are non-empty. Let Φ− and Φ+ be a lower control and
an upper control for f , and let c > 0 be such that dY (y, f(X)) ≤ c for all y ∈ Y .
Let Ψ+ be the upper control defined as in Lemma 3.A.15, and let Ψ− be the lower
control defined by Ψ−(s) = inf{r ∈ R+ | Φ+(r) + 2c ≥ s} for all s ∈ R+. For each
y ∈ Y , choose xy ∈ X such that dY (y, f(xy)) ≤ c; set g(y) = xy; thus g is a map
Y −→ X such that supy∈Y dY (y, fg(y)) ≤ c. We claim that g is coarsely Lipschitz
and coarsely expansive.

Let y, y′ ∈ Y . On the one hand, we have

Φ−(dX(g(y), g(y′))) ≤ dY (fg(y), fg(y′)),

hence

dX(g(y), g(y′)) ≤ Ψ+Φ−(dX(g(y), g(y′)))

≤ Ψ+(dY (fg(y), fg(y′))) ≤ Ψ+(dY (y, y′) + 2c),

so that s 7→ Ψ+(s+ 2c) is an upper control for g, and g is a coarsely Lipschitz map.

On the other hand, denoting by Φ̃+ the upper control Φ+ + 2c, we have

dY (y, y′) ≤ dY (y, fg(y)) + dY (fg(y), fg(y′)) + dY (fg(y′), y′)

≤ Φ+(dX(g(y), g(y′))) + 2c = Φ̃+(dX(g(y), g(y′)))

hence

Ψ−(dY (y, y′)) ≤ Ψ−Φ̃+(dX(g(y), g(y′))) ≤ dX(g(y), g(y′)),

so that g is coarsely expansive.
We leave it to the reader to check that g is essentially surjective, and therefore

that g is a metric coarse equivalence. From the definition of g, it is clear that
fg ∼ idY . It follows that fgf ∼ f ; since f is a monomorphism (by (2)), this implies



3.A. COARSELY LIPSCHITZ AND LARGE-SCALE LIPSCHITZ MAPS 69

that gf ∼ idX . We have shown that f is an isomorphism, with inverse isomorphism
g.

For the converse implication, we have to check that a coarse isomorphism is a
metric coarse equivalence. This follows from (1) and (2) when X 6= ∅. If X = ∅,
then Y = ∅ too.

Definition 3.A.17. Let X, Y be two pseudo-metric spaces and f : X −→ Y a map.
In addition to Definition 3.A.3, define f to be

(a) coarsely right-invertible if there exists a coarsely Lipschitz map g : Y −→
X such that f ◦ g ∼ idY ;

(b) coarsely left-invertible if there exists a coarsely Lipschitz map h : Y −→ X
such that h ◦ f ∼ idX ;

(c) coarsely invertible if it is both coarsely left-invertible and coarsely right-
invertible.

Remark 3.A.18. Let X, Y be two pseudo-metric spaces, f : X −→ Y a coarsely
Lipschitz map, and f its closeness class. Then, in the metric coarse category:

(a) if f is coarsely right-invertible, then f is an epimorphism;
(b) if f is coarsely left-invertible, then f is a monomorphism.

Indeed, in any category, right-invertible morphisms are epimorphisms and left-
invertible morphisms are monomorphisms. The converse implications of (a) and
(b) above do not hold: see Example 3.B.11 below.

Suppose f is coarsely invertible; let g and h be as in Definition 3.A.17. Then
h ∼ g, and h can indeed be replaced by g; in particular:

(c) f is coarsely invertible if and only if f is an isomorphism, if and only if f is a
metric coarse equivalence.

Definition 3.A.19. Let Y be a pseudo-metric space.
A subspace Z of Y is a coarse retract of Y if the inclusion ιY⊃Z of Z in Y is

left-invertible.
A coarse retraction from Y to Z is a coarsely Lipschitz map r : Y −→ Z

such that r ◦ ιY⊃Z ∼ idZ .

Proposition 3.A.20. Let X, Y be two pseudo-metric spaces and f : X −→ Y a
coarsely Lipschitz map. Denote by fim : X −→ f(X) the map induced by f .

(1) f is coarsely expansive if and only if the induced map fim is a metric coarse
equivalence.

(2) f is coarsely left-invertible if and only if it is coarsely expansive and f(X) is
a coarse retract.

Proof. Claim (1) is immediate from the definitions.
For (2), suppose first that f is coarsely left-invertible, and left h : Y −→ X be a

coarsely Lipschitz map such that h ◦ f = h ◦ ιY⊃f(X) ◦ fim ∼ idX . Then f is coarsely
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expansive (Remark 3.A.18 and Proposition 3.A.16(2)), so that fim is a metric coarse
equivalence by (1). Moreover

idf(X) ◦fim = fim ◦ idX ∼ fim ◦ h ◦ ιY⊃f(X) ◦ fim

and it follows that idf(X) ∼ fim ◦ h ◦ ιY⊃f(X) (by composition on the right with an
inverse of fim); hence fim ◦ h is a coarse retraction from Y to f(X).

Conversely, if f is coarsely expansive and there exists a coarse retraction r from
Y to f(X), then there exists a coarsely Lipschitz map j : f(X) −→ X such that
the classes of j and fim are inverse to each other, and j ◦ r : Y −→ X is a coarse
left-inverse of f .

Definition 3.A.21. For X, Y two pseudo-metric spaces, Y is coarsely retractable
on X if there exists a coarsely right-invertible coarsely Lipschitz map from Y to X ,
or equivalently if there exists a coarsely left-invertible coarsely Lipschitz map from
X to Y .

Here is the analogue of Proposition 3.A.16 for large-scale morphisms. The proof
of the proposition, which is similar, as well as the analogues of Items 3.A.17 to
3.A.21, are left to the reader.

Proposition 3.A.22 (on large-scale morphisms). Let X, Y be two pseudo-metric
spaces, f : X −→ Y a large-scale Lipschitz map, and f the corresponding morphism
(in the sense of Definition 3.A.11). Then, in the large-scale category:

(1) If X is non-empty, f is an epimorphism if and only if f is essentially surjective;
(2) f is a monomorphism if and only if f is large-scale expansive;
(3) f is an isomorphism if and only if f is a quasi-isometry; if moreover X is non-

empty, this holds if and only if f is both an epimorphism and a monomorphism.

3.B Coarse properties and large-scale properties

In this section, we begin to describe properties of pseudo-metric spaces which will
later make good sense for LC-groups.

3.B.a Coarsely connected, coarsely geodesic, and large-scale

geodesic pseudo-metric spaces

There are several notions of connectedness, or rather path-connectedness, suited to
the categories introduced in the previous section:

Definition 3.B.1. Let (X, d) be a pseudo-metric space and c > 0 a constant.
For x, x′ ∈ X and n ≥ 0, a c-path of n steps from x to x′ in X is a sequence

x = x0, x1, . . . , xn = x′ of points in X such that d(xi−1, xi) ≤ c for i = 1, . . . , n.

(a) The space X is c-coarsely connected if, for every pair (x, x′) of points in X ,
there exists a c-path from x to x′ in X . The space X is coarsely connected
if it is c-coarsely connected for some c > 0.
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(b) The space X is c-coarsely geodesic if there exist an upper control Φ such
that, for every pair (x, x′) of points in X , there exists a c-path of at most
Φ(d(x, x′)) steps from x to x′ in X . The space X is coarsely geodesic if it
is c-coarsely geodesic for some c > 0.

(c) The space X is c-large-scale geodesic if it has the property of (b) above
with Φ affine, in other words if there exist constants a > 0, b ≥ 0, c > 0 such
that, for every pair (x, x′) of points in X , there exists a c-path of a most
ad(x, x′) + b steps from x to x′ in X . The space X is large-scale geodesic if
it is c-large-scale geodesic for some c > 0.

(d) The space X is c-geodesic if, for every pair (x, x′) of points in X , there exists
a c-path x0 = x, x1, . . . , xn = x′ from x to x′ in X such that

∑n
i=1 d(xi−1, xi) =

d(x, x′).
(e) The space X is geodesic if, for every pair of points x, x′ ∈ X with d(x, x′) >

0, there exists an isometry f from the interval [0, d(x, x′)] to X such that
f(0) = x and f(d(x, x′)) = x′. [Alternatively, we could delete the condition
“d(x, x′) > 0” and introduce a non-Hausdorff “real interval” [0−, 0+] of zero
length, with two distinct points.]

Instead of writing that the space X is coarsely connected (or coarsely geodesic, etc.),
we sometimes write that the metric d is coarsely connected (or coarsely geodesic,
etc.).

Remark 3.B.2. “Coarsely connected” here means the same as “long-range con-
nected” in [Grom–93, 0.2.A2].

Obviously, in Definition 3.B.1, each of the notions defined in (b), (c), (d), (e),
implies the previous one.

There are characterizations of Properties (a), (b), and (c), of Definition 3.B.1 in
Proposition 3.B.7.

Let (X, d) and c > 0 be as in the previous definition, and C ≥ c. If X is c-coarsely
connected, it is obvious that X is C-coarsely connected. Analogous implications hold
for c-coarsely geodesic, c-large-scale geodesic, and c-geodesic spaces. It follows that,
in each of (a), (b), and (c) above, the final “for some c > 0” can be replaced by “for
any c large enough”.

Example 3.B.3. A coarsely connected pseudo-metric space need not be coarsely
geodesic, as the following example shows.

For integers m,n ≥ 0, denote by Cm,n the metric realization of the graph with

vertex set (x
(m,n)
j )j∈Z/(m+n)Z and edge set ({x(m,n)

j−1 , x
(m,n)
j })j∈Z/(m+n)Z, with the com-

binatorial metric (Example 2.A.13). Let Im,n be the subspace of Cm,n corresponding

to the subgraph spanned by the vertices x
(m,n)
j with 0 ≤ j ≤ n, with the induced

metric. Define a graph B whose set of vertices is the disjoint union of a singleton v0
and the disjoint union of all Cm,n for all m,n ≥ 3 with m ≤ n/2. Its set of edges is

given by the edges of all Cm,n, as well as the edges {v0, x(m,n)
0 }. We define X as the

metric subspace of B given as the union of {v0} and the Im,n for all m,n ≥ 3 with
m ≤ n/2.

On the one hand, being a connected subgraph, X is 1-connected, and hence
c-connected for all c ≥ 1. On the other hand, for any c > 0, X is not c-coarsely
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geodesic. Indeed, fix such a c and an integer k ≥ 2, and choose m > c. Then the
distance in X of x

(m,km)
0 and x

(m,km)
km is m; the minimal number of steps of length ≤ c

to go from x
(m,km)
0 and x

(m,km)
km is km/c > k. Letting k tend to infinity, we deduce

that X is not c-coarsely geodesic.

Proposition 3.B.4. Let X, Y be pseudo-metric spaces.

(1) Suppose that there exists an essentially surjective coarsely Lipschitz map h
from Y to X. If Y is coarsely connected, then so is X.

(2) Suppose that Y is coarsely retractable on X. If Y is coarsely geodesic then so
is X.

Proof. (1) Let Φh be an upper control for h, andK a constant such that dX(x, h(Y )) ≤
K for all x ∈ X ; let c be a constant such that any pair of points in Y can be connected
by a c-path. Let x, x′ ∈ X . We can find n ≥ 0 and y, y0, y1, . . . , yn, y

′ in Y such that
dX(x, h(y0)) ≤ K, dY (yi−1, yi) ≤ c for all i with 1 ≤ i ≤ n, and dX(h(yn), x′) ≤ K.
If C = max{K,Φh(c)}, then x, h(y0), h(y1), . . . , h(yn), x′ is a C-path. It follows that
X is C-coarsely connected.

(2) By hypothesis, there exist two coarsely Lipschitz maps h : Y −→ X and f :
X −→ Y such that h◦f ∼ idX . Let Φh,Φf be upper controls for h, f respectively, K,
c two constants, and Ψ a function, such that dX(x, h(f(x))) ≤ K for all x ∈ X , and
such that any pair of points y, y′ ∈ Y can be joined by a c-path of at most Ψ(dY (y, y′))
steps. Let x, x′ ∈ X . Set now y = f(x) and y′ = f(x′); observe that dY (y, y′) ≤
Φf(dX(x, x′)). We can find n ≤ Ψ(Φf (dX(x, x′))) and y0 = y, y1, . . . , yn = y′ in
Y such that dY (yi−1, yi) ≤ c for all i with 1 ≤ i ≤ n. If C = max{K,Φh(c)}
is as in the proof of (1), then x, h(y0), h(y1), . . . , h(yn), x′ is a C-path of at most
Ψ(Φf(dX(x, x′))) + 2 steps. It follows that X is coarsely geodesic.

Definition 3.B.5. Let c > 0 be a constant, and (X, dX) a c-coarsely connected
pseudo-metric space. We define now a graph Xc associated to X and two metrics
dc, d

′
c on it.

Let (XHaus, dHaus) be the largest Hausdorff quotient of X (Example 3.A.14(4)).
Let Xc denote the connected graph with vertex set XHaus, in which edges connect
pairs (x, y) ∈ XHaus×XHaus with 0 < dHaus(x, y) ≤ c. Let dc denote the combinatorial
metric on Xc, with edges of length c (Example 2.A.13).

Because of (4) in Lemma 3.B.6 below, we define a second metric d′c on Xc by

d′c(u, v) =

{
dc(u, v) if u, v are in a common edge of Xc,

inf{dc(u, x) + dX(x, y) + dc(y, v) | x ∈ extr(u), y ∈ extr(v)} otherwise.

We have denoted by extr(u) the set of vertices in Xc (= the set of points in XHaus)
that are incident to an edge containing u. Thus, if u is in the interior of an edge
connecting two distinct vertices x and x′, then extr(u) = {x, x′}.

Lemma 3.B.6. Let c > 0 be a constant, (X, dX) a c-coarsely connected pseudo-
metric space, and (Xc, dc) as in Definition 3.B.5.

The natural mapping ϕ : (X, dX) −→ (Xc, dc), x 7−→ [x] has the following prop-
erties:
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(1) The target space (Xc, dc) is geodesic (and therefore in particular connected).
(2) We have dc([x], [y]) ≥ dX(x, y) for x, y ∈ X; in particular ϕ is large-scale

expansive (a fortiori coarsely expansive). Observe that, for x, y ∈ X with
0 < dc(x, y) ≤ c, we have dc([x], [y]) = c ≥ dX(x, y).

(3) The mapping ϕ is essentially surjective: supw∈Xc
dc(w, ϕ(X)) ≤ c/2.

(4) The mapping ϕ need not be coarsely Lipschitz.
(5) If (X, dX) is coarsely geodesic, ϕ is coarsely Lipschitz, and thus a metric coarse

equivalence.
(6) If (X, dX) is large-scale geodesic, ϕ is large-scale Lipschitz, and thus a quasi-

isometry.

The natural mapping ψ : (X, dX) −→ (Xc, d
′
c), x 7−→ [x] has the following properties:

(7) The target space (Xc, d
′
c) is connected.

(8) The mapping ψ is an isometry and is essentially surjective; in particular, it is
a metric coarse equivalence.

Proof. Proofs are straightforward, and left to the reader. Note that Properties (5)
and (6) for ϕ hold also for ψ, but we will not use this below.

Proposition 3.B.7 (notions invariant by coarse metric equivalence and by quasi-i-
sometry). Let (X, dX) be a pseudo-metric space.

(1) Coarse connectedness is a property invariant by metric coarse equivalence.
(2) X is coarsely connected if and only if X is metric coarse equivalent to some

connected metric space.
(3) Coarse geodesicity is a property invariant by metric coarse equivalence.
(4) X is coarsely geodesic if and only if X is metric coarse equivalent to some

geodesic metric space.
(5) Large-scale geodesicity is a property invariant by quasi-isometry.
(6) X is large-scale geodesic if and only if X is quasi-isometric to some geodesic

metric space.

Note. There are also characterizations of the properties in (1), (3), and (5), in terms
of X and its Rips 2-complexes: see Proposition 6.C.2.

Below, further properties are shown to be invariant by metric coarse equivalence:

(7) being coarsely ultrametric (Proposition 3.B.16),
(8) asymptotic dimension (Proposition 3.B.19),
(9) coarse properness (Corollary 3.D.12),

(10) uniformly coarse properness (Corollary 3.D.17),
(11) amenability (Proposition 3.D.35),
(12) coarse simple connectedness (Proposition 6.A.7).

Also, for uniformly coarsely proper pseudo-metric spaces:

(13) growth functions, degrees of polynomial growth and exponential growth are
invariant by quasi-isometry (Definitions 3.D.20 & 3.D.21, and Proposition
3.D.23).
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Compare with the situation for groups (Remarks 4.A.9 and 4.B.14).

Proof of Proposition 3.B.7. Claims (1), (3), and (5), are obvious.
For Claim (2), suppose X is coarsely equivalent to a connected metric space Y .

For every c > 0, the c-coarsely connected components of a metric space are open;
in particular, since Y is connected, Y is coarsely connected. By (1), the space X is
also coarsely connected.

Conversely, if X is coarsely connected, then X is coarsely equivalent to a con-
nected metric space by (7) and (8) of Lemma 3.B.6.

Similarly, Claims (4) and (6) follow from (1), (5) and (6) of Lemma 3.B.6.

Remark 3.B.8. (1) Let (X, d) be a coarsely geodesic pseudo-metric space. Let Φ
and c be as in Definition 3.B.1(b). Define ν : X ×X −→ R+ by

ν(x, x′) = min

{
n ≥ 0

∣∣∣∣∣
∃ x = x0, x1, . . . , xn = x′ such that

d(xi−1, xi) ≤ c for i = 1, . . . , n

}
.

It follows from the definitions that ν is a pseudo-metric on X and that

1

c
d(x, x′) ≤ ν(x, x′) ≤ cΦ(d(x, x′)) for all x, x′ ∈ X.

Hence the map (X, d)
id−→ (X, ν) is a metric coarse equivalence. (A pseudo-metric

similar to ν will appear in Definition 4.B.5.)

(2) Let (X, d) be a large-scale geodesic pseudo-metric space. Similarly, the map

(X, d)
id−→ (X, ν) is a quasi-isometry.

(3) A connected metric space is c-coarsely connected for every c > 0. Indeed, in
every metric space, the c-coarsely connected components are open in X .

Proposition 3.B.9 (on maps defined on large-scale geodesic spaces). Let X, Y be
two pseudo-metric spaces and f : X −→ Y a map.

(1) If X is large-scale geodesic and f coarsely Lipschitz, then f is large-scale
Lipschitz.

(2) If X and Y are large-scale geodesic and if f is a metric coarse equivalence,
then f is a quasi-isometry.

Note. (a) A slight variation of Claim (2) appears as the “trivial” lemma of [Grom–93,
0.2.D, Page 7].

(b) Proposition 4.B.10 below is the particular case of Proposition 3.B.9 for com-
pactly generated LC-groups.

(c) Even if X and Y are large-scale geodesic and f coarsely expansive, f need
not be large-scale expansive (Example 3.B.10(2) below).

Proof. It is enough to prove the first claim, because the second follows from the first
applied both to f and to a map g such that f and g represent morphisms inverse to
each other.

As X is large-scale geodesic, there exist constants a, b, c as in (3.B.1(c)). As f
is coarsely Lipschitz, there exist c′ > 0 such that dY (f(x), f(x′)) ≤ c′ as soon as
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dY (x, x′) ≤ c. Let x, x′ ∈ X . Let n and x = x0, . . . , xn = x′ be as in (3.B.1(c)).
Then

dY (f(x), f(x′)) ≤
n∑

i=1

dY (f(xi−1), f(xi)) ≤ nc′ ≤ (c′a)dX(x, x′) + (c′b).

It follows that f is large-scale Lipschitz.

Example 3.B.10. (1) Let (X, d) be a coarsely geodesic metric space. The space
(X,
√
d) is coarsely geodesic, and is large-scale geodesic if and only if the diameter

of (X, d) is finite. The same holds for the space (X, dln) of Example 3.A.14(5).

(2) Given a ringR, letH(R) denote the Heisenberg groupH(R) =




1 R R
0 1 R
0 0 1




with coefficients in R. Anticipating on § 4.B and Definition 4.B.1, consider the
groups Z and H(Z) as metric spaces for the word metrics dU , dT respectively de-
fined by the generating sets U := {1} ⊂ Z and T := {s, t, u} ⊂ H(Z), where

s =




1 1 0
0 1 0
0 0 1


 , t =




1 0 0
0 1 1
0 0 1


 , u = s−1t−1st =




1 0 1
0 1 0
0 0 1


 .

The metric spaces (Z, dU) and (H(Z), dT ) are both large-scale geodesic. The inclu-
sion (Z, dU) −֒→ (H(Z), dT ), n 7−→ un is coarsely expansive, and is not large-scale
expansive. We come back to this example in Remark 4.B.12.

Example 3.B.11. Let X be the subset {x ∈ R+ | x = n2 for some n ∈ N} of R+,
with the metric induced by the standard metric d(x, y) = |x− y| of R+.

(1) Let j : X −֒→ R+ be the natural inclusion. In the metric coarse category, the
closeness class of j is a monomorphism, because j is an isometric embedding; but it
is not left-invertible, because R+ is coarsely geodesic and X is not. See Definitions
3.A.3, 3.A.7, Remark 3.A.18, and Proposition 3.B.7.

(2) Let h : X −֒→ R+ be defined by h(n2) = n. In the metric coarse category,
the closeness class of h is an epimorphism, because h is essentially surjective; but it
is not right-invertible, for the same reason as in (1).

3.B.b Coarsely ultrametric pseudo-metric spaces

Definition 3.B.12. A pseudo-metric d on a set X is ultrametric if

d(x, x′′) ≤ max{d(x, x′), d(x′, x′′)} for all x, x′, x′′ ∈ X.

Remark 3.B.13. (1) Let (X, d) be a pseudo-metric space. Its largest Hausdorff
quotient (XHaus, dHaus), as in Example 3.A.14(4), is ultrametric if and only if the
pseudo-metric d is ultrametric.

(2) Let X be a set and d a pseudo-metric on X . Define

⌊d⌋ : X ×X −→ N, (x, x′) 7−→ ⌊d(x, x′)⌋



76 CHAPTER 3. METRIC COARSE AND LARGE-SCALE CATEGORIES

where ⌊·⌋ is the floor function, as in Example 2.A.4. Observe that ⌊d⌋ need not be
a pseudo-metric.

However, if d is an ultrametric pseudo-metric, then so is ⌊d⌋.
(3) Let G be a topological group and d a left-invariant ultrametric pseudo-metric

on G. Suppose that there exists a neighbourhood S of 1 in G of diameter diamd(S) =
sups∈S d(1, s) < 1. Then ⌊d⌋ is locally constant; in particular, ⌊d⌋ is continuous.

Indeed, for every g, g′ ∈ G and s, s′ ∈ S, we have ⌊d⌋(1, s) = ⌊d⌋(1, s′) = 0, hence

⌊d⌋(gs, g′s′) ≤ max{⌊d⌋(gs, g), ⌊d⌋(g, g′), ⌊d⌋(g′, g′s′)} = ⌊d⌋(g, g′)

and similarly ⌊d⌋(g, g′) ≤ ⌊d⌋(gs, g′s′), so that ⌊d⌋(g, g′) = ⌊d⌋(gs, g′s′).
(4) Let G be a topological group and d a left-invariant continuous pseudo-metric

on G. Consider a radius r ≥ 0, the closed ball B1
G(r) = {g ∈ G | d(1, g) ≤ r}, a

subset S of G contained in B1
G(r), and the subgroup H of G generated by S.

If d is ultrametric, then B1
G(r) is a closed subgroup of G, and H ⊂ B1

G(r).
(Compare with Remark 4.A.3(4) below.)

Definition 3.B.14. A pseudo-metric space is coarsely ultrametric if, for every
r ≥ 0, the equivalence relation generated by the relation “being at distance at most
r” has equivalence classes of uniformly bounded diameter.

Remark 3.B.15. Let (X, d) be a pseudo-metric space. For x, x′ ∈ X , define
du(x, x′) to be the infimum of r ≥ 0 such that there exists a finite sequence x0 =
x, x1, . . . , xn = x′ with d(xi−1, xi) ≤ r for i = 1, . . . , n. Then du is an ultrametric
pseudo-metric on X , and du = d if and only if the pseudo-metric d itself is ultra-
metric. Let u denote the identity of X viewed as a map (X, d) −→ (X, du). Observe
that u is surjective and coarsely Lipschitz.

Definition 3.B.14 can be reformulated as follows: (X, d) is coarsely ultrametric
if, for every r ≥ 0, there exists R ≥ 0 such that, for all x, x′ ∈ X , the inequality
du(x, x′) ≤ r implies d(x, x′) ≤ R. By Proposition 3.A.5(2), this means that the
following three properties are equivalent:

(i) (X, d) is coarsely ultrametric,
(ii) u is coarsely expansive,

(iii) u is a coarse metric equivalence.

As a digression, we note that Definition 3.B.1(a) can also be reformulated in
terms of du: for a constant c > 0, a pseudo-metric space (X, d) is c-coarsely connected
if and only if the diameter of (X, du) is at most c.

Proposition 3.B.16. Let (X, d) be a pseudo-metric space. The following properties
are equivalent:

(i) X is coarsely ultrametric;
(ii) X is coarsely equivalent to an ultrametric pseudo-metric space;
(iii) there exists a metric d′ on X such that d′ is ultrametric and the identity map

(X, d) −→ (X, d′) is a coarse equivalence.
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Proof. To show that (i) implies (iii), we consider the metric d1 of Example 3.A.14(5),
and then apply to (X, d1) the argument of Remark 3.B.15, which provides the desired
ultrametric structure on X .

It is clear that (iii) implies (ii).
Finally, let us show that (ii) implies (i). Consider two pseudo-metric spaces

(X, dX) and (Y, dY ). Assume that (Y, dY ) is ultrametric, and that there exists a
metric coarse equivalence f : X −→ Y , with some upper control Φ+ and lower
control Φ−. Define ultrametric pseudo-metrics duX and duY as in Remark 3.B.15; note
that duY = dY .

Let r ≥ 0. There exists R ≥ 0 such that, for t ∈ R+, the inequality Φ−(t) ≤
Φ+(r) implies t ≤ R. Let x, x′ ∈ X be such that duX(x, x′) ≤ r. Let x0 =
x, x1, . . . , xn = x′ be a sequence in X with dX(xi−1, xi) ≤ r for i = 1, . . . , n. Then

Φ− (dX(x, x′)) ≤ dY (f(x), f(x′)) ≤ max
i=1,...,n

dY (f(xi−1), f(xi)) ≤ Φ+(r),

so that dX(x, x′) ≤ R. Hence (X, dX) is coarsely ultrametric.
Finally, a pseudo-metric space (X, dX) is coarsely equivalent to an ultrametric

pseudo-metric space (Y, dY ) if and only if (X, dX) is coarsely equivalent to the ultra-
metric largest Hausdorff quotient of (Y, dY ), as observed in Remark 3.B.13(1).

Remark 3.B.17. Every hyperdiscrete pseudo-metric space, in the sense of Example
3.A.14(7), is coarsely ultrametric. However, it is not necessarily quasi-isometric to
an ultrametric space.

For instance, if X is the set of square integers (which appears in Examples
3.A.14(7) and 3.B.11), then there is no large-scale bilipschitz map from X to any
ultrametric space. Indeed, assume by contradiction that f : X −→ Y is such a
map. On the one hand, for some c > 0, we have d(f(x), f(x′)) ≥ cd(x, x′) − c for
all x, x′ ∈ X . In particular, d(f(0), f(n2)) ≥ cn2 − c for all n ∈ N. Since Y is
ultrametric, this means that there exists i ∈ {0, . . . , n− 1} such that d(f(i2), f((i+
1)2)) ≥ cn2 − c. On the other hand, since f is large-scale Lipschitz, there exists
c′ > 0 such that d(f(x), f(x′)) ≤ c′(d(x, x′) + 1) for all x, x′ ∈ X . In particular,
d(f(n2), f((n+ 1)2)) ≤ c′(2n+ 2) for all n ∈ N. Combining both inequalities yields
a contradiction for n large enough.

3.B.c Asymptotic dimension

The following definition appears in [Grom–93, 1.E, Page 28].

Definition 3.B.18. Let X be a pseudo-metric space, n a non-negative integer, and
r, R > 0. A (n, r, R)-covering of X is the data of index sets I0, · · · , In, and of
subsets (Xc,i)0≤c≤n,i∈Ic of X such that

• d(Xc,i, Xc,j) ≥ r for all c ∈ {0, . . . , n} and distinct i, j ∈ Ic (in particular, for
a given c, the Xc,i are pairwise disjoint when i ranges over Ic);

• diam(Xc,i) ≤ R for all c, i;

• X =
⋃n

c=0

⊔
i∈Ic Xc,i.
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A pseudo-metric space (X, d) has asymptotic dimension ≤ n, written asdim(X) ≤
n, if for every r > 0 there exists R > 0 such that X admits a (n, r, R)-covering. The
asymptotic dimension of a non-empty pseudo-metric space X is the smallest n ≥ 0
for which this holds; if it holds for no n, it is defined to be ∞. The asymptotic
dimension of the empty space is defined to be −∞.

Proposition 3.B.19. Let X, Y be pseudo-metric spaces. Assume that there exists
a coarse embedding f : X → Y . Then asdim(X) ≤ asdim(Y ).

In particular, if X and Y are coarsely equivalent, then asdim(X) = asdim(Y ).

Proof. Set n = asdim(Y ); we can suppose n < ∞. Fix r > 0. Since f is coarsely
Lipschitz, there exists r′ > 0 such that, for x, x′ ∈ X ,

d(f(x), f(x′)) ≥ r′ implies d(x, x′) ≥ r.

Since asdim(Y ) ≤ n, there exist R′ > 0 and a (n, r′, R′)-covering (Yc,i)c,i of Y , with
index sets I0, . . . , In. Since f is coarsely expansive, there exists R > 0 such that, for
x, x′ ∈ X ,

d(f(x), f(x′)) ≤ R′ implies d(x, x′) ≤ R.

For each c ∈ {0, . . . , n} and i ∈ Ic, set Xc,i = f−1(Yc,i). Then (Xc,i)c,i is clearly
a covering of X . Moreover, for all c ∈ {0 . . . , n}, the diameter of Xc,i is at most
R for all i ∈ Ic and d(Xc,i, Xc,j) ≥ r for all distinct i, j ∈ Ic. Hence (Xc,i)c,i is a
(n, r, R)-covering of X .

Example 3.B.20. A non-empty ultrametric space (X, d) has asymptotic dimension
0. Indeed, for every r > 0, the closed balls of radius r constitute a partition X =⊔

i∈I Bi, and d(Bi, Bj) > r for every i, j ∈ I with i 6= j.
More generally, a non-empty coarsely ultrametric pseudo-metric space has asymp-

totic dimension 0.

Example 3.B.21. Recall that the torsion-free rank of an abelian group A is the
dimension of the Q-vector space A⊗ZQ. The asymptotic dimension of any countable
discrete abelian group is equal to its torsion-free rank [BCRZ–14, Proposition 9.4].

For every n ≥ 2, the following spaces have asymptotic dimension n: the Euclidean
space En, the free abelian group Zn (with a word metric), the hyperbolic space Hn,
and fundamental groups of closed hyperbolic n-manifolds (covered by Hn). See
[BeDr–11], in particular Proposition 6 (for Rn) and Corollary 22 (for Hn); see also
[BeDr–08] and [NoYu–12].

3.C Metric lattices in pseudo-metric spaces

A metric space (X, d) is discrete, i.e., is such that the underlying topological space
is discrete, if and only if there exists for each x ∈ X a constant cx > 0 such that
d(x, x′) ≥ cx for all x′ ∈ X with x′ 6= x. We define explicitly the corresponding
uniform notion:
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Definition 3.C.1. Ler c > 0 be a constant. A pseudo-metric space D is c-
uniformly discrete if

inf{d(x, x′) | x, x′ ∈ D and x 6= x′} ≥ c;

it is uniformly discrete if it is so for some positive constant. Note that a uniformly
discrete pseudo-metric space is a metric space.

A c-metric lattice in X is a subspace L that is c-uniformly discrete and
cobounded (as defined in 3.A.2); a metric lattice is a c-metric lattice for some
c > 0.

Metric lattices are called separated nets in [Grom–93]. They already appear in
[Efre–53]. They also occur in the mathematical physics literature, often in connec-
tion with quasi-crystals, where they are called Delone sets.

Remark 3.C.2. The inclusion of a metric lattice (indeed of any cobounded sub-
space) in its ambient space is a quasi-isometry.

It follows that, in a pseudo-metric space, any two metric lattices are quasi-
isometric.

Proposition 3.C.3 (existence of metric lattices). Let X be a non-empty pseudo-
metric space and x0 ∈ X. For every constant c > 0, there exists a c-metric lattice
L in X containing x0, such that sup{d(x, L) | x ∈ X} ≤ 2c.

In particular, every pseudo-metric space has a metric lattice.
More generally, if M is a c-uniformly discrete subspace of X, there exists a c-

metric lattice in X that contains M .

Proof. Subsets L of X such that M ⊂ L and

(3.1) inf{dX(ℓ, ℓ′) | ℓ, ℓ′ ∈ L and ℓ 6= ℓ′} ≥ c

are ordered by inclusion, and Zorn Lemma applies. If L is maximal, then L is a
c-metric lattice in X containing M , and sup{d(x, L) | x ∈ X} ≤ 2c. This proves the
last statement. The first statement follows with M = {x0}.

Example 3.C.4. (1) Uniform lattices in σ-compact LC-groups (Definition 5.C.1)
are metric lattices.

Note however that, for a σ-compact LC-group G with a pseudo-metric d, the
pseudo-metric space (G, d) contains always metric lattices by the previous propo-
sition, but G need not contain any uniform lattice, indeed any lattice whatsoever
(Section 5.C).

(2) The reader can check that every metric lattice in R is bilipschitz equivalent
with Z.

(3) Let L be the metric lattice in R2 obtained by placing a point at the centre
of each tile of a Penrose tiling of R2. Yaar Solomon [Solo–11] has shown that L and
Z2 are bilipschitz equivalent, thus answering a question raised in [BuKl–02]; see also
[AlCG–13].
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(4) The question of the existence of metric lattices in Euclidean spaces that are
not bilipschitz with each other was asked independently by Furstenberg in a context
of ergodic theory (see the introduction of [BuKl–02]) and by Gromov in a context
of geometry [Grom–93, Page 23]. In [Grom–99, Item 3.24+], Gromov asks more
precisely for which spaces X it is true that two metric lattices in X are always
bilipschitz.

Metric lattices in R2 not bilipschitz with Z2 were found independently in [BuKl–98]
and [McMu–98]; for later examples, see [CoNa] and references there.

Let A,B be two non-trivial finite groups, and let Γ = A ≀ Z, where ≀ indicates a
wreath product. If |B| is not a product a primes dividing |A|, Dymarz has shown
that Γ and the direct product Γ×B are not bilipschitz equivalent [Dyma–10]. This
provides one more example of a metric space (here Γ×B, with a word metric) with
two metric lattices (here Γ × B itself and Γ) which are not bilipschitz. There are
in [DyPT–15] further examples of pairs of groups which are quasi-isometric and not
bilipschitz equivalent.

It is not known if there exists a finitely generated nilpotent group that contains
two finite index subgroups that are not bilipschitz. See the discussion in [BuKl–02].

In contrast, two finitely generated non-amenable groups are bilipschitz if and
only if they are quasi-isometric [Whyt–99, Theorems 7.1 and 4.1].

(5) Despite what the examples above may suggest, metric lattices need not be
locally finite (in the sense of Section 3.D). For example, consider the real line R
with the word metric d[−1,1] (see Section 4.B), and a constant c > 0. If c ≤ 1, then
R itself is a c-metric lattice in R.

Example 3.C.5 (on Mostow rigidity). Let M be a connected compact Riemannian

manifold. Let M̃ denote its universal cover, with the Riemannian structure making
the covering map a local isometry. The fundamental group π1(M) acts on M̃ by
isometries. Since π1(M) is finitely generated, we can view it as a metric space,
for the word metric defined by some finite generating set (see Section 4.B below).

Choose x0 ∈ M̃ ; the orbit map provides a quasi-isometry π1(M) −→ M̃ (Theorem

4.C.5). Its image is a metric lattice in M̃ , say K.

Consider similarly another connected compact Riemannian manifold N , its Rie-
mannian universal covering Ñ , a point y0 ∈ Ñ , and the metric lattice L = π1(N)y0
in Ñ . Assume that there exists a homotopy equivalence f : M −→ N . Denote by
f∗ : π1(M) −→ π1(N) the resulting group isomorphism. Let f̃ : M̃ −→ Ñ be a lift

of f ; then f̃ is a f∗-equivariant quasi-isometry.

Let now M and N be closed hyperbolic manifolds, of the same dimension, n ≥
3. Their universal coverings M̃ and Ñ are both isometric to the n-dimensional
hyperbolic space Hn. Standard topological arguments, only relying on the fact that
M̃ and Ñ are contractible, show that M and N are homotopy equivalent if and only
if π1(M) and π1(N) are isomorphic (see [Hatc–02, Proposition 1B.9], or [Hure–36]
for an historical reference). Moreover:

Mostow Rigidity Theorem. The manifolds M and N are isometric

if and only if the groups π1(M) and π1(N) are isomorphic.
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Indeed, if π1(M) and π1(N) are isomorphic, there exists a homotopy equivalence

f : M −→ N , and therefore an equivariant lift f̃ : Hn −→ Hn as above. It can be
shown that f̃ extends to the appropriate compactification Hn ∪ ∂Hn of Hn. The
strategy of the proof is to show, using extra properties of the resulting map from
∂Hn to itself, that f̃ is close to an isometry (in the sense of Definition 3.A.3). See
[Most–68], as well as [Thur–80, Sections 5.9 and 6.3] and [Grom–81a, BaGS–85].

A similar strategy applies to Mostow rigidity for locally Riemannian symmetric
spaces of rank at least 2 [Most–73].

Mostow Rigidity Theorems have established the importance of the notion of
quasi-isometry, as already noted in Remark 3.A.13(5).

The following proposition will be used in § 3.D. Part (3) is from [Grom–93, 1.A’,
Page 22].

Proposition 3.C.6. Let X, Y be pseudo-metric spaces and f : X −→ Y a map.
(1) Assume that f is coarsely expansive. There exists c > 0 such that, for every

c-metric lattice L in X, we have d(f(ℓ), f(ℓ′)) ≥ 1 for all ℓ, ℓ′ ∈ L, ℓ 6= ℓ′.
(2) Assume that f is large-scale Lipschitz. For every metric lattice L in X, the

restriction f |L : L −→ Y is a Lipschitz map.
(3) Assume that f is large-scale bilipschitz. There exists k > 0 such that, for

every k-metric lattice L in X, the mapping f |L : L −→ f(L) is bilipschitz.
In particular, if f is a quasi-isometry, there exists k > 0 such that f(L) is a

metric lattice in Y for every k-metric lattice L in X.

Proof. (1) Let Φ− be a lower control for f . It is enough to choose c such that
Φ−(c) ≥ 1.

(2) Let L be a metric lattice in X . Let c+, c > 0 and c′+ ≥ 0 be such that

d(f(x), f(x′)) ≤ c+d(x, y) + c′+ for all x, x′ ∈ X,
d(ℓ, ℓ′) ≥ c for all ℓ, ℓ′ ∈ L, ℓ 6= ℓ′.

Then d(f(ℓ), f(ℓ′)) ≤
(
c+ +

c′+
c

)
d(ℓ, ℓ′) for all ℓ, ℓ′ ∈ L.

(3) Let c− > 0, c′− ≥ 0 be constants such that d(f(x), f(x′)) ≥ c−d(x, x′) − c′−
for all x, x′ ∈ X . Set k = 2c′−/c−. Let L be a k-metric lattice in X . Then

d(f(ℓ), f(ℓ′)) ≥ c−d(ℓ, ℓ′)− c′− ≥ (c−/2)d(ℓ, ℓ′) for all ℓ, ℓ′ ∈ L.

This and Claim (2) show that f is bilipschitz.

Remark 3.C.7. Let X, Y be pseudo-metric spaces. Definitions 3.A.3 and 3.A.8
are formulated in terms of everywhere defined maps from X to Y , but this can be
relaxed.

For example, let f : X −→ Y be a quasi-isometry. Let c+, c− > 0, and c′+, c
′
−, c

′ ≥
0 be such that

c−dX(x, x′)− c′− ≤ dY (f(x), f(x′)) ≤ c+dX(x, x′) + c′+ for all x, x′ ∈ X,
dY (y, f(X)) ≤ c′ for all y ∈ Y.
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Let k > 0 be such that c−k − c′− > 0, and let L be a k-metric lattice in X . Then
the restriction of f to L is a bilipschitz map, and f(L) is a metric lattice in Y .

Conversely, suppose that there exists a metric lattice L in X and a bilipschitz
map fL : L −→ Y with cobounded image. Set k = sup{d(x, L) | x ∈ X}. For every
x ∈ X , choose ℓ ∈ L with d(x, ℓ) ≤ k, and set f(x) = fL(ℓ). The map f : X −→ Y
defined this way is a quasi-isometry in the sense of Definition 3.A.8.

Consequently,

X and Y are quasi-isometric if and only if
there exist a metric lattice L in X

and a bilipschitz map f : L −→ Y with cobounded image.

(This is how quasi-isometries are first defined in [GrPa–91].)
Instead of L being a metric lattice in X and f(L) being cobounded in Y , a weaker

requirement could be that L is “Hausdorff equivalent” with X and f(L) Hausdorff
equivalent with Y ; for the definition, we refer to [Grom–93, No 0.2.A]. This would
be the characterization of quasi-isometries given in [Grom–93, No 0.2.C].

3.D Uniformly coarsely proper spaces, growth,

and amenability

3.D.a Growth for uniformly locally finite pseudo-metric
spaces

For a pseudo-metric space X , a point x ∈ X , and a radius r ∈ R+, recall that Bx
X(r)

denotes the closed ball {y ∈ X | d(x, y) ≤ r}.
Definition 3.D.1. A pseudo-metric space (D, d) is locally finite if all its balls are
finite, and uniformly locally finite if supx∈D |Bx

D(r)| <∞ for all r ≥ 0.

A discrete metric space is locally finite if and only if it is proper (see Definition
2.A.7). Note that the formulation of Definition 3.D.1 avoids “discrete pseudo-metric
spaces”, in compliance with (A1) of Page 19 and Remark 2.A.6.

The vertex set of a connected graph, for the combinatorial metric (Example
2.A.13), is uniformly locally finite if and only if the graph is of bounded valency; if d
is a valency bound, balls of radius n have at most d(d− 1)n−1 vertices, for all n ≥ 1.

Definition 3.D.2. Let D be a non-empty locally finite pseudo-metric space and
x ∈ D. The growth function βx

D of D around x is defined by

βx
D(r) = |Bx

D(r)| ∈ N ∪ {∞} for all r ∈ R+.

Definition 3.D.3. Let β, β ′ be two non-decreasing functions from R+ to R+. We
define

β � β ′ if there exist λ, µ > 0, c ≥ 0

such that β(r) ≤ λβ ′(µr + c) + c for all r ≥ 0,

β ≃ β ′, i.e., β and β ′ are equivalent, if β � β ′ and β ′ � β,

β � β ′ if β � β ′ and β ′ � β.
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The class of β is its equivalence class modulo the relation ≃.
Note that the relation � induces a partial order, denoted by � again, on the set

of classes modulo ≃.
We often write abusively β for the class of an actual function β. Consequently,

if β and β ′ are two classes, β ≃ β ′ stands for β = β ′.

Example 3.D.4. Let a, b, c, d ∈ R with a, b > 0 and c, d > 1. We have ra � rb if
and only if a ≤ b, and cr ≃ dr for all c, d. Moreover, ra � e

√
r � er/ ln r � er � ee

r

.

Definition 3.D.5. Let D be a non-empty uniformly locally finite pseudo-metric
space. Let x, y ∈ D. Observe that By

D(r) ⊂ Bx
D(r + d(x, y)) and Bx

D(r) ⊂ By
D(r +

d(x, y)), so that βx
D ≃ βy

D.
The growth type of D is the class, denoted by βD, of the function βx

D. The
growth type of the empty space is defined to be the class of the zero function.

In 3.D.20, the definition will be extended to a larger class of spaces.

Proposition 3.D.6. Let D,E be non-empty uniformly locally finite pseudo-metric
spaces, x ∈ D, and y ∈ E.

(1) Let L be a c-metric lattice in D containing x, for some c > 0. Then βx
L ≃ βx

D

and βL = βD.

(2) Assume that there exist c > 0 and an injective map f : D −֒→ E such that
d(f(x′), f(x′′)) ≤ cd(x′, x′′) for all x′, x′′ ∈ D. Then βx

D � βy
E and βD � βE.

If moreover f(D) is cobounded in E, then βx
D ≃ βy

E and βD = βE.

(3) If D and E are quasi-isometric, then βx
D ≃ βy

E and βD = βE.

Proof. (1) On the one hand, since L ⊂ D, we have βx
L � βx

D. On the other hand,
we have

Bx
D(r) ⊂

⋃

x′∈Bx
L
(r+c)

Bx′

D (c) for all r ≥ 0.

Taking cardinals, we have βx
D(r) ≤ λβx

L(r + c), where λ = supx′∈D |Bx′

D (c)|; hence
βx
D � βx

L.
(2) Set c′ = d(f(x), y). The restriction of f to the ballBx

D(r) is a bijection into the

ball B
f(x)
E (cr), and the latter is contained in By

E(cr+ c′). Hence βx
D(r) ≤ βy

E(cr+ c′)
for all r ≥ 0.

Suppose moreover that s := supy′∈E d(y′, f(D)) < ∞. For every y′ ∈ E, there
exists x′ ∈ X with d(y′, f(x′)) ≤ s; hence

By
E(r) ⊂ B

f(x)
E (r + c′) ⊂

⋃

x′∈D
d(f(x)),f(x′))≤r+c′+s

B
f(x′)
E (s) ⊂

⋃

x′∈D
d(x,x′)≤c(r+c′+s)

B
f(x′)
E (s).

Taking cardinals, we have βy
E(r) ≤ µβx

D(cr + cc′ + cs), where µ = supy′∈E |By′

E (s)|;
hence βy

E � βx
D.

(3) If D and E are quasi-isometric, there exists a metric lattice L in D containing
x such that there exists an injective maps L −֒→ E. Hence βx

D ≃ βx
L by (1) and

βx
L ≃ βy

E by (2).
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Example 3.D.7. Proposition 3.D.6 does not carry over to locally finite spaces.
More precisely, if D is a locally finite metric space and E a metric lattice in X ,
growth functions of D need not be similar to those of E, as the following example
shows.

Consider the metric tree T0 with vertex set (xk)k∈N and edge set ({xk, xk+1})k∈N.
Let s = (sk)k∈N be a sequence of non-negative integers; let Ts be the tree obtained
from T0 by adding extra vertices yk,ℓ and extra edges {xk, yk,ℓ}, for k ≥ 0 and
1 ≤ ℓ ≤ sk.

The vertex set D0 of T0 is a 1-metric lattice in the vertex set Ds of Ts. On the
one hand, D0 is uniformly locally finite, with linear growth. On the other hand,
the growth βDs

of Ds is highly sensitive to the choice of the sequence s, and can be
made arbitrarily large; in particular the space Ds is uniformly locally finite if and
only if s is bounded.

Anticipating on Definition 3.D.20, the growth type of Ts is linear although the
cardinal of its balls of radius r can grow arbitrarily fast. This shows the importance
of restricting to uniformly locally finite spaces in Definition 3.D.5.

Proposition 3.D.8. Let D be a pseudo-metric space which is uniformly locally finite
and large-scale geodesic. Then βD(r) � exp(r).

Proof. By Lemma 3.B.6(6), the space D is quasi-isometric to a connected graph
E which is uniformly locally finite; since this graph is of bounded degree, we have
βE(r) � exp(r). By Proposition 3.D.6(3), we have also βD(r) � exp(r).

Example 3.D.9. The two next examples show that Proposition 3.D.8 need not
hold when D is not large-scale geodesic.

(1) Let f : R+ −→ R+ be a concave strictly increasing function with f(0) = 0
and lim+∞ f = +∞. Let d be the standard metric on Z. Then D = (Z, f ◦ d) is a
uniformly locally finite metric space: indeed, the translation are isometries and thus
all balls of given radius have the same cardinal. The slower f grows to +∞, the
faster βD is. For instance, if f(x) = ln(1 + ln(1 + x)), then β0

D(r) = 2⌊eer−1⌋ − 1.

(2) Let s = (sk)k≥1 be a sequence of positive integers. Let Ts be the tree with
vertex set Ds = Z×N, in which, for every k ≥ 1, every vertex (j, k) of the kth row
is connected by an edge to the sk vertices

(skj, k − 1), (skj + 1, k − 1), . . . , (sk(j + 1)− 1, k − 1)

of the previous row. We endow the vertex set Ds with the combinatorial metric of
the tree Ts.

Consider the row Es = {(j, 0) | j ∈ Z} of Ds, with the induced metric. We have

β
(j,0)
Es

(2k) =
∣∣∣B(j,0)

Es
(2k)

∣∣∣ = s1s2 · · · sk for all j ∈ Z and k ≥ 1.

In particular, Es is uniformly locally finite. For any non-decreasing function α :
R+ −→ R+, there exists a sequence s such that α � βEs

.
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3.D.b Growth for uniformly coarsely proper pseudo-metric
spaces and σ-compact LC-groups

Definition 3.D.10. A pseudo-metric space (X, dX) is coarsely proper if there
exists R0 ≥ 0 such that every bounded subset in X can be covered by finitely many
balls of radius R0.

Proposition 3.D.11. For a pseudo-metric space (X, dX), the following conditions
are equivalent:

(i) X is coarsely proper;
(ii) X is coarsely equivalent to a locally finite discrete metric space;
(iii) X is quasi-isometric to a locally finite discrete metric space;
(iv) the space X contains a locally finite metric lattice;
(v) for all c > 0, the space X contains a locally finite c-metric lattice;
(vi) there exists c0 > 0 such that, for every c ≥ c0, every c-metric lattice in X is

locally finite.

If moreover X is large-scale geodesic, these conditions are equivalent to:

(vii) X is quasi-isometric to a locally finite connected graph.

Proof. Implications (v) ⇒ (iv) ⇒ (iii) ⇒ (ii), (iii) ⇒ (i), and (vii) ⇒ (iii) are
straightforward. It suffices to show (i) ⇒ (iii), (ii) ⇒ (iv) ⇔ (vi), (iv) ⇒ (v) and,
with the additional condition, (iii) ⇒ (vii).

(i) ⇒ (iii) Assume that X is coarsely proper; let R0 be as in Definition 3.D.10.
Let L be a 3R0-metric lattice in X (Proposition 3.C.3); it is enough to show that L
is locally finite. Let F be a bounded subset of L; then F is included in the union
of a finite number of balls of radius R0 in X ; since two distinct points in L are at
distance at least 3R0 apart, each of these balls contains at most one point of F ;
hence F is finite.

(ii)⇒ (iv). Assume there exists a locally finite discrete metric space (D, dD) and
a metric coarse equivalence f : D −→ X . By Proposition 3.C.6(1), there exists a
metric lattice E ⊂ D such that dX(f(e), f(e′)) ≥ 1 for all e, e′ ∈ E, e 6= e′. Then
f(E) is a metric lattice in X ; we denote by dE the restriction of dD to E.

If B is a bounded subset of f(E), then f−1(B) is bounded because f is coarsely
expansive. Since the space (E, dE) is proper, f−1(B) ∩ E is finite. By injectivity of
f |E, we deduce that B is finite. Hence f(E) is locally finite, and (iv) holds.

(iv) ⇒ (vi). Assume there exists a locally finite metric lattice D in X . It is
R-cobounded for some R > 0. Let c0 = 2R. Consider a constant c > c0 and a
c-metric lattice E in X ; we have to show that E is locally finite.

For every e ∈ E, we can choose an element in D, call it f(e), such that
dX(e, f(e)) ≤ R. The resulting map f : E −→ D is injective; indeed, if e′, e′′ ∈ E
are such that f(e′) = f(e′′), then dX(e′, e′′) ≤ 2R < c, hence e′ = e′′ since E is a
c-metric lattice. Moreover, for a radius r ≥ 0, the image by f of the ball Be

E(r)

is inside the ball B
f(e)
D (r + 2R). Since the latter is finite by hypothesis on D, so is

Be
E(R). Hence E is locally finite.
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(iv) ⇒ (v). Recall that, for every c > 0, every metric lattice contains a c-metric
lattice, by Proposition 3.C.3. The implication follows.

(vi) ⇒ (iv). This follows from the same proposition, which establishes the exis-
tence of c-metric lattices in X .

(iii) ⇒ (vii). Assuming that (X, d) is c-large-scale geodesic, for some c > 0. We
can suppose that X is a locally finite discrete metric space. Consider the graph for
which vertices are elements of X and two distinct elements are linked by an edge if
they are at distance ≤ c. This graph is connected and, if d′ is the resulting metric,
the identity map (X, d)→ (X, d′) is a quasi-isometry. Since X is locally finite, this
graph obviously is locally finite.

Corollary 3.D.12. For pseudo-metric spaces, coarse properness is a property in-
variant by metric coarse equivalence.

Proof. See (ii) in the previous proposition.

Proposition 3.D.13. (1) A proper metric space is coarsely proper.
(2) A pseudo-metric space that can be coarsely embedded into a coarsely proper

metric space is itself coarsely proper.

Proof. (1) Let X be a pseudo-metric space. By Proposition 3.C.3, there exists in
X a metric lattice L such that infℓ,ℓ′∈L,ℓ 6=ℓ′ d(ℓ, ℓ′) > 2, and the inclusion L ⊂ X is
a quasi-isometry. Suppose moreover that X is a proper metric space (recall from
2.A.5 that “proper pseudo-metric space” is not a notion for this book); it suffices to
check that balls in L are finite.

If L had an infinite ball Bℓ0
L (R) = {ℓ ∈ L | d(ℓ0, ℓ) ≤ R}, the space X would

contain an infinite family ({x ∈ X | d(ℓ, x) ≤ 1})ℓ∈B of pairwise disjoint non-empty

balls of radius 1, all contained in the relatively compact ball Bℓ0
X (R+ 1) = {x ∈ X |

d(ℓ0, x) ≤ R + 1}, and this is impossible.
Claim (2) is obvious for isometric embeddings, and combining with Corollary

3.D.12 yields the general case.

Example 3.D.14. (1) For other examples of pseudo-metric spaces that are coarsely
proper, see Example 3.D.18 and Proposition 3.D.29. We indicate here some examples
that do not have the property.

(2) Let S be the tree obtained by attaching to a vertex s0 an infinite sequence
(Rn)n≥1 of infinite rays; S is a metric space for the combinatorial metric (“S” stands
for “star”). Then S is not coarsely proper.

Indeed, let c > 0 and L a c-metric lattice in S containing s0. For each n ≥ 1, let
sn be the point at distance 2c of s0 on Rn. There exists a point ℓn ∈ L at distance at
most c of sn; observe that ℓn ∈ Rn. The ball Bs0

L (3c) is infinite, because it contains
ℓn for all n ≥ 1. Hence L is not locally finite, and S is not coarsely proper.

(3) Let X be a tree with at least one vertex of infinite valency and without
vertices of valency 1. Then X is not coarsely proper, because it contains a subtree
isomorphic to S.

In particular, the homogeneous tree of infinite valency is not coarsely proper.
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(4) An infinite-dimensional Hilbert space H, together with the metric given by
the norm, is not coarsely proper.

Indeed, there exists a bilipschitz embedding of S −→ H, with image contained
in the union of the positive half-axes with respect to some orthonormal basis of the
Hilbert space.

Definition 3.D.15 and Proposition 3.D.16 constitue a variation on Definition
3.D.10 and Proposition 3.D.11.

Definition 3.D.15. A pseudo-metric space (X, dX) is uniformly coarsely proper
if there exists R0 ≥ 0 such that, for every R ≥ 0, there exists an integer N such that
every ball of radius R in X can be covered by N balls of radius R0.

Note that a uniformly coarsely proper pseudo-metric space is coarsely proper.
Some authors write “X has bounded geometry” rather than “X is uniformly
coarsely proper”. Others use “bounded geometry” for “uniformly discrete and uni-
formly locally finite” [Whyt–99], or “uniformly locally finite” [NoYu–12, Page 8].

Proposition 3.D.16. For a pseudo-metric space (X, dX), the following conditions
are equivalent:

(i) X is uniformly coarsely proper;
(ii) X is coarsely equivalent to a uniformly locally finite discrete metric space;
(iii) X is quasi-isometric to a uniformly locally finite discrete metric space;
(iv) X contains a uniformly locally finite metric lattice;
(v) for all c > 0, the space X contains a uniformly locally finite c-metric lattice;
(vi) there exists c0 > 0 such that, for every c ≥ c0, every c-metric lattice in X is

uniformly locally finite.

If moreover X is large-scale geodesic, these conditions are equivalent to:

(vii) X is quasi-isometric to a connected graph of bounded valency.

Proof. We leave it to the reader to adapt the proof of Proposition 3.D.11.

Corollary 3.D.17. For pseudo-metric spaces, uniformly coarse properness is a
property invariant by metric coarse equivalence.

Proof. See (ii) in the previous proposition.

Example 3.D.18. Let M be a connected compact manifold, furnished with a Rie-
mannian metric. Let M̃ denote the universal cover of M , furnished with the cover-
ing Riemannian metric and the corresponding metric d. Then (M̃, d) is uniformly

coarsely proper, because every orbit in M̃ of the fundamental group of π1(M) is a

uniformly locally finite metric lattice in M̃ (see Example 3.C.5).
In particular, Euclidean spaces Rm (m ≥ 1) and hyperbolic spaces Hn (n ≥ 2)

are uniformly coarsely proper.

Proposition 3.D.19. Let X be a non-empty uniformly coarsely proper pseudo-
metric space. Let L0, L1 be metric lattices in X and x0 ∈ L0, x1 ∈ L1. Then

βx0

L0
≃ βx1

L1
.
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Proof. Denote by ij : Lj −֒→ X the inclusion (j = 0, 1). Choose a quasi-isometry
g1 : X −→ L1 inverse of i1, and let f : L0 −→ L1 be the composition g1i0. By
Proposition 3.C.6, there is a metric lattice M0 in L0 such that x0 ∈M0, and M1 :=
f(M0) is a metric lattice in L1. Since L0, L1 are uniformly locally finite (Proposition
3.D.16), the claim follows, by Proposition 3.D.6.

Definition 3.D.20. Let X be a uniformly coarsely proper pseudo-metric space. If
X is non-emtpy, the growth type of X is the class, denoted by βX , of the function
βx
L, for L a uniformly locally finite metric lattice in X and x ∈ L; the growth type

of the empty space is the class of the zero function.

Definition 3.D.21. For X as in the previous definition, the upper degree of
polynomial growth

poldeg(X) = lim sup
r→∞

ln βX(r)

ln r
∈ [0,∞]

is well-defined. For uniformly coarsely proper pseudo-metric spaces, the upper degree
of polynomial growth is a quasi-isometry invariant.

A uniformly coarsely proper pseudo-metric space has polynomial growth if
poldeg(X) <∞; it has exponential growth if βX(r) ≃ er.

Remark 3.D.22. Let X be a uniformly coarsely proper pseudo-metric space. If X
is large-scale geodesic, the growth type of X is at most exponential, βX(r) � er. In
other cases, it can grow much faster, as shown in Example 3.D.9.

Proposition 3.D.23. Let X, Y be two pseudo-metric spaces. Suppose that Y is
uniformly coarsely proper.

(1) If there exists a coarse embedding f of X in Y , then X is uniformly coarsely
proper. In particular, the growth type of X is well-defined.

(2) If f is moreover large-scale Lipschitz, then βX � βY .
(3) If f is moreover a quasi-isometry, then βX ≃ βY .

Proof. By hypothesis, there exists a subspace Y0 of Y and a surjective metric coarse
equivalence f : X −։ Y0. Hence, there exists a metric coarse equivalence g : Y0 −→
X such that the morphisms defined by f and g are inverse to each other in the metric
coarse category (Proposition 3.A.16). Let c > 0 be such that dX(g(y), g(y′)) ≥ 1 for
all y, y′ ∈ Y0 with dY (y, y′) ≥ c.

Let M0 be a c-metric lattice in Y0, and M a c-metric lattice in Y that contains
M0 (Proposition 3.C.3). Since M is uniformly locally finite by hypothesis on Y , so is
M0. It is then straightforward to check that g(M0) is a lattice in X that is uniformly
locally finite; this proves (1).

Claims (2) and (3) follow from Proposition 3.D.6.

Corollary 3.D.24. Let X, Y be two pseudo-metric spaces. Suppose that X is large-
scale geodesic and that Y is uniformly coarsely proper.

If there exists a coarse embedding of X in Y , then βX � βY .
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Proof. Note that X is also uniformly coarsely proper, by Proposition 3.D.23(1).
Let f : X −→ Y be a coarse embedding; set Y0 = f(X). Let c > 0 be such that

dY (f(x), f(x′)) ≥ 1 for all x, x′ ∈ X with dX(x, x′) ≥ c.

By Proposition 3.B.9, f is large-scale Lipschitz, so that there exist c+ > 0, c′+ ≥ 0
such that

dY (f(x), f(x′)) ≤ c+dX(x, x′) + c′+ for all x, x′ ∈ X.
If X is empty, βX = 0, and there is nothing to show; we assume from now on

that there exists a point x0 ∈ X . Let L be a c-metric lattice in X containing x0.
Then M0 := f(L) is a 1-metric lattice in Y0, and there exists a 1-metric lattice M in
Y containing M0. Observe that the restriction f |L : L −→ M is injective, and that

f(Bx0

L (r)) ⊂ B
f(x0)
M (c+r + c′+) for all r ≥ 0.

Since f |L is injective, this implies βx0

L (r) ≤ β
f(x0)
M (c+r + c′+) for all r ≥ 0, i.e.,

βx0

L � β
f(x0)
M . It follows that βX � βY .

An illustration of Corollary 3.D.24 has already been given in Example 3.A.14(10):
there does not exist any coarse embedding of a non-abelian free group of finite rank
into a Euclidean space. Compare with Example 3.D.26.

The hypothesis on X being large-scale geodesic cannot be omitted. Indeed,
consider on R the usual metric d, and the metric dln defined by dln(x, x′) = ln(1 +
|x − x′|), as in Example 3.A.14(5). Then (R, dln) is not large-scale geodesic, is of
exponential growth, and the identity map (R, dln) −→ (R, d) is a metric coarse
equivalence with a space of linear growth.

Example 3.D.25. (1) For every m ≥ 1, the Euclidean space Rm contains Zm as a
metric lattice, and is of polynomial growth:

βRm(r) ≃ βZm(r) ≃ rm.

For m 6= m′, Proposition 3.D.23 implies that Rm and Rm′

are not quasi-isometric.

(2) For very k ≥ 2, the free group Fk on k generators is of exponential growth, as
it follows from a straightforward computation. By Proposition 3.D.23, every finitely
generated group containing a non-abelian free subgroup is of exponential growth. In
particular, consider an integer n ≥ 2, the hyperboic space Hn, a closed Riemannian
n-manifold that is of constant curvature −1, i.e., that is covered by Hn, and the
fundamental group Γ = π1(M); since Γ has non-abelian free subgroups, Γ is of
exponential growth. It follows that Hn is of exponential growth:

βHn(r) ≃ βΓ(r) ≃ er.

See [Miln–68].
For m ≥ 1 and n ≥ 2, again by Proposition 3.D.23, the spaces Rm and Hn are

not quasi-isometric. Moreover, there does not exist any quasi-isometric embedding
of R2 into Hn; this can be viewed as a particular case of facts cited below in Remark
4.B.14(1).
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Dually, there does not exist any quasi-isometric embedding of H2 into Rm.
Though it is not explicitly stated in [GhHa–90], this follows easily from Theorem 6
of Chapter 5 there.

(3) For n, n′ ≥ 2, n 6= n′, it can be shown that Hn and Hn′

are not quasi-
isometric. One proof involves Gromov boundaries, for which we refer to [GhHa–90].
Another proof consists in computing the asymptotic dimension of Hn, which is n;
see Definition 3.B.18 and Example 3.B.21.

(4) The spaces Rm and Hn are geodesic, and therefore large-scale geodesic (see
Definition 3.B.1). Since two distinct of them are not quasi-isometric, as just seen,
Proposition 3.B.9(2) implies that they are not coarsely equivalent.

(5) A regular tree of valency d ≥ 3 is of exponential growth. A regular tree of
valency 2 is of polynomial growth, indeed of linear growth.

Example 3.D.26. Let X be either a regular tree of infinite valency or an infinite-
dimensional Hilbert space, and G a σ-compact LC-group. There does not exist any
coarse embedding of X in G; this is an immediate consequence of Proposition 3.D.23
and 3.D.29, and Example 3.D.14. In particular, X is not quasi-isometric to any
compactly generated LC-group.

Remark 3.D.27. Early articles on growth of Riemannian manifolds, finitely gener-
ated groups, and compactly generated groups, include [Efre–53], [Švar–55], [Miln–68],
[Guiv–70, Guiv–71, Guiv–73], [Jenk–73], [Grom–81b], and [Lose–87, Lose–01]. We
would like to quote [Nekr–98] on growth of metric spaces, and the book [Mann–12]
on growth of finitely generated groups.

In the particular case of finitely generated groups, the subject of growth has
special features. One is that the growth function of such a group Γ is submulti-
plicative: βΓ(m+ n) ≤ βΓ(m)βΓ(n) for all m,n ∈ N. Another one is the existence
of finitely generated groups of intermediate growth, that is with growth function
β such that rn � β(r) � er for all n ≥ 1. Indeed, it can be shown that finitely
generated groups achieve uncountably many growth functions distinct from each
other [Grig–84]; in particular, there are uncountably many quasi-isometry classes of
finitely generated groups.

On metrizable LC-groups, the Haar measure provides a way – and a very standard
way – to define growth functions. To compare it with the way exposed above, we
anticipate on Chapter 4.

More precisely, let G be a σ-compact LC-group. Choose a left-invariant Haar
measure µ on G and an adapted pseudo-metric d on G (see § 4.A). Assume that,
moreover, d is measurable on G; this is always possible (e.g. by choosing d con-
tinuous). Note that, when G is compactly generated, word metrics are measur-
able whenever they are defined either by compact generating sets (which are upper
semi-continuous) or by relatively compact open generating sets (which are lower
semi-continuous).

When d is measurable, balls are measurable.

Definition 3.D.28. Let G be an LC-group, µ a left-invariant Haar measure on G,
and d a measurable adapted pseudo-metric on G.
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For r ≥ 0, the volume of the ball B1
G(r) of radius r in G is defined by

Vol(B1
G(r)) =

∫

{g∈G|d(1,g)≤r}
dµ.

The function vG,d,µ is defined by

vG,d,µ(r) = Vol(Bg
G(r)).

Concerning this definition, three remarks are in order.

(a) Since d is adapted, balls of large enough radius have non-empty interiors, and
therefore positive µ-volumes: vG,d,µ(r) > 0 for r large enough.

(b) Let d, d′ be two quasi-isometric adapted pseudo-metrics on G. Then vG,d,µ(·)
and vG,d′,µ(·) are equivalent in the sense of Definition 3.D.3, because there exist
constants c > 0, c+ ≥ 0 such that {g ∈ G | d(1, g) ≤ r} ⊂ {g ∈ G | d′(1, g) ≤
cr + c+} for all r ≥ 0, and similarly for d, d′ exchanged.

(c) The equivalence class of the function vG,d,µ(·) is independent of the choice of
the Haar measure µ, since the latter is unique up to a multiplicative constant.

In the next proposition, equivalences of functions are in the sense of Definition 3.D.3.

Proposition 3.D.29. Let G be a σ-compact LC-group, µ, d, and vG,d,µ as above.

(1) The pseudo-metric space (G, d) is uniformly coarsely proper. In particular, its
growth function βG is well-defined (see 3.D.20).

(2) The functions βG and vG,d,µ are equivalent.
(3) Let d′ be another measurable adapted pseudo-metric on G. If d and d′ are

quasi-isometric, the functions vG,d,µ and vG,d′,µ are equivalent.

Proof. Let s > 0 be large enough so that the ball C := B1
G(s) to be a neighbourhood

of 1 in G. Let c > 2s. By Proposition 3.C.3 and its proof, there exists a c-metric
lattice L in (G, d) containing 1, such that

inf{d(ℓ, ℓ′) | ℓ, ℓ′ ∈ L, ℓ 6= ℓ′} ≥ c > 2s and sup{d(g, L) | g ∈ G} <∞.

The inclusion (L, d) ⊂ (G, d) is a metric coarse equivalence, indeed a quasi-isometry.
For (1), it remains to check that (L, d) is uniformly locally finite.

Let r ≥ 0 and ℓ ∈ L. Since the balls ℓ′C = Bℓ′

G(s), with ℓ′ ∈ L and d(ℓ, ℓ′) ≤ r,
are pairwise disjoint, and all inside Bℓ

G(r + s), we have

(3.2) βℓ
L(r)vG,d,µ(s) ≤ vG,d,µ(r + s),

and therefore
sup{βℓ

L(r) | ℓ ∈ L} ≤ vG,d,µ(r + s)/vG,d,µ(s)

for all r ≥ 0. Claim (1) follows.
On the one hand, we have βℓ

L � vG,d,µ by (3.2). On the other hand, with B a
ball in G of centre 1 and radius R ≥ sup{d(g, L) | g ∈ G}, the balls (ℓB)ℓ∈L cover
G. Hence we have

B1
G(r) ⊂

⋃

ℓ∈L∩B1
G
(r+R)

ℓB,
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and therefore
vG,d,µ(r) ≤ β1

L(r +R)vG,d,µ(R)

for all r ≥ 0. Hence vG,d,µ � β1
L, and (2) follows.

Claim (3) is an immediate consequence of Remark (b) after Definition 3.D.28.

Remark 3.D.30. Let G be a compactly generated LC-group. Let d, µ and vG,d,µ be
as in Definition 3.D.28. Suppose moreover that d is geodesically adapted, e.g. that
d is a word metric with respect to a compact generating set of G (we anticipate here
on § 4.B).

Then any other measurable geodesically adapted pseudo-metric on G is quasi-
isometric to d, so that the class of vG,d,µ, in the sense of Definition 3.D.3, is inde-
pendent of the choices of d and µ.

3.D.c Amenability

Definition 3.D.31. A uniformly locally finite pseudo-metric space (D, d) is ame-
nable if, for every r ≥ 0 and ε > 0, there exists a non-empty finite subset F ⊂ D
such that

|BF
D(r)|
|F | ≤ 1 + ε,

where BF
D(r) = {x′ ∈ D | d(F, x′) ≤ r}.

In 3.D.34, the definition will be extended to a larger class of spaces.

Remark 3.D.32. (1) If the condition of Definition 3.D.31 fails for one pair (r, ε),

then it also fails for (2r, 2ε+ ε2), because BF
D(2r) ⊃ B

BF
D
(r)

D (r).
It follows that, given r0 > 0, a space (D, d) as in Definition 3.D.31 is amenable

if and only if, for every r ≥ r0 and ε > 0, there exists a non-empty finite subset
F ⊂ D such that the inequality of the definition holds.

(2) From the negation of the condition of Definition 3.D.31, we obtain:

A uniformly locally finite non-empty pseudo-metric space (D, d)
is non-amenable if and only if it satisfies the following condition:
there exists a constant K > 0 such that |BF

D(K)| ≥ 2|F |
for every non-empty finite subset F of D.

In particular:

(3) Let (D, d) be a uniformly locally finite non-empty pseudo-metric space; as-
sume that there exists a map f : D −→ D such that supx∈D d(x, f(x)) < ∞ and
|f−1(x)| ≥ 2 for all x ∈ D; then (D, d) is non-amenable.

This is described in [Grom–99, Lemma 6.17] as “the best means for showing that
a group is non-amenable”.

Proposition 3.D.33. Let D,E be two uniformly locally finite pseudo-metric spaces.
Assume that D and E are coarsely equivalent.

Then D is amenable if and only if E is amenable.
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Proof. If one of D,E is empty, so is the other, and neither D nor E is amenable;
we assume now that D,E are non-empty. We assume moreover that E is amenable,
and we have to show that D is amenable.

Let f : D −→ E, g : E −→ D be two metric coarse equivalences and c > 0 a
constant such that

dD(g(f(x)), x) ≤ c ∀x ∈ D and dE(f(g(y)), y) ≤ c ∀y ∈ E.

Let Φ be an upper control such that

dE(f(x), f(x′)) ≤ Φ(dD(x, x′)) ∀x, x′ ∈ D.

There exist two constants k, ℓ > 0 such that

|f−1(y)| ≤ k ∀y ∈ E and |g−1(x)| ≤ ℓ ∀x ∈ D.

Consider r ≥ c and ε > 0; concerning the choice of r, see Remark 3.D.32(1). Since
E is amenable, there exists a non-empty finite subset F ′ ⊂ E such that

∣∣∣BF ′

E (Φ(r) + c)
∣∣∣ ≤

(
1 +

ε

kℓ

)
|F ′|.

Define F = {x ∈ D | dE(f(x), F ′) ≤ c}. We have g(F ′) ⊂ F , and consequently

|F | ≥ |g(F ′)| ≥ 1

ℓ
|F ′|.

Let x ∈ D be such that x /∈ F and dD(F, x) ≤ r. There exist
x′ ∈ F with dD(x′, x) ≤ r and
y ∈ F ′ with dE(f(x′), y) ≤ c,

so that dE(f(x), F ′) ≤ dE(f(x), f(x′)) + c ≤ Φ(r) + c, and therefore

f(x) ∈ BF ′

E (Φ(r) + c) r BF ′

E (c) ⊂ BF ′

E (Φ(r) + c) r F ′.

Hence
f ({x ∈ D | x /∈ F and dD(F, x) ≤ r}) ⊂ BF ′

E (Φ(r) + c) r F ′

and
|{x ∈ D | x /∈ F and dD(F, x) ≤ r}| ≤ ε

ℓ
|F ′| ≤ ε|F |.

Since BF
D(r) = F ∪ {x ∈ D | x /∈ F and dD(F, x) ≤ r}, it follows that

∣∣BF
D(r)

∣∣ ≤ (1 + ε)|F |

and this ends the proof.

Proposition 3.D.33 justifies the following definition (which appears for example
in [BlWe-92]) and makes the next proposition straightforward.

Definition 3.D.34. A uniformly coarsely proper pseudo-metric space (X, d) is
amenable if it is coarsely equivalent to an amenable uniformly locally finite pseudo-
metric space, equivalently if every uniformly locally finite pseudo-metric space which
is coarsely equivalent to (X, d) is amenable in the sense of Definition 3.D.31.
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Note that, if X is bounded and non-empty, then it is amenable, while the empty
space is not amenable.

Proposition 3.D.35. For uniformly coarsely proper pseudo-metric spaces, amenabil-
ity is invariant by metric coarse equivalence.

Definition 3.D.36. Let X be a graph, with vertex set X0. Let Y 0 be a subset of
X0.

The subgraph of X induced by Y 0 is the subgraph with vertex set Y 0 and
with edge set those edges of X with both their ends in Y 0.

The boundary ∂Y 0 is defined by

∂Y 0 =

{
y ∈ Y 0

∣∣∣∣∣
there exists an edge in X

connecting y to a vertex in X outside Y 0

}
.

Lemma 3.D.37. Let T be a tree in which every vertex has degree at least 3. For
every non-empty finite subset U0 of the vertex set of T , we have

|∂U0| ≥ 1

2
|U0|.

Proof. First case: the subgraph U of T induced by U0 is a tree. Since the lemma is
obvious when |U0| = 1, we can assume that n := |U0| ≥ 2. For i = 1, 2, denote by
ni(U) the number of vertices in U0 with degree i inside U .

We claim that
2n1(U) + n2(U) ≥ n.

To prove the claim, we proceed by induction on n. If n = 2, we have n1(U) = 2,
n2(U) = 0, and the claim is true. Assume from now on that n ≥ 3, and that the
claim holds for a subtree V of U containing all vertices of U except one vertex, say u,
of degree 1 in U ; denote by v the vertex in V which is adjacent to u. We distinguish
three cases:

(1) If v has degree 1 in V , then n1(U) = n1(V ) and n2(U) = n2(V ) + 1.
(2) If v has degree 2 in V , then n1(U) = n1(V ) + 1 and n2(U) = n2(V )− 1.
(3) If v has degree ≥ 3 in V , then n1(U) = n1(V ) + 1 and n2(U) = n2(V ).

In each case:

2n1(U) + n2(U) ≥ 2n1(V ) + n2(V ) + 1
hyp rec

≥ (n− 1) + 1 = n.

The claim follows.
We have now

|∂U0| ≥ n1(U) + n2(U) ≥ 1

2
(2n1(U) + n2(U)) ≥ 1

2
n =

1

2
|U0|.

General case: the subgraph U of T induced by U0 is a forest. Let U1, . . . , Uk be
the trees of which the disjoint union is the forest U . Then U0 is the disjoint union
of U0

1 , . . . , U
0
k , and ∂U0 is the disjoint union of ∂U0

1 , . . . , ∂U
0
k . Hence

|∂U0| =
k∑

j=1

|∂U0
j |

first case
≥

k∑

j=1

1

2
|U0

j | =
1

2
|∂U0|,

as was to be shown.
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Example 3.D.38. (1) Let D be a non-empty locally finite pseudo-metric space, x
a base point in X , and βx

D the corresponding growth function. Assume that D has
subexponential lower growth, i.e., that

lim inf
s→∞

βx
D(s)1/s = 1.

Then D is amenable.
Indeed, a computation yields

lim inf
s→∞

βx
D(s+ r)

βx
D(s)

= 1 for all r ≥ 0.

Hence, for every r ≥ 0 and ε > 0, there exists s ≥ 0 such that, for E = Bx
D(s), we

have
|BE

D(r)|
|E| ≤ βx

D(s+ r)

βx
D(s)

≤ 1 + ε.

(2) For every integer m ≥ 1, the free abelian group Zm is of polynomial growth,
and therefore amenable, by (1). The Euclidean space Rm contains Zm as a metric
lattice, indeed as a uniformly locally finite metric lattice, so that Rm is amenable.

(3) A tree in which every vertex has degree at least 3 is non-amenable. This
follows from Lemma 3.D.37.

Since a non-abelian finitely generated free group has a Cayley graph which is
a regular tree of degree 4 or more, non-abelian free groups are non-amenable. We
repeat that “non-amenable” is meant here in the sense of Definition 3.D.31, and
involves a left-invariant proper metric on the free group; but this coincides with a
standard definition of amenability for discrete groups, discussed in Section 4.F.

(4) A nonempty subspace of an amenable metric space need not be amenable.
Consider for example a tree D that is regular of degree 3, and the space D+ obtained
from the union of D and a half-line [0,∞[ by gluing some vertex of D to 0. Then
D+ is amenable (compare with (2) for m = 1), but its subspace D is not (see (3)).

This contrasts with the fact that any subgroup of an amenable discrete group is
amenable.

(5) For every integer n ≥ 2, the hyperbolic space Hn is non-amenable. This
follows from (4) and the following standard fact: there exist discrete groups of
isometries Γ of Hn such that, given x ∈ Hn, the orbit map Γ −→ Hn, γ 7−→ γ(x)
is a quasi-isometry. Examples of such groups include fundamental groups of closed
hyperbolic manifolds of dimension n.

3.E The coarse category

We have defined in § 3.A the metric coarse category, whose objects are pseudo-
metric spaces. In this section, that is not used later, we introduce as a variation
a larger category, where no reference is made to any pseudo-metric. It shows in
particular that coarse maps between LC-groups can be defined without reference to
any pseudo-metric.
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Definition 3.E.1. A uniform bornology on a set X is a family B of subsets of
X ×X such that

– the diagonal diag(X) = {(x1, x2) ∈ X ×X | x1 = x2} is in B,
– if C ⊂ B ⊂ X ×X and B ∈ B, then C ∈ B,
– if B,C ∈ B, then B ∪ C ∈ B,
– if B,C ∈ B, then B ◦ C ∈ B,
– if B ∈ B, then B−1 ∈ B,

where

B ◦ C = {(x1, x3) ∈ B | ∃ x2 ∈ X with (x1, x2) ∈ B and (x2, x3) ∈ C},
B−1 = {(x1, x2) ∈ B | (x2, x1) ∈ B}.

The elements of B are called entourages of the uniform bornology B.
For j = 1, 2, let Xj be a set and Bj a uniform bornology on Xj. A coarse map

from (X1,B1) to (X2,B2) is a map f : X1 −→ X2 such that (f × f)(B) ∈ B2 for all
B ∈ B1.

A uniform bornology is a “coarse structure” in [Roe–03].

Definition 3.E.2. The coarse category is the category whose objects are pairs
(X,B), with X a set and B a uniform bornology on X , and the morphisms are
defined below.

For two objects (X1,B1) and (X2,B2) in this category, two maps f, f ′ : X1 −→ X2

are equivalent, f ∼ f ′, if the image of (f, f ′) : X1 −→ X2×X2 is in B2. Note that,
if f ∼ f ′, then f is a coarse map if and only if f ′ is a coarse map.

A coarse equivalence is a coarse map f : (X1,B1) −→ (X2,B2) for which there
exists a coarse map g : (X2,B2) −→ (X1,B1) such that gf ∼ idX1

and gf ∼ idX2
.

A morphism from (X1,B1) to (X2,B2) is an equivalence class of coarse maps. It
can be checked that, in the coarse category, isomorphisms are precisely equivalence
classes of coarse equivalences.

There is in [Roe–93, Roe–03] a category of which the objects are metric spaces,
and the morphisms are coarse maps with an additional condition of properness that
is not required above.

Example 3.E.3. (1) Let (X, d) be a pseudo-metric space. Then

Bd :=

{
B ⊂ X ×X

∣∣∣
the function (x1, x2) 7→ dX(x1, x2)

from B to R+ is bounded

}

is a uniform bornology on X .
Let (X, d) and (X ′, d′) be two pseudo-metric spaces and f : X −→ X ′ a map. If

f is coarsely Lipschitz in the sense of Definition 3.A.3, then f is coarse in the sense
of Definition 3.E.1. It follows that there is a functor from the metric coarse category
to the coarse category, such that the first one can be viewed as a full subcategory of
the second one.
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(2) Let G be an LC-group. Let q : G × G −→ G denote the map defined by
q(g1, g2) = g−1

1 g2. Then

BG :=
{
B ⊂ G×G | q(B) is compact in G

}

is a uniform bornology on G.

Definition 3.E.4. A pair consisting of a set Y and a uniform bornology C on Y is
coarsely pseudo-metric if (Y, C) is coarsely equivalent to a pseudo-metric space,
more precisely to a pair (X,Bd) as in Example 3.E.3, for some pseudo-metric space
(X, d).

We have the simple characterization:

Proposition 3.E.5. Let (X,B) be a set endowed with a uniform bornology. The
following are equivalent:

(i) (X,B) is coarsely pseudo-metric,
(ii) (X,B) is coarsely equivalent to a pseudo-metric space,
(iii) B = Bd for some pseudo-metric d on X,
(iv) X ×X is a countable union of entourages.

Proof. Trivially (iii) implies (i) and (i) implies (ii).
Assume that (ii) holds. There exist a pseudo-metric space (Y, d) and coarse maps

f : (X,B) −→ (Y,Bd), g : (Y,Bd) −→ (X,B) such that gf ∼ idX and gf ∼ idY .
Set A = {(g(f(x)), x) ∈ X × X | x ∈ X}; then A ∈ B. For n ≥ 0, define Bd,n =
{(y1, y2) ∈ Y ×Y | d(y1, y2) ≤ n} ∈ Bd. Then X×X =

⋃
n≥0A

−1 ◦ (g×g)(Bd,n)◦A.
Hence (iv) holds.

Suppose (iv), X × X =
⋃

n≥0Bn with Bn ∈ B, and let us show (iii). Upon
replacing Bn by Bn∪B−1

n ∪diag(X), we can suppose Bn flip-invariant and containing

the diagonal. Define by induction C0 = diag(X) and Cn = Bn ∪
(⋃

p+q=nBp ◦Bq

)
.

Then a simple verification shows that the function d(x, y) = min{n | (x, y) ∈ Cn} is
a pseudo-metric on X , and the identity B = Bd.
Corollary 3.E.6. Let G be an LC-group. Then G is σ-compact if and only if
(G,BG) is coarsely pseudo-metric (notation of Example 3.E.3).

Proof. This is a straightforward consequence of the equivalence of (i) and (iv) in
Proposition 3.E.5.

It follows that, for σ-compact LC-groups, it is equivalent to use the language of
the coarse category (Definition 3.E.2) or that of the metric coarse category (Defini-
tion 3.A.7).

Definition 3.E.7. Let X be a set and E a subset of X × X containing the di-
agonal diag(X). Recall that the equivalence relation generated by E is the
relation RE ⊂ X × X defined by (x, y) ∈ RE if there exists a finite sequence
(x0 = y, x1, . . . , xk = y) of points in X such that (xi−1, xi) ∈ E∪E−1 for i = 1, . . . , k.
The set X is E-connected if RE is the trivial equivalence relation. The trivial
equivalence relation is the relation for which any two points are equivalent.
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Definition 3.E.8. A pair consisting of a set X and a uniform bornology B on X
is boundedly connected if there exists B ∈ B such that the equivalence relation
generated by B is trivial.

Proposition 3.E.9. Let G be an LC-group. Then G is compactly generated if and
only if (G,BG) is boundedly connected (notation of Example 3.E.3).

Proof: it is left as an exercise.

For yet another category well-suited for the coarse study of locally compact
groups, see Subsection 3.A of [CoHa].



Chapter 4

Groups as pseudo-metric spaces

4.A Adapted (pseudo-)metrics and σ-compactness

Definition 4.A.1. On a topological group G, a pseudo-metric d is adapted if it
is left-invariant, proper, and locally bounded; it means that d is left-invariant, all
balls {g ∈ G | d(1, g) ≤ R} are relatively compact, and are neighbourhoods of 1 for
R large enough (Definition 2.A.7).

Note that a topological group that has an adapted metric is locally compact. For
examples of adapted metrics, see 4.B.2 and 4.C.9.

Proposition 4.A.2 (metric characterization of σ-compactness). Let G be an LC-
group. The following four properties are equivalent:

(i) G is σ-compact;
(ii) there exists an adapted continuous pseudo-metric on G;
(iii) there exists an adapted pseudo-metric on G;
(iv) there exists an adapted metric on G.

Proof. Let G be a σ-compact LC-group. There exists a compact normal subgroup K
of G such that G/K is metrizable (Kakutani-Kodaira Theorem 2.B.6). There exists
on G/K a metric, say d, that is left-invariant, proper, and compatible (Struble
Theorem 2.B.4), equivalently that is adapted and continuous (Proposition 2.A.9).
Then d : G × G −→ R+, (g, h) 7−→ d(gK, hK), is a pseudo-metric on G which is
adapted and continuous. This shows Implication (i) ⇒ (ii).

Implication (ii) ⇒ (iii) is trivial. For (iii) ⇒ (iv), let d is an adapted pseudo-
metric on G; define d+ by d+(g, h) = d(g, h) + 1 if g 6= h and d+(g, g) = 0; then d+
is an adapted metric on G.

We have already observed that (iv) implies (i); see Remark 2.A.8(6).

Remark 4.A.3. (1) Recall Struble Theorem 2.B.4, according to which the following
two properties are equivalent for an LC-group G:

(v) G is second-countable;
(vi) there exists a left-invariant proper compatible metric on G (i.e., there exists

an adapted continuous metric on G, by Proposition 2.A.9).

99
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(2) To illustrate Properties (ii), (iv), and (vi) above, let us consider a non-
metrizable compact group K, for example a direct product of uncountably many
copies of a non-trivial compact group. Then:

(a) there exist adapted continuous pseudo-metrics on K, for example that defined
by d(g, h) = 0 for all g, h ∈ K;

(b) there does not exist any adapted continuous metric on K, because K is not
second-countable;

(c) there exist adapted metrics on K, for example that defined by d(g, h) = 1 for
all g, h ∈ K, g 6= h.

(3) Beware: as (c) above shows:

• an LC-group with an adapted metric need not be metrizable.

(This also holds for geodesically adapted metrics, as defined below in 4.B.1.) More-
over, we insist on the following facts:

(d) an adapted (pseudo-)metric need not be continuous (Remark 2.A.8(1));
(e) a topological group that has a proper locally bounded pseudo-metric is locally

compact and σ-compact (Remark 2.A.8(6));
(f) on a locally compact group, a metric is adapted and continuous if and only if

it is left-invariant, proper, and compatible (Proposition 2.A.9);
(g) a left-invariant proper metric need not be locally bounded (Remark 4.B.3(5)).

(4) Let G be an LC-group and d an adapted pseudo-metric on G (as for example
in Proposition 4.A.2(iii)). Set K = {g ∈ G | d(1, g) = 0}. Then:

(h) K is a relatively compact subgroup of G;
(j) the diameter of (G, d) is finite if and only if the group G is compact.

In particular, if d is moreover continuous, K is a compact subgroup of G.

Corollary 4.A.4. On every LC-group, there exists a continuous left-invariant pseudo-
metric with respect to which balls of radius at most 1 are compact.

Proof. Let G be an LC-group, and U a compactly generated open subgroup of G
(Proposition 2.C.3). Let d be an adapted continuous pseudo-metric on U (Proposi-
tion 4.A.2); upon replacing d by 2d/(1 + d), we can assume that d(u1, u2) < 2 for all
u1, u2 ∈ U . Define a pseudo-metric dG on G by dG(g1, g2) = d(1, g−1

1 g2) if g−1
1 g2 ∈ U

and dG(g1, g2) = 2 otherwise. The pseudo-metric dG is continuous, and its balls of
radius < 2 are compact.

Proposition 4.A.5 (continuous homomorphisms of σ-compact LC-groups as coarse
morphisms). For j = 1, 2, let Gj be a σ-compact LC-group and dj an adapted pseudo-
metric on it. Let f : G1 −→ G2 be a continuous homomorphism. Then:

(1) the map f : (G1, d1) −→ (G2, d2) is coarsely Lipschitz;
(2) f is proper if and only if the map f : (G1, d1) −→ (G2, d2) is coarsely expansive.
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Proof. (1) Let R1 > 0. The ball B1 := {g ∈ G1 | d1(1, g) ≤ R1} is relatively compact
because d1 is proper. Its image f(B1) is relatively compact because f is continuous.
There exists R2 > 0 such that B2 := {g ∈ G2 | d2(1, g) ≤ R2} contains f(B1)
because d2 is locally bounded (Remark 2.A.8(5)). By the first part of Proposition
3.A.5, and because d1, d2 are left-invariant, it follows that f is coarsely Lipschitz.

(2) Suppose that f is coarsely expansive. Let Φ− be a continuous lower control
for f (see Definition 3.A.1). Consider a compact subset L of G2. There exists
R2 > 0 such that L ⊂ B2, where B2 is defined as in the proof of (1). Set R1 =
inf{R ≥ 0 | Φ−(R) ≥ R2}. Since Φ−(d1(1, g)) ≤ d2(1, f(g)) for all g ∈ G1, we have
f−1(L) ⊂ f−1(B2) ⊂ B1, so that f−1(L) is compact. Hence f is proper.

We leave the checking of the converse implication to the reader.

Corollary 4.A.6 (uniqueness of adapted pseudo-metrics up to metric coarse equiv-
alence). Let G be a σ-compact LC-group, H a closed subgroup, dG, d

′
G two adapted

pseudo-metrics on G, and dH an adapted pseudo-metric on H.

(1) The inclusion (H, dH) −֒→ (G, dG) is a coarse embedding.
(2) The identity, viewed as a map (G, dG) −→ (G, d′G), is a metric coarse equiva-

lence.

Proof. The inclusion homomorphism H −֒→ G is continuous and proper. Hence
Claim (1) is a particular case of Proposition 4.A.5. Claim (2) follows.

In combination with Proposition 3.B.19 on asymptotic dimension, we deduce
that asdim(G, dG) = asdim(G, d′G), and in particular we denote by asdim(G) this
asymptotic dimension of the σ-compact LC-group G. Again, the same proposi-
tion yields:

Corollary 4.A.7. Let G be a σ-compact LC-group and H a closed subgroup. Then
asdim(H) ≤ asdim(G).

Propositions 4.A.2 & 4.A.5 and Corollary 4.A.6 mark a first important step in
our exposition. They show:

Milestone 4.A.8. (1) On every σ-compact LC-group, there exists an adapted
pseudo-metric (indeed there exists an adapted metric) that makes it an object
in the metric coarse category, well-defined up to metric coarse equivalence.

(2) Any continuous homomorphism between such groups can be viewed as a coarsely
Lipschitz map.

Remark 4.A.9. Let P be a property of pseudo-metric spaces that is invariant by
metric coarse equivalence. By 4.A.8, it makes sense to write that a σ-compact LC-
group has Property P when the pseudo-metric space (G, d) has Property P for d
an adapted pseudo-metric on G. Examples of such properties include:

(1) Coarse connectedness (Proposition 3.B.7), related to compact generation for
groups (Proposition 4.B.8).

(2) Coarse simple connectedness (Proposition 6.A.7), related to compact presen-
tation for groups (Corollary 8.A.4).
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(3) Asymptotic dimension (Proposition 3.B.19), and in particular asymptotic
dimension 0, related to local ellipticity for groups (Proposition 4.D.4),

(4) Being coarsely embeddable in some kind of spaces, such as Hilbert spaces, or
uniformly convex Banach spaces.

(5) G. Yu’s Property A, for uniformly locally finite metric spaces. This defi-
nition has been useful in relation with the Baum-Connes conjecture. We refer to
[Yu–00] for its definition and to [Tu–01, Proposition 4.2] for its invariance by coarse
equivalence. There is a relation to (4): a uniformly locally finite metric space that
has Property A can be coarsely embedded into a Hilbert space [Yu–00, Theorem
2.2]; the converse does not hold [ArGS–12].

(6) For σ-compact LC-groups, the property of being both amenable and unimod-
ular is invariant by metric coarse equivalence. See Section 4.F.

(7) This section has shown how to associate to an appropriate LC-group G a well-
defined object in the metric coarse category. This has been extended by C. Rosendal
to other metrizable groups, not necessarily locally compact; we refer to [Rose–a,
Rose–b].

Example 4.A.10. (1) Let us define adapted metrics on the countable abelian groups
Q/Z and Q.

Every q ∈ Q can be written in a unique way as q = a
n!

with a ∈ Z, n ∈ N,
n ≥ 1, and n minimal; for example: 7 = 7

1!
, 2/5 = 48

5!
, and 0 = 0

1!
. Set δ(q) = n− 1.

Observe that {q ∈ Q | δ(q) = 0} = Z.

For x, x′ ∈ Q/Z, choose representatives q, q′ ∈ Q of x, x′ and set dQ/Z(x, x′) =
δ(q′− q). We leave it to the reader to check that dQ/Z is an adapted metric on Q/Z,
and that {x ∈ Q/Z | dQ/Z(0, x) ≤ n− 1} =

(
1
n!
Z
)
/Z for all n ≥ 1.

For q, q′ ∈ Q, set dQ(q, q′) = dQ/Z(π(q), π(q′)) + |q′ − q|, where π denotes the
canonical projection of Q onto Q/Z. Then dQ is an adapted metric on Q.

(2) For any prime p, a similar definition provides an adapted metric d on the
Prüfer group Z[1/p]/Z. For q ∈ Z[1/p] written as q = a

pk
with a ∈ Z, k ∈ N,

and k minimal, set δ(q) = k. Observe that {q ∈ Z[1/p] | δ(q) = 0} = Z. For
x, x′ ∈ Z[1/p]/Z, choose representatives q, q′ ∈ Z[1/p] and set d(x, x′) = δ(q′ − q).

(3) Let Γ be a countable group. By the HNN embedding theorem, already quoted
in Remark 2.C.18, there exist a group ∆ generated by a finite subset S (which can
be chosen to consist of two elements) and an injective homomorphism j : Γ −→ ∆.
If dS is the word metric on ∆ with respect to S (see Definition 4.B.1 below), the
distance d defined on Γ by d(g, h) = dS(j(g), j(h)) is adapted.

(4) Let K be a local field and | · |K an absolute value; see Example 2.E.3 and
Remark 4.D.9. Then d : K×K −→ R, (x, x′) 7−→ |x′ − x| is an adapted metric on
the additive group of K.
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4.B Geodesically adapted (pseudo-)metrics and

compact generation

Definition 4.B.1. On a topological group G, a pseudo-metric d is geodesically
adapted if it is adapted and large-scale geodesic (see Definitions 4.A.1 and 3.B.1).

Definition 4.B.2. Let G be a group and S a generating set of G. The word metric
defined by S on G is defined by

dS(g, h) = min

{
n ≥ 0

∣∣∣∣∣
∃ s1, . . . , sn ∈ S ∪ S−1

such that g−1h = s1 · · · sn

}
.

The corresponding word length, or S-length, is defined by

ℓS : G −→ N, g 7−→ dS(e, g).

Occasionally, if π : FS −→ G is the canonical projection associated to the
generating set S, we denote also by ℓS the word length FS −→ N. Note that
ℓS(g) = min{ℓS(w) | w ∈ π−1(g)} for all g ∈ G.

Remark 4.B.3. (1) Let G be a group and S a generating set of G. The word metric
dS is left-invariant and 1-geodesic; in particular, it is large-scale geodesic.

Suppose moreover that G is locally compact and S compact. Then dS is geodesi-
cally adapted on G.

(2) Poincaré has defined a word length in a finitely generated Fuchsian group
[Poin–82, Page 11], using “exposant d’une substitution” g for our ℓS(g). But this
does not re-appear later in the article.

Word metrics were later used more systematically by Max Dehn, see [Dehn–11]
and [DeSt–87, Pages 130 and 143]. Let Γ be the fundamental group of a closed
surface and S a finite generating set of Γ. Using the word length ℓS on Γ, shown to be
quasi-isometric to a metric coming from hyperbolic geometry, Dehn has established
that the “conjugacy problem” is solvable in Γ.

(3) An adapted metric need not be geodesically adapted. For example, let G be
a compactly generated LC-group and d a geodesically adapted metric on G (Propo-
sition 4.B.4). Then

√
d is an adapted metric on G, and

√
d is geodesically adapted

if and only if the diameter of (G, d) is finite, if and only if the group G is compact.
The same holds for ln(1 + d).

(4) In the circle group R/Z, there exists a generating set T such that the word
metric dT makes R/Z a metric space of infinite diameter. Indeed, there exists a
(non-continuous) group isomorphism u : R/Z −→ R×Q/Z. Then the word length
in R/Z with respect to the generating subset u−1([−1, 1] × Q/Z) is unbounded,
proper and not locally bounded.

(5) On a topological group, a word metric with respect to a compact generating
subset need not be locally bounded. For example, let F be a dense subgroup of
SO(3) that is free of rank 2, endowed with the topology induced by that of SO(3);
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note that this topological group is not locally compact. Let S = {s1, s2} be a free
basis of F . The word metric dS on F is not locally bounded.

Indeed, let U be a neighbourhood of 1 in F . Consider a sequence {γn}n≥1 of
pairwise distinct points in F converging to 1 in SO(3). For every k ≥ 1, the dS-
diameter of {γn}n≥k is infinite. Since this set is contained in U for k large enough,
the dS-diameter of U is infinite. Hence dS is not locally bounded.

(6) Consider a positive integer k, the free group Fk, and a group word w ∈ Fk.
For a group G, the corresponding verbal map is defined as

Φw : Gk −→ G, (g1, . . . , gk) 7−→ w(g1, . . . , gk).

Beware that Φw is generally not a homomorphism. Denote by Gw the image of Φw.
Let 〈Gw〉 denote the subgroup of G generated by Gw, and dw the Gw-word metric on
〈Gw〉. For an integer n ≥ 0, the word w has width at most n in G if dw(1, g) ≤ n
for all g ∈ 〈Gw〉; thus, the width of w in G is the diameter of the metric space
(〈Gw〉, dw). The word w is silly if either w = 1 ∈ Fk or Gw ∪ G−1

w = G for every
group G. For example, x ∈ F1 and yxyzy ∈ F3 are silly, and x−1y−1xy ∈ F2 is
non-silly.

The question of finite width of words in groups has received a lot of attention.
Rhemthulla has shown that a non-silly word has infinite width in every non-abelian
free group [Rhem–68]; see also [Sega–09].

(7) If we specify the verbal map of the previous paragraph to the special case of
w = x−1y−1xy, the distance dw(1, g) is the commutator length of g ∈ Gw = [G,G]
(notation of Definition 5.A.4). Let cn denote the supremum of the commutator
lengths of elements in SLn(Z). Then cn is finite for all n ≥ 3, c2 =∞, and c3 ≤ 43
[Newm–87]. Commutator lengths are nicely discussed in [Bava–91].

In 1951, Ore conjectured that, in a non-abelian finite simple group G, every
element is a commutator, i.e., the commutator width of G is 1. The conjecture has
recently been established in [LOSP–10].

(8) Let G be an LC-group and H a closed subgroup. Assume that G has an
adapted metric d; the restriction of d to H is an adapted metric on H .

In particular, let H be a countable group. By the HNN embedding theorem (see
Remark 2.C.18), there exists a finitely generated group G (indeed a 2-generated
group) containing H as a subgroup. Let S ⊂ G be a finite generating set; the
corresponding word metric dS is geodesically adapted on G. The restriction d of
dS to H is an adapted metric, nevertheless it need not be geodesically adapted; for
example, by Proposition 4.B.4 below, d is not geodesically adapted when H is not
finitely generated.

(9) Let G be a group, S a generating set, and w : S ∪ S−1 −→ R×
+ a weight

function, such that w(s−1) = w(s) for all s ∈ S ∪S−1. As a variation on Definition
4.B.2, one has a “weighted word metric” on G by

dS,w(g, h) = inf

{
n∑

i=1

w(si)

∣∣∣∣∣
∃ s1, . . . , sn ∈ S ∪ S−1

such that g−1h = s1 · · · sn

}
.

This has been useful, for example to estimate word growth of finitely generated
groups [Bart–98].
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Proposition 4.B.4. Let G be a topological group.

(1) If there exists an adapted pseudo-metric d on G such that the pseudo-metric
space (G, d) is coarsely connected (in particular if d is geodesically adapted),
then G is locally compact and compactly generated.

(2) Assume that G is locally compact and has a compact generating set S. The
word metric dS is geodesically adapted.

(3) Let G be a compactly generated LC-group, S, S ′ two compact generating sets,

and d, d′ the corresponding word metrics. Then the identity (G, d)
id−→ (G, d′)

is a bilipschitz equivalence.

Proof. (1) Suppose that d is a coarsely connected adapted pseudo-metric on G. Let
c be a constant as in Definition 3.B.1(a). Then the closure of {g ∈ G | d(1, g) ≤ c}
is a compact generating set of G.

(2) Let n ≥ 0 be such that Ŝn is a neighbourhood of 1 (Proposition 2.C.3).
Its dS-diameter is bounded by 2n; hence dS is locally bounded. As dS is clearly
left-invariant, proper, and large-scale geodesic, this establishes Claim (2).

(3) By Proposition 2.C.3(6),

c := max
{

sup
s∈S′∪S′−1

d(1, s), sup
s∈S∪S−1

d′(1, s)
}

is a finite constant. We have d′(g, h) ≤ cd(g, h) and d(g, h) ≤ cd′(g, h) for all
g, h ∈ G.

Definition 4.B.5. Let X be a set and E ⊂ X ×X a symmetric subset containing
the diagonal; we suppose that X is E-connected (Definition 3.E.7). Define νE :
X ×X −→ N by

νE(x, y) = inf

{
n ≥ 0

∣∣∣
∃ x = x0, x1, . . . , xn = y in X

with (xi−1, xi) ∈ E for i = 1, . . . , n

}

(compare with Remark 3.B.8). Suppose that X is moreover given with a pseudo-
metric d. Define δE,d : X ×X −→ R+ by

δE,d(x, y) = inf




ℓ ≥ 0

∣∣∣∣∣

∃ x = x0, x1, . . . , xn = y in X

with (xi−1, xi) ∈ E for i = 1, . . . , n

and ℓ =
n∑

i=1

d(xi−1, xi)




.

Note that

(a) νE and δE,d take finite values (because X is E-connected),
(b) νE is a metric on X which is 1-geodesic (Definition 3.B.1),
(c) δE,d is a pseudo-metric on X ,
(d) d(x, y) ≤ δE,d(x, y) for all x, y ∈ X .
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For example, if X = G is a group generated by a symmetric set S containing 1,
and if E := {(g, h) ∈ G×G | g−1h ∈ S}, then νE is the word metric dS of Definition
4.B.2.

Definition 4.B.6. Let (X, d) be a pseudo-metric space and E ⊂ X×X a symmetric
subset containing the diagonal; we assume that X is E-connected. Let νE , δE,d

be as in Definition 4.B.5, and c, C be positive constants. The triple (X, d, E) is
(c, C)-controlled if

Bx
X(c) ⊂ {y ∈ X | (x, y) ∈ E} ⊂ Bx

X(C)

for all x ∈ X (recall that Bx
X(c) = {y ∈ X | d(x, y) ≤ c}, as in § 3.D). The right-hand

side inclusion implies:

(e) d(x, y) ≤ CνE(x, y) for all x, y ∈ X .

Say that a sequence (x0, x1, . . . , xn) of points in X with (xi−1, xi) ∈ E for i = 1, . . . , n
is an E-path of length n. Such an E-path is c-good if either n ≤ 1, or n ≥ 2 and
d(xi−1, xi) + d(xi, xi+1) > c for all i = 1, . . . , n − 1. Then, because of the left-hand
side inclusion above,

(f) in the definitions of νE(x, y) and δE,d(x, y), we can take the infima on sets of
c-good E-paths only.

The following lemma is essentially Lemma 4 of [MoSW–02].

Lemma 4.B.7. Let (X, d) be a pseudo-metric space and E ⊂ X ×X a symmetric
subset containing the diagonal. We assume that X is E-connected and that (X, d, E)
is (c, C)-controlled for some c, C > 0. Then

(1) δE,d ≤ CνE.
(2) If x, y ∈ X satisfy δE,d(x, y) < c or d(x, y) < c, then δE,d(x, y) = d(x, y).
(3) For all x, y ∈ X, we have δE,d(x, y) ≥ c

2
(νE(x, y)− 1).

(4) νE and δE,d are quasi-isometric pseudo-metrics on X.
(5) If X is a topological space and d continuous, then δE,d is continuous.

Proof. (1) This inequality follows from the definitions of δE,d and νE , and from the
controlled hypothesis.

(2) Let x, y ∈ X . For the proof of (2), we consider several cases.
Suppose first that δE,d(x, y) < c. Choose c′ > 0 with δE,d(x, y) < c′ < c. There

exists a c-good E-path (x0 = x, x1, . . . , xn = y) with
∑n

i=1 d(xi−1, xi) < c′. Since the
path is c-good, we cannot have n ≥ 2. Hence n = 1 and d(x, y) < c′. As this hold
for all c′ ∈]δE,d(x, y), c[, we have d(x, y) ≤ δE,d(x, y).

Suppose now that d(x, y) < c. Then (x, y) is a E-path of length 1, and δE,d(x, y) ≤
d(x, y). By the previous case, we have also d(x, y) ≤ δE,d(x, y). Hence δE,d(x, y) =
d(x, y).

Finally, if δE,d(x, y) < c again, then d(x, y) < c by the first case, and δE,d(x, y) =
d(x, y) by the second case.
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(3) Let x, y ∈ E, x 6= y. Choose ℓ > 0 such that ℓ > δE,d(x, y). There exists a
c-good E-path (x0 = x, x1, . . . , xn = y) with

∑n
i=1 d(xi−1, xi) < ℓ. This path being c-

good, we have
∑n

i=1 d(xi−1, xi) > ⌊n/2⌋c, hence (n−1)/2 < ℓ/c. Since νE(x, y) ≤ n,
we have also νE(x, y) − 1 < 2ℓ/c. As this hold for every ℓ > δE,d(x, y), we finally
have νE(x, y)− 1 ≤ (2/c)δE,d(x, y).

(4) follows from (1) and (3), and (5) follows from (2).

Proposition 4.B.8 (metric characterization of compact generation). Let G be a
σ-compact LC-group. Choose an adapted pseudo-metric d on G (see Proposition
4.A.2). The following properties are equivalent:

(i) G is compactly generated;
(ii) the pseudo-metric space (G, d) is coarsely connected;
(iii) the pseudo-metric space (G, d) is coarsely geodesic;
(iv) there exists a geodesically adapted pseudo-metric on G, say dga (note that, in

this case, the pseudo-metric space (G, dga) is large-scale geodesic);
(v) there exists a geodesically adapted metric on G;
(vi) there exists a geodesically adapted continuous pseudo-metric on G.

In particular, among σ-compact LC-groups, the property of compact generation is
invariant by metric coarse equivalence.

Note. It is an old observation that compact generation “can be considered as a very
weak type of connectedness condition.” The quotation is from the survey article
[Palm–78, Page 685].

Proof. Implications (iii) ⇒ (ii), (v) ⇒ (iv), and (vi) ⇒ (iv) follow from the defi-
nitions. Implications (ii) ⇒ (i) and (iv) ⇒ (i) ⇒ (v) are contained in Proposition
4.B.4. It suffices to check implications (i) ⇒ (iii) and (i) ⇒ (vi).

For (i) ⇒ (iii), choose a compact generating set S of G, and let dS be the
corresponding word metric. Since the space (G, dS) is large-scale geodesic and the

map (G, d)
id−→ (G, dS) is a metric coarse equivalence (Corollary 4.A.6), the space

(G, d) is coarsely geodesic (Proposition 3.B.7).
Let us show that (i) implies (vi). By Corollary 4.A.4, there exists a continuous

pseudo-metric d on G such that closed balls of radius at most 1 are compact. If G
is compactly generated, we can choose a symmetric compact generating set S of G
containing the unit ball B1

G(1) = {g ∈ G | d(1, g) ≤ 1}. Since d is continuous and
S compact, there exists a constant C > 0 such that S ⊂ B1

G(C). Set E = {(g, h) ∈
G × G | g−1h ∈ S}. Let νE and δE,d be as in Definition 4.B.5. Observe that νE is
the word metric dS; in particular, νE is geodesically adapted. Lemma 4.B.7 shows

that the identity map (G, νE)
id−→ (G, δE,ν) is a quasi-isometry, so that the pseudo-

metric δE,d is also geodesically adapted, and that δE,d is continuous, because d is
continuous. Hence δE,d fulfills the conditions of (vi).

The last claim follows by Proposition 3.B.7(1).

Here is an analogue of the previous proposition for second-countable groups:

Proposition 4.B.9. Let G be a second-countable LC-group. The following proper-
ties are equivalent
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(i) G is compactly generated;
(ii) there exists a large-scale geodesic left-invariant proper compatible metric on G.

Proof. By Theorem 2.B.4, there exists a left-invariant proper compatible metric d
on G.

Assume that (i) holds. Choose a symmetric compact generating set S containing
{g ∈ G | d(1, g) ≤ 1}, and proceed as in the proof of (i) ⇒ (vi) of Proposition
4.B.8. Note that δE,d is now a metric (rather than a pseudo-metric), by Lemma
4.B.7(2). Since δE,d is proper (see (d) in 4.B.5) and continuous, it is also compatible
(Proposition 2.A.9). This shows that (ii) holds.

The converse implication is trivial.

Proposition 4.B.10 (continuous homomorphisms of compactly generated LC–
groups as large-scale morphisms). For j = 1, 2, let Gj be a compactly generated
LC-group and dj a geodesically adapted pseudo-metric on it.

(1) Let f : G1 −→ G2 be a continuous homomorphism. Then f : (G1, d1) −→
(G2, d2) is large-scale Lipschitz.

(2) Any metric coarse equivalence (G1, d1) −→ (G2, d2) is a quasi-isometry.

Proof. In view of Proposition 4.A.5, this is a particular case of Proposition 3.B.9.

Corollary 4.B.11 (Uniqueness of geodesically adapted pseudo-metrics up to quasi-i-
sometry). Let G be a compactly generated LC-group and let d1, d2 be two geodesically
adapted pseudo-metrics on G.

Then the identity, viewed as a map (G, d1) −→ (G, d2), is a quasi-isometry.

Remark 4.B.12. (1) In the situation of Proposition 4.B.10, the analogue of Part
(2) in Proposition 4.A.5 does not hold: a proper continuous homomorphism need
not be large-scale expansive.

Indeed, notation being as in Example 3.B.10, consider the discrete Heisenberg
group H(Z) generated by S := {s, t}. Its center, say Z, is the infinite cyclic group
generated by u. On the one hand, since H(Z)/Z ≃ Z2, it is easy to check that
dS(1, sk) = dS(1, tk) = |k| for all k ∈ Z. On the other hand, a straightforward
computation shows that [sk, tk] = uk

2

for all k ∈ Z, so that dS(1, uk
2

) ≤ 4|k| for all
k ∈ Z. Let f denote the inclusion of Z in H(Z); observe that f is proper (being
injective). Since

d{u}(0, k
2) = k2 and dS(f(0), f(k2)) = dS(1, uk

2

) ≤ 4|k| for all k ∈ Z,

f : (Z, d{u}) −→ (H(Z), dS) is not large-scale expansive.
It can be shown that there exist constants c1, c2 > 0 such that

c1
√
|n| ≤ dS(1, f(n)) ≤ c2

√
|n| for all n ∈ Z.

In other words, the centre in H(Z) is distorted, with quadratic relative growth.
Another example of distorted subgroup is that of the infinite cyclic subgroup 〈s〉

of the Baumslag-Solitar group 〈s, t | t−1st = s2〉, with exponential relative growth.
For distorsion, see [Grom–93, Chapter 3].

(2) In the situation of Corollary 4.B.11, the hypothesis of geodesic adaptedness
cannot be omitted, as shown by the two adapted metrics defined on Z by d1(m,n) =
|m− n| and d2(m,n) =

√
|m− n|. (Compare with Remark 4.B.3(3).)
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Propositions 4.B.8 & 4.B.10 and Corollary 4.B.11 mark a second important step
in our exposition (compare with 4.A.8). They show:

Milestone 4.B.13. (1) On every compactly generated LC-group, there exists a
geodesically adapted pseudo-metric (indeed there exists a geodesically adapted
metric) that makes it an object in the large-scale category, well-defined up to
quasi-isometry.

(2) Any continuous homomorphism between such groups can be viewed as a large-
scale Lipschitz map.

Remark 4.B.14. Let Q be a property of pseudo-metric spaces that is invariant
by quasi-isometries. By 4.B.13, it makes sense to write that a compactly generated
LC-group has Property Q when the pseudo-metric space (G, d) has Property Q
for d a geodesically adapted pseudo-metric on G (for example a word metric). Let
us indicate examples of such properties, that would not fit in Remark 4.A.9.

(1) For a pseudo-metric space X and an integer n ≥ 1, define Property Flat(n)

(Flat(n)) there exists a quasi-isometric embedding of Rn into X ,

where Rn is viewed together with its Euclidean metric. This property is obviously
invariant by quasi-isometries, but it is not invariant by metric coarse equivalence (as
we leave it to the reader to check).

For example, let X be a Riemannian symmetric space of the non-compact type.
Let r be the rank of X , i.e., the largest integer for which X has a subspace isometric
to Rr. As a consequence of results in [EsFa–08], the space X has Property Flat(n)
if and only if n ≤ r. In particular, for all n ≥ 2, the hyperbolic space Hn and the
space SLn(R)/ SO(n) have Property Flat(n− 1), and not Flat(n).

(2) For uniformly coarsely proper pseudo-metric spaces, the growth function is
invariant by quasi-isometries (Proposition 3.D.23). Growth functions provide impor-
tant quasi-isometry invariants of compactly generated LC-groups; see the references
quoted in Remark 3.D.27-

(3) Remark 4.B.15 shows a property that is invariant by quasi-isometries for a
subclass of pseudo-metric spaces only, but nevertheless that makes sense for com-
pactly generated LC-groups.

(4) As in Remark 4.A.9(7), we refer to [Rose–a, Rose–b] for a way to define a
quasi-isometric type of some non-LC metrizable groups.

Remark 4.B.15 (Gromov-hyperbolicity). The notions of Gromov-hyperbolic spaces
and groups have had a deep influence on geometric group theory [Grom–87]. Let us
recall the definition: a metric space (X, d) is Gromov-hyperbolic if

(GromHyp)
there exists δ ≥ 0 such that

(y|z)x ≥ min{(y|w)x, (w|z)x} − δ for all x, y, z, w ∈ X,

where the Gromov product is defined by

(y|z)x =
1

2

(
d(x, y) + d(x, z)− d(y, z)

)
.
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An LC-group G is Gromov-hyperbolic if it is compactly generated and if, with a
word metric, it is a Gromov-hyperbolic metric space. Equivalently an LC-group is
hyperbolic if it has a continuous proper cocompact isometric action on some proper
geodesic hyperbolic metric space [CCMT–15, Corollary 2.6].

Gromov-hyperbolicity for geodesic metric spaces is invariant by quasi-isometries
[GhHa–90, Chapter 5, § 2]. In particular, Gromov-hyperbolicity is well-suited for
compactly generated LC-groups (and their Cayley graph), and is invariant by quasi-
isometries of these. But Gromov-hyperbolicity for arbitrary proper metric spaces is
not invariant by quasi-isometries, as shown by the following example.

Let f be a function N −→ R; denote its graph by

Xf := {(x, y) ∈ R2 | x ∈ N, y = f(x)} ⊂ R2.

Consider N together with the usual metric, dN(m,n) = |m − n|, and Xf together
with the ℓ1-metric, dX((x1, y1), (x2, y2)) = |x1−x2|+ |y1−y2|. Observe that (N, dN)
is Gromov-hyperbolic; indeed, it satisfies Condition (GromHyp) with δ = 0. View
f as a bijection from (N, dN) onto (Xf , dX).

Now let (an)n≥1 be the sequence in N defined by a1 = 1 and an+1 = an + 2n for
n ≥ 1. Assume that f is bilipschitz, and such that f(an) = 0 and f(an + n) = n
for all n ≥ 1; a simple verification shows that there exists bilipschitz functions
satisfying these conditions. Note that the bijection f : (N, dN) −→ (Xf , dX) is a
quasi-isometry.

Let us check that (Xf , dX) is not Gromov-hyperbolic. Set

x = (an, 0), y = (an + n, n), z = (an+1, 0), w = (an+1 + n + 1, n+ 1) ∈ Xf .

A direct computation yields

(y|z)x = n, (y|w)x = 2n, (w|z)x = 2n.

So (y|z)x −min{(y|w)x, (w|z)x} = −n, and this implies that Xf is not hyperbolic.

4.C Actions of groups on pseudo-metric spaces

Definition 4.C.1. Consider a topological group G, a non-empty pseudo-metric
space (X, dX), and a (not necessarily continuous) action α : G×X −→ X, (g, x) 7−→
gx. For x ∈ X and R ≥ 0, denote by

ix : G −→ X, g 7−→ gx the orbit map;
Bx

X(R) the ball {y ∈ X | dX(x, y) ≤ R} in (X, dX);
Sx,R the subset {g ∈ G | dX(x, g(x)) ≤ R} = i−1

x (Bx
X(R)) of G.

The action α is

faithful if, for every g 6= 1 in G, there exists x ∈ X with gx 6= x (some authors
use “effective” for “faithful”);

metrically proper if Sx,R is relatively compact for all x ∈ X and R ≥ 0;

locally bounded if, for every element g ∈ G and bounded subset B ⊂ X ,
there exists a neighbourhood V of g in G such that V B is bounded in X ;
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cobounded if there exists a subset F of X of finite diameter such that⋃
g∈G gF = X ;

isometric if dX(gx, gx′) = dX(x, x′) for all g ∈ G and x, x′ ∈ X ;

geometric if it is isometric, cobounded, locally bounded, and metrically
proper.

Suppose that X is moreover an LC-space. The action α is

proper if the map G×X −→ X ×X, (g, x) 7−→ (gx, x) is proper (Definition
2.A.3), equivalently if {g ∈ G | gL ∩ L 6= ∅} is relatively compact for every
compact subset L of X ;

cocompact if there exists a compact subset F of X such that
⋃

g∈G gF = X .

Remark 4.C.2. Let G be a topological group. The mere existence of an action of
some sort of G on some space X can have strong consequences on G.

Here is a first example: if G has a proper continuous action on a non-empty LC-
space, then G is an LC-group and the quotient space G\X is an LC-space [BTG1-4,
Page III.33]. For other examples, see 4.C.5 – 4.C.7.

Remark 4.C.3. (1) In this book,

• actions of topological groups on topological spaces and metric spaces
need not be continuous.

This includes geometric actions. Consider for example the regular action

λ : R× (R, d[−1,1]) −→ (R, d[−1,1]), (t, x) 7−→ λt(x) := t + x

of the additive group R on the discrete metric space (R, d[−1,1]), where d[−1,1] de-
notes the word metric with respect to [−1, 1]. This action is clearly not continuous,
however this action is geometric.

Similarly, actions of groups on Rips complexes (see Sections 6.C, 7.B, and 8.A)
and Cayley graphs are geometric and need not be continuous.

(2) Let G be an LC-group and X a non-empty pseudo-metric space. An isometric
action of G on X is locally bounded if and only if Kx is bounded for every compact
subset K of G and every x ∈ X .

(3) It is often sufficient to check local boundedness on generating sets. More
precisely, consider an LC-group G with a compact generating subset S, a non-empty
pseudo-metric space X , an isometric action α of G on X , and a point x0 ∈ X , as in
Definition 4.C.1. Then α is locally bounded if and only if Sx0 is bounded in X , as
we check now.

First, suppose that α is locally bounded. For all s ∈ S, there exists a neigh-
bourhood Vs of s in G such that Vsx0 is bounded in X . Since S is compact, there
exist s1, . . . , sn ∈ S such that S ⊂ ⋃n

i=1 Vsi. Then Sx0, included in
⋃n

i=1 Vsix0, is
bounded.
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Suppose now that Sx0 is bounded. Let n ≥ 1 be such that V := Ŝn is a
neighbourhood of 1 in G (Proposition 2.C.3). Observe that V x0 is bounded, indeed
that V x is bounded for all x ∈ X . Given (g, x) ∈ G × X , there exists k ≥ 1 such
that g is in the neighbourhood V k of 1 in G, and V kx is bounded in X . Hence α is
locally bounded.

(4) Let X be a topological space and dX a locally bounded pseudo-metric on X .
A continuous action of a topological group on X is locally bounded with respect to
dX .

But an arbitrary action need not be locally bounded. For example, let R be given
its usual metric and let γ : R −→ R be a non-continuous group endomorphism; then
the isometric action R×R −→ R, (z, z′) 7−→ γ(z) + z′ is not locally bounded.

(5) Consider again G, X , α and x as in Definition 4.C.1; assume now that G is
locally compact and α is isometric locally bounded. Let R ≥ 0; we claim that there
exists R′ ≥ R such that dX(x, g(x)) ≤ R′ for all g ∈ Sx,R.

Indeed, let K be a compact neighbourhood of 1 in G. There exists r > 0 such
that Kx lies inside the ball of centre x and radius r. Let g ∈ Sx,R. There exist
h ∈ Sx,R and k ∈ K such that g = hk. Then

dX(x, g(x)) ≤ dX(x, h(x)) + dX(h(x), hk(x)) ≤ R + dX(x, k(x)) ≤ R + r.

and the claim holds with R′ = R + r.

(6) Let G×X −→ X be a continuous action of an LC-group G on a non-empty
proper metric space X .

The action is metrically proper if and only if it is proper.

The action is cobounded if and only if it is cocompact.

In particular, a continuous isometric action on X that is proper and cocompact is
geometric.

Example 4.C.4. (1) Let G be a topological group and X the one-point metric
space. The unique action of G on X is geometric if and only if G is compact.

(2) Let E1 denote an affine Euclidean line, with a standard metric. The group of
isometries of E1 is a semidirect product Isom(E1) ≃ R⋊ C2, where C2 is the group
of order 2 generated by the central symmetry at 0. Up to conjugation inside the
affine group R⋊R×, the group Isom(E1) has four cocompact closed subgroups:

(a) the group Z of all iterates of one non-trivial translation;
(b) the infinite dihedral group Z⋊ C2 = Isom(Z);
(c) the group R of all translations;
(d) Isom(E1) itself, containing all translations and all half-turns.

Each of these groups has a natural geometric action on E1. More generally, let G be
a group acting continuously and geometrically on E1, and let ρ : G −→ Isom(E1) be
the corresponding homomorphism; then ρ(G) is conjugated inside R ⋊ R× to one
of (a) to (d) above; moreover, ρ(G) is isomorphic to the quotient of G by its unique
maximal compact normal subgroup.



4.C. ACTIONS OF GROUPS ON PSEUDO-METRIC SPACES 113

Let G be an LC-group with two ends. Then G has a maximal compact normal
subgroup W , and G/W is isomorphic to one of the four groups (a) to (d) above. See
[Corn, Corollary 4.D.2], building on [Abel–74].

(3) We anticipate here on § 5.B: for a proper metric space X , the isometry group
Isom(X) is an LC-group and its natural action on X is continuous.

Let X be a proper metric space such that the action of Isom(X) on X is
cobounded. Then the action of every cocompact closed subgroup of Isom(X) on
X is geometric.

Here is a kind of converse. Let G be an LC-group acting continuously and
geometrically on a proper metric space X , and let ρ : G −→ Isom(X) be the corre-
sponding homomorphism (see Proposition 5.B.6). Then the kernel of ρ is compact
and the image of ρ is a cocompact closed subgroup of Isom(X).

(4) Let G be a compactly generated LC-group containing a compact open sub-
group, and X a Cayley-Abels graph for G (Definition 2.E.10). The action of G on
X is geometric.

The first part of the following easy result is sometimes called (often for G dis-
crete only) the Schwarz-Milnor lemma (or theorem)1, also the fundamental
theorem (or observation) of geometric group theory (see e.g. [FaMo–02]).
The original articles are [Švar–55] and [Miln–68, see Lemma 2].

Theorem 4.C.5. Let G be an LC-group.

(1) Let (X, dX) be a non-empty pseudo-metric space and x a point of X. Suppose
there exists a geometric action

α : G×X −→ X.

Define dG : G×G −→ R+ by dG(g, g′) = dX(gx, g′x).
Then dG is an adapted pseudo-metric on G, and the orbit map

(G, dG) −→ (X, dX), g 7−→ gx

is a quasi-isometry. In particular, G is σ-compact.
If (X, dX) is moreover coarsely connected, then G is moreover compactly gen-

erated. More precisely, for R large enough, Sx,R is a compact generating set of G
(notation Sx,R as in Definition 4.C.1).

(2) Assume that G is σ-compact, and choose an adapted pseudo-metric d on G.
Then the action by left-multiplication of the group G on (G, d) is geometric.

Proof. (1) The map dG is a pseudo-metric that is left-invariant (because α is iso-
metric), proper (because α is metrically proper), and locally bounded (because α is
so). In other words, dG is an adapted pseudo-metric, and the first part of Claim (1)
follows by Proposition 4.A.2. If (X, dX) is coarsely geodesic, then G is compactly
generated by Proposition 4.B.8.

Claim (2) is straightforward.

1The mathematical physicist Albert Schwarz. His name is also written Švarc in MathSciNet.



114 CHAPTER 4. GROUPS AS PSEUDO-METRIC SPACES

Corollary 4.C.6. On a topological group G, the following conditions are equivalent:

(i) G is locally compact and compactly generated;
(ii) there exists a geometric action of G on a non-empty coarsely geodesic pseudo-

metric space;
(iii) there exists a geometric action of G on a non-empty geodesic metric space;
(iv) there exists a geometric faithful action of G on a non-empty geodesic metric

space.

Proof. (i) ⇒ (ii) Let d be an adapted pseudo-metric on G. Then d is coarsely
geodesic (Proposition 4.B.8), so that (ii) holds by Theorem 4.C.5.

(ii) ⇒ (iii) Assume that G has an action on a non-empty coarsely geodesic
pseudo-metric space (X, d); let c > 0 be such that pairs of points in X can be joined
by c-paths (Definition 3.B.1). Let (Xc, dc) be the metric graph of Definition 3.B.5.
Recall from Lemma 3.B.6 that the natural map (X, d) −→ (Xc, dc) is a metric coarse
equivalence, and observe that the action of G on (X, d) has a natural extension as
an action on (Xc, dc). The latter action satisfies Condition (iii).

(iii) ⇒ (iv) Let µ be a left-invariant Haar measure on G and B the unit ball
in the Hilbert space L2(G, µ). The metric dB defined on B by dB(b, b′) = ‖b − b′‖
is geodesic, and the natural action of G on L2(G, µ) induces a faithful continuous
isometric action of G on (B, dB). Let (X, dX) be a G-space as in (iii). Set Y = X×B
and let dY be a product metric, say that defined by

dY ((x, b), (x′, b′))2 = dX(x, x′)2 + dB(b, b′)2.

The diagonal action of G on (Y, dY ) satisfies Condition (iv).
(iv) ⇒ (i) Consider an action of G on a space (Y, dY ) that satisfies Condition

(iv). Choose a point y0 ∈ Y and define a pseudo-metric d on G by d(g, h) =
dY (g(y0), h(y0)). Then d is adapted and (G, d) is coarsely connected, so that G is
locally compact and compactly generated.

Remark 4.C.7. (1) Let G be an LC-group. Assume there exists a non-empty
pseudo-metric space X on which G has a geometric action. In Theorem 4.C.5, we
have already written that G is necessarily σ-compact. Moreover, since the orbit map
(G, dG) −→ (X, dX) is a quasi-isometry, X is coarsely proper.

Thus, for example, X can be neither a homogenous tree of infinite valency, nor
an infinite-dimensional Hilbert space with the metric of the norm (Example 3.D.14).

(2) It is known that a compactly generated LC-group always admits a continuous
geometric action on a non-empty locally compact geodesic metric space [CCMT–15,
Proposition 2.1].

(3) Theorem 4.C.5 and Corollary 4.C.6 have analogues for compact presentation,
see Theorem 8.A.8 and Corollary 8.A.9.

Claims (1’) and (2’) of the following standard proposition provide many examples
of geometric actions.

Proposition 4.C.8 (G-invariant metrics). (1) Let G be a σ-compact LC-group act-
ing continuously and properly on a locally compact metrizable space X such that
G\X is paracompact. Then X admits a G-invariant compatible metric.
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(1’) In particular, if K is a compact subgroup of G, there exists a G-invariant
compatible metric d on the homogenous space G/K. The natural action of G on
(G/K, d) is geometric.

(2) Let G be a Lie group acting differentiably and properly on a paracompact
smooth manifold X. Then X admits a G-invariant Riemannian structure.

(2’) In particular, if K is a compact subgroup of G, there exists a G-invariant
Riemannian structure on the homogenous manifold G/K, say R. If dR denotes the
associated metric, the natural action of G on (G/K, dR) is geometric.

On the proof. Since the action is proper, averaging arguments can be used for the
existence claims. Details can be found, for example, in Pages 7 and 8 of [Kosz–65].
For (1), Koszul’s argument and another argument are revisited in [AbMN–11, Sec-
tion 6]. For (2), see also [Pala–61, Theorem 4.3.1].

For the paracompactness hypothesis in (2), note that G\X is paracompact as
soon as at least one of the following properties holds: (a) the connected components
of X are open, (b) X is σ-compact. Indeed, an LC-space is paracompact if and only
if it is a disjoint union of σ-compact spaces [Dugu–66, Chap. XI, Th. 7.3].

Example 4.C.9 (abundance of metrics). On a given σ-compact LC-group [respec-
tively on a given compactly generated LC-group], there can be an abundance of
adapted metrics [respectively of geodesically adapted metrics].

Suppose here that G is a connected Lie group. Let g denote its Lie algebra.

(1) A scalar product on g defines a left-invariant Riemannian metric on G, and
in particular a proper compatible geodesically adapted metric on G (as in Example
2.B.9).

(2) Let A be a bounded subset of g such that every g ∈ G can be represented
as a product g = exp(t1a1) · · · exp(tkak) for some a1, . . . , ak ∈ A and t1, . . . , tk ∈
R. Define the “norm” |g|A as the infimum of the numbers

∑k
i=1 |ti| over all such

representations of g, and the adapted metric dA on G by dA(g, h) = |g−1h|A. The
set of metrics on G of the form dA is known to coincide with a set definable in terms
of “Carnot-Carathéodory-Finsler metrics” on G [Nosk].

(3) A compact generating set of G defines a word metric on G, that is geodesically
adapted. Let us evoke three kinds of such generating sets, still for G connected.

(a) Every compact neighbourhood of 1 in G is generating, as already observed in
Proposition 2.C.3

(b) Let P be a maximal subgroup of G; suppose that P is closed and connected,
let T be a compact neighbourhood of 1 in P , and let g ∈ G, g /∈ P ; then
T ∪{g} is a compact generating set of G. Example: P is a maximal parabolic
subgroup in a semisimple group G.

(c) Let K be a maximal proper subgroup of G, suppose that K is compact, and
let g ∈ G, g /∈ K; then K ∪ {g} is a compact generating set of G. Example:
K = SO(n) in G = SLn(R), see [Brau–65]. (A variation on this last example
appears in Example 5.A.11.)
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(4) Every continuous isometric action of G on a connected Riemannian manifold
M with compact isotropy groups gives rise to geodesically adapted pseudo-metric
on G, as in Theorem 4.C.5.

Example 4.C.10. We continue in the spirit of the previous example, but now for
the group G of K-points of a reductive algebraic group defined over some local field
K. Here are three kinds of metrics on G:

(a) A word metric dword with respect to some compact generating set S of G.
(b) A pseudo-metric d defined by dgeom(g, h) = dX(gx0, hxo), associated to the

action of G on the corresponding Bruhat-Tits building X , where dX is a G-
invariant metric on X for which every apartment of X is isometric to a Eu-
clidean space, and x0 is some base point in X ; compare with Example 2.B.9(2).

(c) A left-invariant pseudo-metric dop defined by

dop(1, g) = sup{| log ‖g‖|, | log ‖g−1‖|},
where G is identified with a subgroup of GLn(K) by some faithful linear rep-
resentation defined over K, and ‖ · ‖ denotes the operator norm of operators
in Kn; compare with Example 2.B.9(3).

It is a part of the main result in [Abel–04] that the three metrics dword, dgeom and
dop are quasi-isometric on G.

Proposition 4.C.11 (σ-compactness and compact generation of cocompact closed
subgroups). Let G be an LC-group and H a cocompact closed subgroup.

(1) Assume that G is σ-compact, or equivalently that H is so (Proposition 2.C.8).
Let d be an adapted pseudo-metric on G (Proposition 4.A.2).
Then, with respect to d, the inclusion of H in G is a metric coarse equivalence.

(2) G is compactly generated if and only if H is so.
(3) Assume that the conditions of (2) hold. Let d be a geodesically adapted pseudo-

metric on G (Proposition 4.B.4).
Then the inclusion of H in G is a quasi isometry.

Note. Claim (2) is contained in Proposition 2.C.8, and also in [BInt7-8, chap. VII,
§ 3, no 2, lemme 3]. Below, we provide another proof.

In the literature, there are many other occurrences of various parts of the propo-
sition; for (2) and (3), see for example [MoSW–02, Lemma 5].

Proof. (1) Since the inclusion ofH in G is a continuous homomorphism, the inclusion
j : (H, d) −֒→ (G, d) is a coarse embedding, by Proposition 4.A.5. Since G/H is
compact, it is essentially surjective.

(2) Suppose first that G is compactly generated, and let d be a geodesically
adapted metric on it. The action by left multiplications of H on G is geometric,
and H is compactly generated by Theorem 4.C.5(1). Suppose now that H has a
compact generating set T . Let U be a compact subset of G such that G = UH
(Lemma 2.C.9). Then T ∪ U is a compact generating set of G.

There is another proof in [MaSw–59].
(3) Since d is geodesically adapted, the metric coarse equivalence H −→ G is a

quasi-isometry by Proposition 3.B.9.
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Similarly:

Proposition 4.C.12 (σ-compactness and compact generation of quotients by com-
pact normal subgroups). Let G be an LC-group, K a compact normal subgroup,
Q = G/K the quotient group, and π : G −→ Q the canonical projection. Assume
that G is σ-compact, or equivalently that Q is so.

(1) Let dG, dQ be adapted pseudo-metrics on G,Q respectively.
Then π : (G, dG) −→ (Q, dQ) is a metric coarse equivalence.

(2) G is compactly generated if and only if Q is so.
(3) Assume that the conditions of (2) hold.

Let dG, dQ be geodesically adapted pseudo-metrics on G,Q respectively.
Then π : (G, dG) −→ (Q, dQ) is a quasi isometry.

Remark 4.C.13. A homomorphism between LC-groups is a copci if it is con-
tinuous proper with cocompact image. Consider two compactly generated
LC-groups G and H . A copci ϕ : G −→ H factors as the composition of a
quotient map with compact kernel G −→ G/ ker(ϕ) and an injective homomor-
phism G/ ker(ϕ) −→ H that is a topological isomorphism onto a cocompact closed
subgroup. If follows from Propositions 4.C.11 and 4.C.12 that a copci is a quasi-
isometry.

Two LC-groupsG andH are commable if there exist an integer k and a sequence
of copci homomorphisms

G = G0 G1 G2 . . . Gk = H

where each sign stands for either −→ or ←−.
If two compactly generated LC-groups are commable, they are quasi-isometric.

The converse does not hold: if Γ1,Γ2 are two cocompact lattices in SL2(C) that are
not commensurable, then the free products Γ1∗Z and Γ2∗Z are quasi-isometric
and are not commable (this is due to Mathieu Carette and Romain Tessera, see
[Corn, Section 5.B]).

For copci homomorphisms and commable groups, see [Corn–15].

4.D Local ellipticity

Definition 4.D.1. An LC-group G is locally elliptic if every compact subset of
G is contained in a compact open subgroup.

Remark 4.D.2. “Locally elliptic” here was called “topologically locally finite” in
[Plat–66] and [Capr–09], and “k-k group” in [Abel–74].

A discrete group is locally elliptic if and only if it is locally finite (as defined in
Remark 2.E.17).

An LC-group that is both locally elliptic and compactly generated is compact.

Proposition 4.D.3. For an LC-group G, the following four properties are equiva-
lent:
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(i) every finite subset of G is contained in a compact subgroup;
(ii) every compact subset of G is contained in a compact subgroup;
(iii) G is locally elliptic;
(iv) G0 is compact and G/G0 is locally elliptic.

Proof. For the equivalence of (i) and (ii), we refer to [Capr–09, Lemma 2.3].
Assume that G has Property (ii). Let L be a compact subset of G. Choose a

compact neighbourhood B of 1 in G. By hypothesis, L ∪ B is contained in some
compact subgroup K of G. Since B ⊂ K, the subgroup K is also open. Thus G has
Property (iii).

[In case G is totally disconnected, the equivalence between (ii) and (iii) follows
also from Corollary 2.E.7(2).]

Implication (iv) ⇒ (iii) is straightforward. Conversely, if (iii) holds, then clearly
G/G0 andG0 are elliptic; since G0 is also compactly generated (Proposition 2.C.3(2)),
it has to be compact.

Proposition 4.D.4. Let G be a σ-compact LC-group, and let d be an adapted
pseudo-metric on G. The following properties are equivalent:

(i) G is locally elliptic,
(ii) (G, d) has asymptotic dimension 0.

Proof. (i) =⇒ (ii) Choose r > 0. Since d is proper, the ball B1
G(r) with respect

to d is compact. Assume that G is locally elliptic, so that B1
G(r) is contained in

a compact open subgroup K of G. On the one hand, for the partition of G into
left-cosets of the form gK, we have diam(gK) = diam(K) for every g ∈ G. On
the other hand, for g, g′ ∈ G, the inequality d(gK, g′K) ≤ r implies gK = g′K;
equivalently, if gK 6= g′K, then d(gK, g′K) > r. Hence asdim(G, d) = 0.

(ii) =⇒ (i) Assume that (G, d) has asymptotic dimension 0. Choose a compact
subset S of G; we have to show that S is contained in a compact open subgroup of
G. Upon enlarging it, we can assume that S is a compact symmetric neighbourhood
of 1 in G. Let r > 0 be such that S ⊂ B1

G(r). By hypothesis, there exists a partition
G =

⊔
i∈I Xi such that supi∈I diam(Xi) <∞ and d(Xi, Xj) ≥ 2r for i, j ∈ I, i 6= j.

Let g ∈ Xi, g
′ ∈ Xj and s ∈ S such that gs = g′. Then d(g, g′) = d(1, g−1g′) =

d(1, s) ≤ r, and therefore i = j. It follows that, for all i ∈ I, we have XiS ⊂ Xi,
and by iteration XiS

n ⊂ Xi for all n ≥ 0. Since S is a symmetric neighbourhood of
1, the set K :=

⋃
n≥0 S

n is an open subgroup of G, containing S, and XiK ⊂ Ki for
all i ∈ I. Let i0 be the index in I such that 1 ∈ Xi0, and let R denote the diameter
of Xi0 ; then K ⊂ Xi0 ⊂ B1

G(R), so that K is a bounded subgroup. Since K is closed
(being an open subgroup), K is compact. Hence G is locally elliptic.

Corollary 4.D.5. Among σ-compact LC-groups, local ellipticity is invariant by met-
ric coarse equivalence.

Proof. See Example 3.B.20 and Proposition 4.D.4.

Proposition 4.D.6. Let G be an LC-group, L a closed subgroup, and N a normal
closed subgroup; set Q = G/N .
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(1) If G is locally elliptic, so are L and Q.
(2) If N and Q are locally elliptic, so is G.

Proof. (1) From the definition, the claim for L is clear. Because of Lemma 2.C.9, so
is the claim for Q.

(2) Let C be a compact subset of G. It suffices to show that C is contained in a
locally elliptic open subgroup of G.

Let U be a compact neighbourhood of 1 in G. Let H denote the subgroup of
G generated by C ∪ U ; observe that H is open and σ-compact. Let π : G −։ Q
denote the canonical projection. Since Q is locally elliptic, there exists a compact
open subgroup R of Q containing π(C ∪ U). Observe that N ∩H is a normal and
closed subgroup of H , and that H/(N ∩H) is isomorphic to an open subgroup of Q
contained in R, hence that H/(N ∩H) is compact. Since H is compactly generated,
the inclusion of N ∩ H in H is a metric coarse equivalence (Proposition 4.C.11).
Since N ∩H is locally elliptic by (1), H is locally elliptic by Propositions 3.B.19 and
4.D.4.

Example 4.D.7. (1) Finite groups and compact groups are clearly locally elliptic.

(2) Every locally finite discrete groups is locally elliptic. Similarly, an LC-group
that is an increasing union of compact open subgroups is locally elliptic.

In particular, for a prime p and a positive integer n, the additive group Qn
p is

locally elliptic. See Example 5.A.2.

(3) An LC-group containing Z as a discrete subgroup is not locally elliptic. In
particular, for a prime p and an integer n ≥ 2, the groups Q×

p and SLn(Qp) are not
locally elliptic.

(4) Let A be a countable abelian group. Choose a compatible metric d on A.
Then asdim(A, d) = 0 if and only if A is locally elliptic, if and only if A is a torsion
group (Proposition 4.D.4).

(5) Let K be a non-discrete locally compact field and n ≥ 2 an integer. Let
Unipn(K) denote the subgroup of GLn(K) of matrices (ui,j)1≤i,j≤n with ui,i = 1 and
ui,j = 0 whenever i > j; it is an LC-group homeomorphic to Kn(n−1)/2.

If K is R or C, then Unipn(K) contains discrete infinite cyclic subgroups, and
therefore is not locally elliptic by (3).

If K is a local field, then Unipn(K) is locally elliptic. Indeed, consider an absolute
value | · | on K (see Remark 4.D.9) and, for every α > 0, the subset Uα of matrices
(ui,j)1≤i,j≤n in Unipn(K) such that |ui,j| ≤ αj−i for all i, j with j > i. Then Uα

is a compact open subgroup of Unipn(K), and Unipn(K) =
⋃

α∈R×

+
Uα. The local

ellipticity of Unipn(K) follows.

(6) As a consequence of Proposition 4.D.3, a connected LC-group is locally elliptic
if and only if it is compact.

(7) An LC-group G possesses a unique maximal locally elliptic closed normal
subgroup, called the locally elliptic radical of G. This was introduced by
[Plat–66], who called it the locally finite radical; see also [Capr–09]; we avoid here
(as in [CCMT–15] and several subsequent articles) this confusing terminology.
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The quotient of G by its locally elliptic radical is an LC-group without non-trivial
locally elliptic closed normal subgroup.

(8) Note that a locally elliptic LC-group is amenable (by Følner’s Criterion
[Foln–55]) and unimodular (as a union of open subgroups which are compact, and
therefore unimodular).

Proposition 4.D.8. For a σ-compact LC-group G with adapted metric dG, the
following conditions are equivalent:

(i) the group G is locally elliptic;
(ii) there exists a non-empty ultrametric space (X, d) on which G acts continuously,

properly, and isometrically.
(iii) the pseudo-metric space (G, dG) is coarsely equivalent to an ultrametric space;
(iv) the pseudo-metric space (G, dG) is coarsely ultrametric.

Proof. (i) ⇒ (ii). Let K0 ⊂ · · · ⊂ Kn ⊂ Kn+1 ⊂ · · · be a nested sequence of
compact subspaces of G such that int(K0) 6= ∅, and Kn ⊂ int(Kn+1) for all n ≥ 0,
and G =

⋃
n≥0Kn; see Remark 2.A.2(2). For n ≥ 0, let Gn denote the subgroup of

G generated by Kn; observe that Gn is an open subgroup of G. (Note that, here,
G0 is not meant to be the connected component of G.)

Assume now that G is locally elliptic, so that Gn is a compact open subgroup of
G for all n ≥ 0. Define d′ : G × G −→ R+ by d′(g, h) = inf{n ≥ 0 | g−1h ∈ Gn};
then d′ is a left-invariant pseudo-ultrametric on G. Set X = G/G0 = G/ ∼, where
“g ∼ h” for g, h ∈ G means “d′(g, h) = 0”, and let d be the natural ultrametric
induced by d′ on X . Then the natural action of G on (X, d) is continuous, proper,
and isometric.

(ii) ⇒ (i). Assume now that G acts on an ultrametric space (X, d), as in (ii); let
x0 ∈ X . For n ≥ 1, set

Hn = {g ∈ G | d(x0, g(x0)) < n}.

Then Hn is open because the action is continuous, Hn is a subgroup because d is an
ultrametric, and Hn is compact because the action is proper. Hence G =

⋃
n≥1Hn

is locally elliptic.

Implication (ii) ⇒ (iii) follows from Theorem 4.C.5, and (iii) ⇔ (iv) holds by
Proposition 3.B.16.

(iii) ⇒ (ii). Let dG be an adapted metric on G and (X, dX) an ultrametric
space such that there exists a coarse equivalence f : G −→ X . Let Gdisc denote
the set G furnished with the discrete ultrametric, defined by ddisc(g, h) = 1 when-
ever g 6= h. Upon replacing (X, dX) by (X × Gdisc, d

+
X), with d+X((x, g), (y, h)) =

max{dX(x, y), ddisc(g, h)}, we can assume that f is injective. Let Φ− and Φ+ be
lower and upper controls for f ; observe that

Φ−(dG(g, h)) ≤ dX(f(g), f(h)) ≤ sup
k∈G

dX(f(kg), f(kh))

≤ sup
k∈G

Φ+(dG(kg, kh)) = Φ+(dG(g, g′)) ∀ g, h ∈ G.
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Define
d′G(g, h) = sup

k∈G
dX(f(kg), f(kh)) ∀ g, h ∈ G;

then d′G is obviously a left-invariant pseudo-metric, and satisfies the ultrametric
inequality; moreover it is an ultrametric on G because f is injective.

The identity map (G, dG) −→ (G, d′G) is a coarse equivalence. It follows that the
natural action of G on (G, d′G) has the desired properties.

Our next goal is Theorem 4.D.15. Before this, we recall some background and
definitions.

Remark 4.D.9 (absolute values on local fields). An absolute value, or valuation,
on a field K, is a function| · |K : K −→ R such that there exists a constant C > 0
such that

(1) |x|K ≥ 0 for all x ∈ K, and |x|K = 0 if and only if x = 0,
(2) |xy|K = |x|K |y|K for all x, y ∈ K,
(3) if |x|K ≤ 1, then |1 + x|K ≤ C.

We often use “absolute value” (as in [Neuk–99]), where Cassels uses “valuation”
[Cass–86]. If K is given with an absolute value, we consider on K the topology for
which the sets {x ∈ K | |x|K < ε}, with ε > 0, constitute a basis of neighbourhoods
of 0; it is a field topology.

Two absolute values | · |1, | · |2 on a same field K are equivalent if there exists
γ ∈ R+, 0 < γ < 1, such that |x|2 = (|x|1)γ for all x ∈ K. Two absolute values on a
field K induce the same topology on K if and only if they are equivalent [Cass–86,
Chapter 2, Lemma 3.2].

Let K be a field, |·|K an absolute value on K with respect to which K is complete,
and L a finite extension of K. There exists a unique absolute value | · |L : L −→ R+

extending | · |K , and L is complete with respect to | · |L; see for example [Cass–86,
Chapter 7]. In this situation, we write | · | for both | · |K and | · |L

A local field K (see Example 2.E.3 for the definition) has a canonical absolute
value, defined as follows. For a prime p, the canonical absolute value on Qp is given
by |pma/b|p = p−m for a, b ∈ Z coprime to p, b 6= 0, m ∈ Z; and |0|p = 0. If L is a
local field of characteristic zero, then L is a finite extension of Qp for an appropriate
prime p; by the result recalled above, there is a unique absolute value on L extending
the absolute value | · |p on Qp.

If L is of finite characteristic, say char(L) = p, then L is isomorphic to the field
Fq((t)) of formal Laurent series with coefficients in the finite field Fq, where q is
a power of p. The standard absolute value of

∑∞
n=N fnt

n ∈ Fq((t)) is q−N , where
N ∈ Z, fn ∈ Fq for all n ≥ N , and fN 6= 0.

Definition 4.D.10. The spectral radius of a matrix A ∈ Mn(L), for some integer
n ≥ 1 and non-discrete LC-field L, is the maximum ρ(A) of the absolute values |λ|,
where λ describes the eigenvalues of A (in appropriate finite extensions of L).

Remark 4.D.11. Consider a matrix A ∈ Mn(L), as in the previous definition. The
eigenvalues λ of A are elements in appropriate finite extensions of L. Below, we



122 CHAPTER 4. GROUPS AS PSEUDO-METRIC SPACES

write |λ| with respect to the canonical absolute value on L. It follows from Remark
4.D.9 that each of the (in)equalities |λ| = 0, |λ| < 1, |λ| = 1, |λ| > 1, holds for every
absolute value on L if and only if it holds for the canonical absolute value on L.

The remark carries over to (in)equalities ρ(A) = 0, ρ(A) < 1, ρ(A) = 1, ρ(A) > 1,
for the spectral radius of A.

The following lemma is standard [BAlg4-7, Page VII.3].

Lemma 4.D.12. For an integer n ≥ 1 and a field K, a matrix A ∈ Mn(K) is
nilpotent, i.e., Ak = 0 for k large enough, if and only if 0 is the only eigenvalue of
A (in any extension of K).

Thus, in the particular case of a local field L, a matrix A ∈ Mn(L) is nilpotent
if and only if its spectral radius is 0.

Definition 4.D.13. Let V be a finite-dimensional vector space over a non-discrete
LC-field L. A linear automorphism g ∈ GL(V ) is distal if every eigenvalue λ of g
has absolute value |λ| = 1, equivalently if g has spectral radius 1.

A subgroup G of GL(V ) is distal if g is distal for all g ∈ G. (Compare with
Example 3.A.14(9).)

Let G be a subgroup of GL(V ) with V ≃ Rn. Then G is distal if and only if
every orbit closure in V is a minimal G-space [Abel–78].

Definition 4.D.14. Consider an integer n ≥ 1 and a non-discrete LC-field L. A
subgroup G of GLn(L) is block-trigonalizable over L with relatively compact
diagonal if there exist integers k ≥ 1 and n1, . . . , nk ≥ 1 with n1 + · · · + nk = n,
and γ ∈ GLn(L), and a corresponding block-decomposition of matrices in GLn(L),
such that

γGγ−1 ⊂ T :=




C1 Mn1,n2
(L) · · · Mn1,nk

(L)
0 C2 · · · Mn2,nk

(L)
...

...
. . .

...
0 0 · · · Ck




with C1, . . . , Ck compact subgroups of GLn1
(L), . . . ,GLnk

(L), respectively. Here, for
n1, n2 ≥ 1, we denote by Mn1,n2

(L) the set of n1-by-n2 matrices over L.

Theorem 4.D.15. Let L be a non-discrete LC-field, n a positive integer, and G a
closed subgroup of GLn(L). The following properties of G are equivalent:

(i) G is distal;
(ii) G is block-trigonalizable over L with relatively compact diagonal.

Properties (i) and (ii) are implied by the following Property (iii). If moreover L is
a local field, Properties (i), (ii), and (iii) are equivalent.

(iii) G is locally elliptic.

Proof. (ii) ⇒ (i) This boils down to assuming that G is compact, which clearly
implies that it is distal.

(iii) ⇒ (i) Suppose that Property (i) does not hold; hence there exist g ∈ G and
an eigenvalue λ of g (in an appropriate extension of L) such that |λ| > 1. Since the
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image of the homomorphism Z −→ G, j 7−→ gj is an infinite discrete subgroup of
G, Property (iii) does not hold.

(ii) ⇒ (iii) Assume that Property (ii) holds, and that L is a local field. If k = 1,
then G is closed in C1. In particular, G is compact, and therefore locally elliptic.
Assume now that k ≥ 2.

With the same notation as just before the proposition, consider the closed sub-
group

U =




1n1
Mn1,n2

(L) · · · Mn1,nk
(L)

0 1n2
· · · Mn2,nk

(L)
...

...
. . .

...
0 0 · · · 1nk




of GLn(L) and the natural short exact sequence

U −֒→ T −։
k∏

i=1

Ci .

Since L is non-Archimedean, the unipotent group U is locally elliptic (Example
4.D.7(5)). The quotient group

∏k
i=1Ci is compact, and therefore locally elliptic. By

Proposition 4.D.6, T is locally elliptic. Being isomorphic to a closed subgroup of T ,
the group G is locally elliptic as well.

For (i) ⇒ (ii), we could quote [CoGu–74], but this paper has a gap in case of a
field of finite characteristic. We rather use a result of Levitzki, recalled below for
the reader’s convenience.

It is enough to show that, if G is both distal and irreducible, with n ≥ 1, then
G is compact.

Let us show first that G is bounded. Let W be the set of limits of convergent
sequences of the form r−1

i gi where gi ∈ G, ri ∈ L, and limi→∞ |ri|L = ∞. Then
W is a subsemigroup: indeed (with self-explained notation) if r−1

i gi tends to w and
r′−1

i g′i tends to w′, then (rir
′
i)
−1gig

′
i tends to ww′, by continuity of the multiplication

Mn(L)×Mn(L) −→ Mn(L). Also, it is stable by both left and right multiplication
by every g ∈ G: indeed r−1

i ggi tends to gw and r−1
i gig tends to wg. All this holds for

an arbitrary group G. Now, because G is distal, the spectral radius of r−1
i gi tends

to 0, so W consists of nilpotent elements.
Set V =

⋂
w∈W ker(w). By Levitzki’s theorem, V 6= {0}. Since Wg = W for

all g ∈ G, it follows that V is G-stable. By irreducibility, it follows that V = Ln,
whence W = {0}. Since L is locally compact, this implies that G is bounded.

Now we know that G is bounded. Let H be its closure in Md(L), so H is
compact. Then H ⊂ GLd(L): indeed otherwise some sequence (gi) in G tends to
h ∈ H not invertible, which implies that the spectral radius of g−1

i tends to infinity
and contradicts that G is bounded. Thus G is compact.

We have used the following purely algebraic fact:

Theorem 4.D.16 (Levitzki). Let K be any field, d ≥ 1 an integer, and S ⊂ Md(K)
a multiplicative subsemigroup of nilpotent matrices.

Then there exists a vector v ∈ Kd, v 6= 0, such that sv = 0 for all s ∈ S.
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On the proof. The original article is [Levi–31].
There is a convenient proof in [RaRo–00, Theorem 2.1.7]. There, the theorem

is formulated for K algebraically closed. But the general case follows; indeed, let

K denote the algebraic closure of K. The existence of v ∈ Kd
is equivalent to the

solvability of a system of linear equations; since this system has coefficients in K, it

has a non-zero solution in Kd if and only if it has one in K
d
.

Note that, by a straightforward iteration, Levitzki’s theorem implies that a nilpo-
tent multiplicative subsemigroup of Md(K) is trigonalizable.

4.E Capped subgroups

In this section, we point out that compact generation can be used to define in an
LC-group subsets that are of a restricted size, in the following sense:

Definition 4.E.1. A subset K of an LC-group G is capped2 if it is contained in a
compactly generated closed subgroup, and uncapped otherwise. Proposition 4.E.4
shows that an equivalent definition is obtained if “closed” is replaced by “open”.

In particular, when G is a discrete group, a subset of G is capped if it is contained
in a finitely generated subgroup.

Remark 4.E.2. Let G be an LC-group.

(1) G is capped in itself if and only if G is compactly generated. If this holds,
then every subset of G is capped.

(2) If G is locally elliptic, its capped subsets are exactly its relatively compact
subsets.

(3) In G, capped subsets have a σ-compact closure. In particular, in a discrete
group, capped subsets are countable.

(4) If d is a left-invariant locally bounded ultrametric pseudo-metric, then capped
subsets of G are bounded.

The following proposition yields a converse to Remark 4.E.2(4)

Proposition 4.E.3. Let G be a σ-compact LC-group. There exists on G a left-
invariant continuous ultrametric pseudo-metric d such that the bounded subsets of
(G, d) are exactly the capped subsets of G.

Proof. Let (Sn)n≥0 be a sequence of compact neighbourhoods of 1 in G such that
Sn ⊂ Sn+1 for all n ≥ 0 and G =

⋃
n≥0 Sn. For each n ≥ 0, let Hn be the subgroup

of G generated by Sn; note that Hn is a compactly generated open subgroup of G.
Define a function ℓ : G −→ N by ℓ(g) = min{n ∈ N | g ∈ Hn} for g ∈ G;

observe that ℓ(g−1g′) ≤ n for all n ≥ 1 and g, g′ ∈ Sn. Then d : (g, g′) 7−→ ℓ(g−1g′)
is a left-invariant ultrametric pseudo-metric on G. Moreover, by the argument of
Remark 3.B.13(3), d is continuous, indeed locally constant, on G. Observe that

(4.1) Hn = {g ∈ G | d(1, g) ≤ n} for every integer n ≥ 0.

2In French: “plafonné”.
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Let K be a subset of G. If the d-diameter of K is finite, there exists n ≥ 0 such
that supk∈K d(1, k) ≤ n, and therefore K ⊂ Hn, hence K is capped. Conversely, if
K is capped, there exists a compact subset S of G generating a closed subgroup H
of G containing K; then there exists n ≥ 0 such that S ⊂ Sn, hence K ⊂ H ⊂ Hn,
and the diameter supk,k′∈K d(k, k′) of K is at most n.

Proposition 4.E.4. Consider an LC-group G, a subset K of G, and the following
conditions:

(i) K is capped;
(ii) K is contained in a compactly generated open subgroup;
(iii) for every left-invariant locally bounded ultrametric pseudo-metric d on G, the

d-diameter of K is finite;
(iv) as in (iii), with “continuous” instead of “locally bounded”.

Then we have the implications (ii) ⇐⇒ (i) =⇒ (iii) ⇐⇒ (iv).
If G is moreover σ-compact, all four conditions are equivalent.

Proof. Let T be a compact neighbourhood of 1 in G. Every closed subgroup H of
G generated by a compact set S is contained in the open subgroup of G generated
by the compact set S ∪ T . The equivalence of (i) and (ii) follows.

Consider a pseudo-metric d on an arbitrary topological group L. If d is locally
bounded, every compact subset of L has a finite d-diameter (Remark 2.A.8(5)). If
d is moreover left-invariant and ultrametric, every compactly generated subgroup of
L has a finite d-diameter. Hence (i) implies (iii).

Since continuous pseudo-metrics are locally bounded (Remark 2.A.8(4)), (iii)
implies (iv).

Let d be a left-invariant locally bounded ultrametric pseudo-metric on G, as in
(iii). Let S be a neighbourhood of 1 in G such that the diameter sups∈S d(1, g) is
bounded, say is strictly smaller than some constant D. Then d′ := ⌊D−1d⌋ is a left-
invariant continuous ultrametric pseudo-metric on G (Remark 3.B.13(3)). Suppose
that (iv) holds; then the d′-diameter of K is finite, and it follows that the d-diameter
of K is finite. Hence (iii) holds.

Assume now that G is σ-compact. It suffices to show that the negation of (i)
implies the negation of (iv), and this follows from Proposition 4.E.3.

The property for a group to have every countable subset capped is related to the
following property; the relation is the object of Proposition 4.E.9.

Definition 4.E.5. A topological group has uncountable cofinality if it cannot
be written as the union of an infinite countable strictly increasing sequence of open
subgroups, and of countable cofinality otherwise.

Proposition 4.E.6. For a topological group G, the following two conditions are
equivalent:

(i) G has uncountable cofinality;
(ii) every continuous isometric action of G on an ultrametric space has bounded

orbits.
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Proof. (ii) ⇒ (i) We show the contraposition, and we assume that G has countable
cofinality, i.e., that there exists an infinite countable strictly increasing sequence of
open subgroups H0 $ · · · $ Hn $ Hn+1 $ · · · such that

⋃
n≥0Hn = G. Define

a function ℓ : G −→ N by ℓ(g) = min{n ∈ N | g ∈ Hn} for g ∈ G. Then
d : (g, g′) 7−→ ℓ(g−1g′) is a left-invariant ultrametric pseudo-metric on G. (Compare
with the proof of Proposition 4.E.3.) Observe that d(g, g′) = d(gh, g′h′) for all
g, g′ ∈ G and h, h′ ∈ H0.

On the quotient space G/H0, we define an ultrametric d by

d(gH0, g
′H0) = d(g, g′).

By the observation above, this does not depend on the choices of g and g′ in their
classes modulo H0. Because of the hypothesis on the sequence (Hn)n≥0, the diameter
of the ultrametric space (G/H0, d) is infinite. The natural action of G on G/H0 is
continuous, isometric, transitive, and its unique G-orbit is unbounded with respect
to d.

(i) ⇒ (ii) Consider a continuous action of an LC-group G on an ultrametric
space (X, d), and a point x0 ∈ X . For every integer n ≥ 0, define Hn = {g ∈ G |
d(gx0, x0) < n + 1}; it is an open subgroup of G. Moreover G =

⋃
n≥0Hn. If G

has uncountable cofinality, then G = Hn for some n ≥ 0, and it follows that every
G-orbit in X is bounded.

Remark 4.E.7. (1) A σ-compact LC-group has uncountable cofinality if and only
if it is compactly generated. Thus, uncountable cofinality is really of interest only
for non-σ-compact groups.

(2) Uncountable discrete groups with uncountable cofinality can be found in
[KoTi–74]: if F is a non-trivial finite perfect group and I an infinite set, the un-
countable product F I , endowed with the discrete toplogy, has uncountable cofinality.

(3) If a topological group has uncountable cofinality, the same holds for all its
quotient groups.

(4) A locally compact abelian group A has uncountable cofinality if and only if it
is compactly generated, as a consequence of (3) and of Proposition 4.E.8(2) below.

(5) Let G be a group and T , T ′ two group topologies on G such that the identity
(G, T ′) −→ (G, T ) is continuous. If (G, T ′) has uncountable cofinality, so has (G, T ).

In particular, if G has uncountable cofinality as a discrete group, then G has
uncountable cofinality for every group topology.

In (4) above, we have used:

Proposition 4.E.8. Let E be an LC-group; assume that E is not σ-compact. Then:

(1) E has a σ-compact, open subgroup that is not compactly generated.
(2) If E is abelian, then E has a σ-compact quotient group that is not compactly

generated.

Proof. (1) is proved by an immediate induction: we define a strictly increasing
sequence of open subgroups (En)n≥0, where E0 is generated by an arbitrary compact
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subset of non-empty interior, and En+1 is generated by En and an arbitrary element
of E rEn (this is possible because, since En is compactly generated, it is not equal
to E). Then the open subgroup H =

⋃
n≥0En is not compactly generated and is

σ-compact.

Let us now prove (2). First, we can assume, modding out if necessary by some
compactly generated open subgroup, that E is discrete and uncountable. For every
abelian group E, there exist a divisible abelian group D and an injective morphism
ϕ : E −֒→ D [Rotm–95, Theorem 10.30].

The divisible abelian group D decomposes as a direct sum
⊕

i∈I Di of directly
indecomposable (divisible) subgroups, and all Di are countable: see for example
[Rotm–95, Theorems 10.1, 10.36, and 10.28].

Now let C be a countable, infinitely generated subgroup H of E (as provided by
(1)). There exists a countable subset J of I such that ϕ(C) ⊂⊕

j∈J Dj. Let π be
the projection of D onto the countable group M =

⊕
j∈J Dj , and ψ = π ◦ ϕ. Then

ψ : E −→M is injective on C. So ψ(E) is a countable, infinitely generated quotient
of E.

Proposition 4.E.9. Let G be an LC-group in which every countable subset is capped.
Then G has uncountable cofinality.

Proof. Suppose by contradiction that G is the union of a strictly increasing infinite
countable sequence of open subgroups H0 $ · · · $ Hn $ Hn+1 $ · · · . Choose for
each n ≥ 1 an element kn ∈ Hn, kn /∈ Hn−1. Then the set K = {kn}∞n=1 is contained
in a subgroup of G generated by some finite set S; since S ⊂ Hm for some m ≥ 1,
we have K ⊂ Hm, and this is preposterous.

Proposition 4.E.6 characterizes uncountable cofinality in terms of isometric ac-
tions on ultrametric spaces. Let us now consider isometric actions on arbitrary
metric spaces.

Definition 4.E.10. A topological group G is strongly bounded if every continu-
ous isometric action of G on any metric space has bounded orbits.

Remark 4.E.11. (1) The idea of strong boundedness appears in [Berg–06].

(2) A strongly bounded group has uncountable cofinality, by Proposition 4.E.6.

(3) A σ-compact LC-group G is strongly bounded if and only if it is compact.

Indeed, choose a compact normal subgroup K of G (Theorem 2.B.6, Kakutani-
Kodaira) and a left-invariant proper compatible metric d on G/K (Theorem 2.B.4,
Struble). The natural action of G on (G/K, d) is continuous, isometric, and transi-
tive. If G is strongly bounded, then (G/K, d) has finite diameter, hence is compact;
it follows that G itself is compact. The converse implication is straightforward.

(4) Let G be a group and T , T ′ two group topologies on G such that the identity
(G, T ′) −→ (G, T ) is continuous. If (G, T ′) is strongly bounded, so is (G, T ).

In particular, if G is strongly bounded as a discrete group, then G is strongly
bounded for every group topology.
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Definition 4.E.12. Let u = (un)n≥0 be a sequence of positive real numbers. An
LC-group G is uniformly u-capped if, for every sequence (gn)n≥0 of elements of
G, there exists a compact subset S of G such that gn ∈ 〈S〉 and ℓS(gn) ≤ un for all
n ≥ 0; here 〈S〉 denotes the subgroup of G generated by S, and ℓS the word length
with respect to S, see Definition 4.B.2.

If G is uniformly u-capped for some sequence u, the LC-group G is strongly
distorted.

Proposition 4.E.13. Let G be an LC-group. Suppose that G is strongly distorted.
Then G is strongly bounded.

Proof. Assume by contradiction that G acts continuously and isometrically on a
metric space X with an unbounded orbit. Fix a sequence (vn)n≥0 of positive real
numbers with vn ≫ un (e.g. vn = 2n+un). Then we can find x ∈ X and a sequence
(gn)n≥0 in G such that d(x, gnx) ≥ vn. If S is as in Definition 4.E.12 and r =
supg∈S d(x, gx), then d(x, gnx) ≤ run for all n ≥ 0. Thus vn ≤ run for all n ≥ 0, a
contradiction.

Proposition 4.E.14. For a topological group G, the following three conditions are
equivalent:

(i) G is strongly bounded;
(ii) every left-invariant continuous pseudo-metric on G is bounded;
(iii) every left-invariant locally bounded pseudo-metric on G is bounded.

If moreover G is metrizable, then these condition are also equivalent to:

(iv) every left-invariant locally bounded metric on G is bounded.

Proof. (i) ⇒ (ii) Let d be a left-invariant continuous pseudo-metric on G. Denote
by K the closed subgroup {g ∈ G | d(1, g) = 0}, see Remark 4.A.3(4), and by d the
G-invariant continuous metric on G/K induced by d. The action of G on (G/K, d)
is continuous, isometric, and transitive. If (i) holds, then (G/K, d) is bounded. It
follows that the pseudo-metric d is bounded on G.

(ii) ⇒ (i) Let α be a continuous action of G on some metric space (X, dX).
Choose a point x0 ∈ X and define a continous pseudo-metric dG on G by dG(g, h) =
dX(gx0, hx0), for all g, h ∈ G. If (ii) holds, then dG is bounded, and the G-orbit Gx0
is bounded in X with respect to dX .

Since (iii) ⇒ (ii) is trivial, it remains to prove the converse. We proceed by
contraposition.

Assume that (iii) does not hold, and let d′ be an unbounded, locally bounded,
left-invariant pseudo-metric on G. Multiplying by a suitable positive scalar, we can
suppose that the 1-ball for d′ is a neighbourhood of 1 in G. For n ∈ N, define Kn

to be the 3n-ball of (G, d′) around 1; for n ∈ Z with n ≤ −1, define inductively
Kn to be a symmetric neighbourhood of 1 such that K3

n ⊂ Kn+1. Let d be the
resulting pseudo-metric defined in Lemma 2.B.5, whose assumptions are fulfilled.
Since all Kn are neighbourhoods of 1, Conclusion (2) of this lemma ensures that
d is continuous. Furthermore, (3) of this lemma yields that d is unbounded: more
precisely d(1, g) > 2n for all g /∈ Kn and all n ≥ 0, and (ii) does not hold.
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Suppose now that G is metrizable. There exists a left-invariant bounded compat-
ible metric δ on G; see Theorem 2.B.2 and Remark 2.A.8(1). Assume that (iv) holds.
Let d be a left-invariant locally bounded pseudo-metric on G. The left-invariant lo-
cally bounded metric d+ δ is bounded by hypothesis, hence d itself is bounded, and
(iii) holds. The converse implication (iii) ⇒ (iv) is trivial.

Example 4.E.15. In the full symmetric group of an infinite set X , every countable
subset is capped, indeed every countable subset is contained in a 2-generated sub-
group [Galv–95, Theorem 3.3]. It follows that Sym(X) has uncountable cofinality
as a discrete group, as originally shown by Macpherson and Neumann [MaNe–90].

Indeed, arguments from the proof of Theorem 3.1 in [Galv–95], show that Sym(X)
is uniformly u-capped, with un = 12n + 16. Hence, as a discrete group, Sym(X) is
strongly bounded.

If H is a separable infinite-dimensional complex Hilbert space, its unitary group
U(H) with the strong topology is strongly bounded [RiRo–07].

For strongly bounded groups, see [Berg–06], [CaFr–06], [Corn–06], and [Rose–09].

The property of uncountable cofinality appears in a characterization of the fol-
lowing property, due to Serre.

Definition 4.E.16. A topological group G has Property (FA) if every continuous
action of G on a tree has bounded orbits.

It is known that, for a group action on a tree, the existence of a bounded orbit
implies the existence of a fixed point in the 1-skeleton. This explains the acronym
FA, which stands for “Fixed point property for actions on Trees” (in French, tree is
Arbre). This property can be characterized as follows, as in [Serr–77, Section 6.1].
The setting of Serre is that of groups, but his arguments carry over to topological
groups. For amalgamated products, see Section 8.B below.

Theorem 4.E.17 (Serre). A topological group G has Property (FA) if and only if
it satisfies the following three conditions:

(1) G does not have any continuous surjective homomorphism onto Z;
(2) G does not decompose as an amalgamated product over any proper open sub-

group;
(3) G has uncountable cofinality.

Example 4.E.18. Groups with Property (FA) include finitely generated torsion
groups, triangle groups 〈s, t | sa = tb = (st)c = 1〉 where a, b, c are integers, at least
2, and SL3(Z) and its subgroups of finite index [Serr–77, Sections I.6.3 and I.6.6].
An LC-group with Kazhdan’s Property (T) has Property (FA); see, e.g., [BeHV–08,
Theorems 2.3.6 and 2.12.4].

Remark 4.E.19. Let G be a σ-compact LC-group. As already observed in Remark
4.E.7(1), G has uncountable cofinality if and only if G is compactly generated.
Hence, by Theorem 4.E.17, a σ-compact LC-group that is not compactly generated
does not have Property (FA). In particular, a countable infinite locally finite group
does not have Property (FA).
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4.F Amenable and geometrically amenable LC-

groups

Definition 4.F.1. An LC-group G with left-invariant Haar measure µ is amenable
if, for every compact subset Q of G and ε > 0, there exists a compact subset F of
G with µ(F ) > 0 such that

(4.2)
µ(QF )

µ(F )
≤ 1 + ε.

Remark 4.F.2. (1) An equivalent definition of amenability is obtained by replac-
ing in Definition 4.F.1 compact subsets Q by subsets {1, q}, for q ∈ Q; see e.g.
[EmGr–67]. Part of the theory of amenable LC-groups consists in showing the
equivalence of a large number of definitions; for some of these, see e.g. [BeHV–08,
Appendix G].

For the definition above, amenability can be viewed as an isoperimetric condition.
Indeed, when Q ∋ 1, the complement of F in QF is a “Q-boundary” of F , and
Condition (4.2) means that the measure µ(QF rF ) of this boundary is smaller than
ε times the measure µ(F ) of F . This kind of definition, going back for discrete groups
to Følner [Foln–55], is quite different (though equivalent) from earlier definitions due
to von Neumann and Tarski, in the late 20’s.

(2) For σ-compact LC-groups, amenability is not invariant by metric coarse
equivalence. For example, let B denote the upper triangular subgroup of GL2(R).
Then B is solvable, and therefore amenable, but GL2(R) is non-amenable; yet the
inclusion of B in GL2(R) is a quasi-isometry (with respect to geodesically adapted
metrics on the groups) because B is cocompact is GL2(R).

(3) Nevertheless, amenability is a coarsely invariant property among unimodu-
lar locally compact groups. We limit here the discussion to this invariance prop-
erty (Proposition 4.F.5 and Corollary 4.F.9), and refer to standard sources such as
[Gree–69] for general facts on amenability for LC-groups.

Definition 4.F.3. An LC-group G with left-invariant Haar measure µ is geomet-
rically amenable (or right-amenable) if, for every compact subset Q of G and
ε > 0, there exists a compact subset F of G with µ(F ) > 0 such that

µ(FQ)

µ(F )
≤ 1 + ε.

The terminology “right-amenable” emphasizes that Q multiplies F on the right
(compare with 4.F.1), even though the measure µ is left-invariant.

Lemma 4.F.4. Let G be an LC-group.

(1) If G is geometrically amenable, then G is unimodular.
(2) Assume that G is unimodular. Then G is amenable if and only if G is geo-

metrically amenable.
In particular, a discrete group is amenable if and only if it is geometrically
amenable.
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Proof. Let µ denote a left-invariant Haar measure on G, and ∆ the modular function
of G.

(1) We prove the contraposition. Suppose that G is not unimodular. There
exists q ∈ G such that ∆(q) > 1; set Q = {q}. For every compact subset F of G
with µ(F ) > 0, we have µ(FQ)/µ(F ) = µ(Fq)/µ(F ) = ∆(q) > 1. It follows that G
is not geometrically amenable.

(2) Since G is unimodular, µ(P−1) = µ(P ) for every compact subset P of G.
Suppose that G is amenable. Consider ε > 0 and a compact subset Q of G. Since
Q−1 is compact, there exists by hypothesis a compact subset of G, of the form F−1 for
some F ⊂ G, such that µ(Q−1F−1)/µ(F−1) ≤ 1+ε, i.e., µ(FQ)/µ(F ) ≤ 1+ε. Hence
G is geometrically amenable. The proof of the converse implication is similar.

Proposition 4.F.5. For an LC-group G to be geometrically amenable, it is neces-
sary and sufficient that G is both amenable and unimodular.

Proof. The proof of the sufficiency follows from (2) in Lemma 4.F.4. Then the proof
of necessity follows from (1) in the same lemma.

Remark 4.F.6. In Definitions 4.F.1 and 4.F.3, “F” stands for “Følner” [Foln–55].
In the proof of the next proposition, finite sets are denoted by E, rather than by F
as in several other places of this book.

Lemma 4.F.7. Let G be a σ-compact LC-group and d a measurable adapted pseudo-
metric on G. Let s > 0 be such that the ball B1

G(s) of centre 1 and radius s is a
neighbourhood of 1 in G. Let L be a c-metric lattice in (G, d), for some c > 2s.

Then, for any compact subset K of G, the intersection K ∩ L is finite.

Note. The condition c > 2s cannot be deleted; see Example 3.C.4(4). For measurable
adapted pseudo-metrics, see just before Example 3.D.28.

Proof. Let µ be a left-invariant Haar measure on G. Recall that, with respect to d,
all balls are relatively compact, and therefore of finite µ-measure.

Let R > 0 be such that (xB1
G(R))x∈L is a covering of G. Let k1, . . . , kn ∈ K be

such that (kjB
1
G(R))j=1,...,n is a covering of K. For x ∈ K ∩ L, the balls xB1

G(s) are

disjoint and contained in
⋃n

j=1 kjB
1
G(R + s). Hence

|K ∩ L|µ(B1
G(s)) ≤ nµ(B1

G(R + s)).

Since µ(B1
G(s)) > 0 by the choice of s, the conclusion follows.

Proposition 4.F.8. Let G be a σ-compact LC-group and d a measurable adapted
pseudo-metric on G.

Then G is geometrically amenable in the sense of Definition 4.F.3 if and only if
(G, d) is amenable in the sense of Definition 3.D.34.

Proof. Step one: on packing and covering. Consider for now an LC-group G, with
a left-invariant Haar measure µ. For subsets X, Y of G, let

◦ m−
X(Y ) ∈ N∪{∞} be the maximum number of pairwise disjoint left-translates

of X contained in Y ,
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◦ m+
X(Y ) ∈ N ∪ {∞} be the minimum number of left-translates of X covering

Y .

We agree that m−
X(Y ) = ∞ if the number of pairwise disjoint left-translates of X

contained in Y is not bounded, and m+
X(Y ) =∞ if Y cannot be covered by a finite

number of left-translates of X . If X and Y are measurable, observe that

(4.3) m−
X(Y )µ(X) ≤ µ(Y ) ≤ m+

X(Y )µ(X).

Step two: choice of C, L, and B. Assume now (as in the proposition) that G is
σ-compact, with a measurable adapted pseudo-metric d. Choose

(i) a ball C in G of centre 1 and radius s large enough for C to be a neighbourhood
of 1,

(ii) a c-metric lattice L in G for some c > 2s,
(iii) a ball B of centre 1 in G such that (xB)x∈L is a covering of G.

(Observe that C, L, and B are as in the proof of Proposition 3.D.29.)
Let E be a subset of L. Then

(4.4) m+
B(EB) ≤ |E| ≤ m−

C(EB).

Set D = (E(B3) r E) ∩ L. We claim that

E(B2) rEB ⊂ DB.

Indeed, let g ∈ G, written as g = xb with x ∈ L and b ∈ B. Assume that g ∈ E(B2),
i.e., that g = eb1b2 with e ∈ E and b1, b2 ∈ B; then x = eb1b2b

−1 ∈ E(B3). Assume
moreover that g /∈ EB; then x /∈ E. It follows that x ∈ D, and therefore that
g ∈ DB. This proves the claim. We have therefore

(4.5) m+
B

(
E(B2) r EB

)
≤ m+

B(DB) ≤ |D|

by (4.4).

Step three: if (G, d) is amenable, then G is geometrically amenable. Recall that
(G, d) is uniformly coarsely proper, by Proposition 3.D.29, so that amenability in
the sense of Definition 3.D.34 makes sense for (G, d).

Let Q be a compact subset of G and ε > 0; there is no loss of generality if we
assume that 1 ∈ Q. Upon increasing the radius of B, we can assume that Q ⊂ B.
To prove the implication, we will show that there exists a compact subset F of G
such that µ(FQr F ) ≤ εµ(F ).

Since L is amenable by hypothesis on (G, d), there exists a finite subset E of L
such that

(4.6) |{x ∈ L | d(x, e) ≤ 3 and x /∈ E}| ≤ εµ(C)µ(B)−1|E|

(see Definition 3.D.31). Observe that, for every k ≥ 1, we have E(Bk) ⊂ {g ∈ G |
d(g, E) ≤ k}; in particular, with D as in Step two, we have

(4.7) D :=
(
E(B3) rE

)
∩ L ⊂ {x ∈ L | d(x, E) ≤ 3 and x /∈ E}.
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Hence we have

µ(EBQrEB) ≤ µ (E(B2) rEB) because Q ⊂ B
≤ m+

B (E(B2) r EB)µ(B) see Equation (4.3)
≤ |D|µ(B) see Equation (4.5)
≤ εµ(C)|E| see Equations (4.6) and (4.7)
= εµ(EC) by (ii) of Step two
≤ εµ(EB) because C ⊂ B.

To finish Step three, it suffices to set F = EB.

Step four: more on packing and covering. Let A be a ball of centre 1 in G such
that (xA)x∈L is a covering of G, indeed such that B ⊂ A. Observe that C ⊂ A. Let
P be any subset of G.

Set E = PA ∩ L. Note that P ⊂ EA; indeed, let p ∈ P be written as p = xa,
with x ∈ L and a ∈ A; then x = pa−1 ∈ PA ∩ L, i.e., x ∈ E. We have therefore

(4.8) |E| ≥ m+
A(EA) ≥ m+

A(P ) ≥ µ(P )µ(A)−1

by the left-hand side inequality of (4.4) and by (4.3). Since EA ∩ L ⊂ P (A2) ∩ L
and E ∩ L = E = PA ∩ L, we have

(EArE) ∩ L ⊂
(
P (A2) r PA

)
∩ L.

Since (P (A2) r PA)B ⊂ P (A3) r P , we have also

((EArE) ∩ L)B ⊂
(
P (A2) r PA

)
B ⊂ P (A3) r P,

hence

(4.9) |(EArE) ∩ L| ≤ m−
C

((
(EArE) ∩ L

)
B
)
≤ m−

C

(
P (A3) r P

)
.

by the right-hand side inequality of (4.4).

Step five: if G is geometrically amenable, then (G, d) is amenable. To prove the
implication, we have to show that L is amenable. Denote by r0 the radius of the
ball B. By Remark 3.D.32, it suffices to show that for r ≥ r0 and ε > 0, there exists
a non-empty finite subset E in L such that |{x ∈ L | d(x, E) ≤ r}| ≤ (1 + ε)|E|.

Let A denote the closed ball of centre 1 and radius r in G. For any finite subset
E of L, we have (EAr E) ∩ L = {x ∈ L | d(x, E) ≤ r and x /∈ E}.

Since G is geometrically amenable, there exists a compact subset P of G of
non-zero measure such that

(4.10) µ
(
P (A3) r P

)
≤ εµ(P )µ(C)µ(A)−1.

Define E = PA ∩ L, as in Step four; it is a finite subset of L by Lemma 4.F.7. We
have

|(EAr E) ∩ L| ≤ m−
C (P (A3) r P ) see Equation 4.9)

≤ µ (P (A3) r P )µ(C)−1 see Equation (4.3)
≤ εµ(P )µ(A)−1 see Equation (4.10)
≤ ε|E| see Equation (4.8).

It follows that L is amenable.
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Corollary 4.F.9. For σ-compact LC-groups, right-amenability (i.e., amenabiliy and
unimodularity) is invariant by metric coarse equivalence.

In particular, for countable groups, amenability is invariant by metric coarse
equivalence.

Remark 4.F.10. There is in [Tess–08] a discussion of right-amenability, under the
name of “geometric amenability”. In this article, Tessera relates right-amenability
to other properties of metric measure spaces (i.e., metric spaces endowed with mea-
sures), involving Sobolev inequalities and spectral gaps for appropriate linear oper-
ators.

Corollary 4.F.9 appears as Proposition 11 in [Tess–08].



Chapter 5

Examples of compactly generated
LC-groups

5.A Connected groups, abelian groups, nilpotent

groups, Lie groups, and algebraic groups

As observed in Proposition 2.C.3, a connected LC-group is compactly generated.
More generally:

Proposition 5.A.1. Let G be an LC-group and G0 its identity component.

(1) The group G is compactly generated if and only if the quotient group G/G0

is compactly generated. In particular:

– an LC-group that is connected-by-compact (for example connected) is compactly
generated;

– a real or complex Lie group with finitely many connected components is com-
pactly generated;

– a fortiori, the group of real points of an algebraic R-group is compactly gener-
ated (see Remark 2.E.13).

(2) The group G is σ-compact if and only if G/G0 is σ-compact.

(3) The group G is second-countable if and only if both G0 and G/G0 are second-
countable.

Concerning (3), note that a connected LC-group need not be second-countable.
For example, an uncountable product of a non-trivial connected compact group is
not second-countable.

Proof. (1) Let G be a locally compact group. Since G0 is locally compact and
connected, it is generated by any compact neighbourhood of the identity; let S
be one of these. If G/G0 is compactly generated, there exists by Lemma 2.C.9 a
compact subset T of G of which the image in G/G0 is generating. It follows that
the compact set S ∪ T generates G. Conversely, if G is compactly generated, so is
G/G0.

135
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The proof of (2) is similar. Claim (3) is a particular case of part of Proposition
2.C.8.

Example 5.A.2 (non-discrete locally compact fields). Let K be a non-discrete
locally compact field.

As already observed (Example 2.E.3), the additive groups R, C, and the multi-
plicative group C× are connected, and R× has two connected components. These
four groups are compactly generated. We suppose from now on that K is a local
field, and we use the notation of 2.E.3.

The additive group K is the union
⊔∞

n=0 π
−noK of a strictly increasing sequence of

compact open subgroups. Hence K is locally elliptic (see § 4.D) and is not compactly
generated.

On the contrary, K× is always compactly generated. Indeed, the group o
×
K of

invertible elements in oK, which is the complement of pK = πoK in oK, is compact,
and K× is isomorphic to the direct product o×K×πZ (where πZ stands for the infinite
cyclic group generated by π).

Example 5.A.3 (locally compact abelian groups). Let A be a locally compact
abelian group, or for short an LCA-group. Then, for some unique ℓ ∈ N, the
group A is isomorphic to a product Rℓ × H , where H is a locally compact abelian
group containing a compact open subgroup [Kamp–35], [BTS1-2, chap. II, § 2, no
2].

Denote by Â the Pontryagin dual of A, which is the group of homomorphisms
A −→ R/Z, with the compact-open topology. Then Â is again a locally compact
abelian group [BTS1-2, chap. II, § 2, no 1]. Moreover:

(1) A is compact if and only if Â is discrete.
(2) A is compactly generated if and only if it is of the form Rℓ × Zm ×K, where

ℓ,m are non-negative integers and K a compact subgroup (indeed the maximal

compact subgroup), if and only if Â is of the form Rℓ × (R/Z)m ×D, where

D is a finitely generated abelian group, if and only if Â is a Lie group.
In particular, A and Â are both compactly generated if and only if A is of the
form Rℓ × Zm × (R/Z)n × F , where F is a finite abelian group.

(3) A is σ-compact if and only if Â is metrizable, if and only if Â has a second-
countable open subgroup.

(4) A is second-countable if and only if Â is second-countable. In particular, a

compact LCA-group is second-countable if and only if the discrete group Â is
countable.

(5) A is connected if and only if the locally elliptic radical of Â is {0}, if and only

if Â is of the form Rℓ ×D with ℓ ≥ 0 and D discrete torsion-free.
(6) A is totally disconnected if and only if Â is locally elliptic.

(7) A is locally connected if and only if it is of the form Rℓ × D × Ê where D
is discrete and E discrete locally free abelian (i.e., such that all its finitely
generated subgroups are free abelian).

See [BTS1-2], Chap. II, § 1, no 9, and § 2 (including Exercises 1 and 8, or alternatively
[Dixm–57]).
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Before Proposition 5.A.7, we recall the following definition, a lemma, and a
remark.

Definition 5.A.4. Let G be a group.
The commutator of two elements x, y ∈ G is x−1y−1xy, often denoted by

[x, y]. If H , K are subgroups of G, we denote by [H,K] the subgroup generated
by commutators [h, k] when (h, k) ranges over H × K. In particular, the group
of commutators of G is the subgroup generated by all commutators, denoted by
[G,G], or C2G. The lower central series of a group G is the sequence (C iG)i≥1

of subgroups inductively defined by C1G = G and C i+1G = [C iG,G].
The group G is nilpotent if Ck+1G = {1} for some k ∈ N. If so, the nilpotency

class of G is the smallest non-negative integer k such that Ck+1G = {1}, and G is
a nilpotent group of class k.

Note that a group is nilpotent of class 0 if and only if G = {1}, and nilpotent of
class 1 if and only if it is abelian with more than one element.

Lemma 5.A.5. Let G be an LC-group; assume that the underlying group is nilpotent
of class k.

If G is compactly generated, so is CkG.

Proof. Let G be a group and S a subset of G. Define inductively a sequence Si of
subsets of G by S1 = S and Si+1 = {z ∈ G | z = [x, y] for some x ∈ S and y ∈ Si}.
It is an easy fact to check that, if S generates G, then the image of Si generates
C iG/C i+1G.

For all i ≥ 1, the mapping

{(
C iG/C i+1G

)
×

(
G/C2G

)
−→ C i+1G/C i+2G

(xC i+1G, yC2G) 7−→ [x, y]C i+2G

is well-defined, Z-bilinear, and its image generates C i+1G/C i+2G. This is left as an
exercise to the reader (alternatively, see [Robi–96, Section 5.2]). If G is nilpotent of
class k, it follows that the map

{(
G/C2G

)
× · · · ×

(
G/C2G

)
−→ CkG

(x1C
2G, . . . , xkC

2G) 7−→ [x1, [x2, . . . [xk−1, xk] · · · ]]

is well-defined, Z-multilinear, and its image generates CkG. Moreover, if S is a
generating subset of G, and Sab denotes its image in G/C2G, then the image of
Sab × · · · × Sab (with k terms) generates CkG.

It follows that, if G is compactly generated, then CkG is compactly generated.
Hence CkG is compactly generated, by Remark 2.C.2(5).

Remark 5.A.6. If G is a nilpotent LC-group, the groups C iG need not be closed
in G. Hence, in the proof of Proposition 5.A.7, CkG cannot be replaced by CkG.

For example, let G̃ = H × (R/Z), where H = H(R) denotes the real Heisenberg
group, see Example 3.B.10. Let c ∈ Z(H) be a non-trivial element of the centre of

H , and C the discrete subgroup of G̃ spanned by an element (c, θ), where θ ∈ R/Z
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is the class of an irrational number θ̃ ∈ R. Set G = G̃/C. We leave it to the
reader to check that G is a connected nilpotent real Lie group, C3G = {1}, and the
commutator subgroup C2G is not closed in G.

(It can be checked thatG does not have any faithful continuous finite-dimensional
linear representation. Indeed, in a connected Lie group having such a representation,
the commutator subgroup is closed [Hoch–65, Theorem XVIII.4.5].)

Proposition 5.A.7. (1) In a compactly generated LCA-group, every closed subgroup
is compactly generated.

(2) More generally, in a compactly generated nilpotent LC-group, every closed
subgroup is compactly generated.

Note. In a solvable connected Lie group, every closed subgroup is compactly gener-
ated. See [Ragh–72, Proposition 3.8].

Proof. We first check (1) for two particular cases.
Case a. Suppose that A is either Rℓ for some ℓ ≥ 0 or a finitely generated abelian

group. Then it is standard that every closed subgroup of A is compactly generated.
Case b. Suppose now that A has an open subgroup isomorphic to Rℓ for some

ℓ ≥ 0. Without loss of generality, we can assume that A = Rℓ×D for some finitely
generated abelian group D. Denote by πD : A −→ D the canonical projection. If B
is a closed subgroup of A, we have an extension

B ∩Rℓ −֒→ B
πD−։ πD(B).

By Case a, both B ∩Rℓ and πD(B) are compactly generated; hence so is B.
General case. By Example 5.A.3(2), we can assume that A = Rℓ ×H for some

ℓ ≥ 0 and some compactly generated LCA groupH having a compact open subgroup,
say K. We can identify A/K to Rℓ×D, with D as in Case b. The subgroup B+K
of A is closed, because K is compact, so that (B+K)/K is compactly generated by
Case b. Hence B +K is compactly generated. Since B is cocompact in B +K, the
group B is compactly generated by Proposition 4.C.11.

(2) For a compactly generated nilpotent LC-group G, we prove (2) by induction
on the smallest integer k such that CkG is central in G; note that CkG is also central
in G, and compactly generated by Lemma 5.A.5. If k = 1, the group G is abelian,
and (2) holds by (1). Assume now that k ≥ 2, and that (2) holds up to k−1. LetH be
a closed subgroup of G. Then H∩CkG is abelian, hence compactly generated by (1),
and H/(H ∩CkG) is compactly generated, by the induction hypothesis. Hence H is
(compactly generated)-by-(compactly generated), so that H is compactly generated,
by Proposition 2.C.8(4).

Remark 5.A.8. Let us build up on Claim (2) of the previous proposition, in the
context of discrete groups. A group G is Noetherian if all its subgroups are finitely
generated, equivalently if, for every increasing sequence H1 ⊂ · · · ⊂ Hn ⊂ Hn+1 ⊂
· · · ⊂ G, we have Hn+1 = Hn for all n large enough. Here are two standard results:
polycyclic-by-finite groups (in particular finitely generated nilpotent groups) are
Noetherian, and a soluble group is Noetherian if and only if it is polycyclic.
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Noetherian groups have been studied by Baer ([Baer–56], and further articles).
The problem to decide whether there exist Noetherian groups that are not polycyclic-
by-finite has been open for a long time, before being solved positively by Ol’shanskii
in the late 70’s:

There are 2-generated infinite groups for which there exists a constant N such
that every proper subgroup is finite of cardinal at most N . There are infinite
torsion-free simple 2-generated groups in which every proper subgroup is cyclic.
See [Ol’sh–91, §§ 27-28].

Example 5.A.9 (countable discrete abelian groups). Two countable discrete abelian
groups are coarsely equivalent if and only if they satisfy the following two conditions
[BaHZ–10]:

(1) their torsion-free ranks coincide;
(2) they are either both finitely generated or both infinitely generated.

(Recall from Example 3.B.21 that their torsion-free ranks coincide if and only if
their asymptotic dimensions coincide.) As a consequence:

(a) Two infinite countable locally finite abelian groups are coarsely equivalent.
(b) The groups Q and Z[1/n] are coarsely equivalent, for every n ≥ 2.
(c) Two finitely generated abelian groups are quasi-isometric if and only if their

torsion-free ranks coincide.
(d) Every countable discrete abelian group is coarsely equivalent to exactly one of

the following groups: Zn for some n ≥ 0, Q/Z, Qn for some n ≥ 1, and the
direct sum Q(N) of a countable infinite number of copies of Q.

(e) Moreover, every σ-compact LCA-group A is coarsely equivalent to some count-
able discrete abelian group. Indeed, A is isomorphic to Rk×H , where H has a
compact open subgroup W (see Example 5.A.3). Then A is coarsely equivalent
to the discrete group Zk ×H/W .

Example 5.A.10 (affine groups). If K is a non-discrete locally compact field, the

affine group G =

(
K× K
0 1

)
is compactly generated.

Proof. We freely use the notation introduced in Example 5.A.2. Set

S1 =

{(
a 0
0 1

)
∈ G

∣∣∣ a ∈ o
×
K ∪ {π−1}

}
and S2 =

{(
1 b
0 1

)
∈ G

∣∣∣ b ∈ oK

}
.

We claim that the compact subset S := S1S2 generates G. Any g ∈ G is a product

g1g2 with g1 =

(
x 0
0 1

)
and g2 =

(
1 y
0 1

)
for some x ∈ K× and y ∈ K. On the one

hand, g1 is in the subgroup of G generated by S1. On the other hand, for n large
enough, (

π−1 0
0 1

)n

g2

(
π 0
0 1

)n

=

(
1 π−ny
0 1

)
∈ S2.

This proves the claim.
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Example 5.A.11. The locally compact group SL2(Qp) is compactly generated, by

the compact subset S := SL2(Zp) ∪
{(

p 0
0 p−1

)}
.

More generally, SLn(Qp) is compactly generated for every n ≥ 2.

Proof. Here is a first proof for the case n = 2. Denote by |x|p the p-adic absolute

value of x ∈ Qp. We claim that any g =

(
a b
c d

)
∈ SL2(Qp) is in the subgroup

generated by S. Indeed, upon multiplying g on the left or/and on the right by(
0 1
−1 0

)
, we can assume that |a|p = max{|a|p, |b|p, |c|p, |d|p}, so that x := −ba−1

and y := −ca−1 are in Zp. The computation

(
1 0
y 1

)(
a b
c d

)(
1 x
0 1

)
=

(
1 0
y 1

)(
a 0
c a−1

)
=

(
a 0
0 a−1

)

shows that we can assume that g is diagonal. Since a = zpn for some z ∈ Z×
p and

n ∈ Z, this shows the claim.
Let us allude to a second proof. There exists a standard action of SL2(Qp) on

the regular tree of valency p + 1 [Serr–77]. This action is geometric, and Theorem
4.C.5 implies that SL2(Qp) is compactly generated. (This tree is the particular case
of the Bruhat-Tits building attached to G = SLn(Qp).)

Consider now the case n ≥ 3. Let e1, . . . , en denote the canonical basis of Qn
p .

For i, j ∈ {1, . . . , n} with i < j, let εi,j : SL2(Qp) −→ SLn(Qp) denote the canonical
embedding: εi,j(g) acts on the linear span of {ei, ej} as SL2(Qp) acts on that of
{e1, e2}, and εi,j(g)ek = ek if k /∈ {i, j}. Since elementary matrices generate SLn(Qp),
the union

⋃
i,j with 1≤i<j≤n εi,j(S) is a compact generating set of SLn(Qp).

The result and the proof carry over with minor changes when Qp is replaced by
an arbitrary local field.

Theorem 5.A.12. Let G be a reductive group defined over a local field K.
Then the group of K-points of G is compactly generated.

References for the terminology and the proof. An algebraic group G is reductive if
its unipotent radical is trivial, in other words if G does not contain any non-trivial
connected unipotent normal algebraic subgroup (for further explanations, we refer
to [Bore–91, Section 11]). This notion does not depend on the field of definition.

For local fields of characteristic 0, Theorem 5.A.12 is a particular case of [BoTi–65,
Théorème 13.4]. For arbitrary characteristic, see [Behr–69]. See also [Marg–91,
Corollary I.2.3.5] for the compact generation of the group of K-points of a semisim-
ple group defined over K.

More is true: see Theorem 8.D.13.

Theorem 5.A.12 could be stated when K is any non-discrete locally compact
field of characteristic 0. Indeed, in the remaining case, when K is R or C, for any
algebraic group G defined over K, the group G(K) is a Lie group with finitely many
connected components, and it is compactly generated regardless of the assumption
that G is reductive.
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Theorem 5.A.13. Let K be a local field of characteristic 0. Let G be an algebraic
group, with connected component G0; we assume that G is defined over K. Let
G denote the locally compact group G(K) of the K-points of G. The following
properties are equivalent:

(i) G is not compactly generated;
(ii) G has a non-compact locally elliptic quotient;
(iii) G has a connected normal K-subgroup N such that G0/N is a reductive group

anisotropic over K, and N admits a surjective K-homomorphism onto the
additive K-group of dimension 1.

On the proof. Implication (ii) ⇒ (i) is straightforward (see Proposition 4.D.3). The
deepest implication is (i) ⇒ (iii); it follows from [BoTi–65, Theorem 13.4]. Impli-
cation (iii) ⇒ (ii) is also essentially in [BoTi–65]; more precisely, suppose that (iii)
holds; let V be the intersection of the kernels of the K-morphisms from N to the ad-
ditive K-group of dimension 1; if N = N(K) and V = V(K), then G/N is compact
and N/V is a non-compact locally elliptic group, so that (ii) holds.

It is unknown to us whether the equivalence between (i) and (ii) holds when K
is a local field of positive characteristic.

5.B Isometry groups

We want to show that the isometry group of a proper metric space has a natural
topology that makes it a second-countable LC-group, and that the action of the
isometry group on this space is continuous and proper.

Consider a metric space X = (X, d). Its isometry group, consisting of all in-
vertible isometries of X onto itself, is denoted by Isom(X), or Isom(X, d) whenever
necessary. There are three standard and equivalent ways to define the appropri-
ate topology on Isom(X). The compact-open topology on Isom(X) is that
generated by the subbasis

OK,V = {f ∈ Isom(X) | f(K) ⊂ V }
for K ⊂ X compact and V ⊂ X open.

The pointwise topology on Isom(X) is that generated by the subbasis

Ox,V = {f ∈ Isom(X) | f(x) ∈ V }
for x ∈ X and V ⊂ X open.

The topology of uniform convergence on compact subsets, or ucc-topology,
on Isom(X) is that generated by the subbasis

Of0,K,ε =
{
f ∈ Isom(X) | sup

x∈K
dY (f0(x), f(x)) < ε

}

for f0 ∈ Isom(X), K ⊂ X compact, and ε > 0.

Elements of the three subbasis just defined will abusively be called “basic” open sets
or “basic” neighbourhoods.
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Lemma 5.B.1. Let X be a metric space. The compact-open topology and the ucc-
topology coincide on Isom(X).

Proof. Let f0 ∈ Isom(X).
Let K ⊂ X be a compact subset and V ⊂ X an open subset of X such that

OK,V is a basic compact-open neighbourhood of f0. There exists ε > 0 such that
{x ∈ X | d(f0(K), x) < ε} ⊂ V . Hence Of0,K,ε is an ucc-neighbourhood of f0
contained in OK,V .

Conversely, let K ⊂ V be a compact subset of X and ε > 0, so that Of0,K,ε is a
basic ucc-neighbourhood of f0. There exists a finite subset {x1, . . . , xn} of K such
that the interiors of the balls Bxi

X (ε/3) cover K. For i = 1, . . . , n, set

Ki = K ∩
(
Bxi

X (ε/3)
)

and Vi = int
(
B

f0(xi)
X (ε/3)

)
.

Observe that

O′ =
n⋂

i=1

O{xi},Vi

is a compact-open neighbourhood of f0. Let f ∈ O′. For x ∈ K, if i is such that
x ∈ Ki, we have

d(f0(x), f(x)) ≤ d(f0(x), f0(xi)) + d(f0(xi), f(xi)) + d(f(xi), f(x))

= d(f0(xi), f(xi)) + 2d(xi, x) <
ε

3
+

2ε

3
= ε,

and therefore f ∈ Of0,K,ε. Hence O′ is a compact-open neighbourhood of f0 con-
tained in Of0,K,ε.

Lemma 5.B.2. Let X be a metric space. The ucc-topology and the pointwise topol-
ogy coincide on Isom(X).

Proof. Consider f0 ∈ Isom(X) and a basic ucc-neighbourhood Of0,K,ε of f0 in
Isom(X). There exists a finite subset {x1, . . . , xn} of K such that the interiors
of the balls Bxi

X (ε/3) cover K. The set

U = {f ∈ Isom(X) | d(f0(xi), f(xi)) < ε/3 for i = 1, . . . , n}

is a neighbourhood of f0 in Isom(X) for the pointwise topology. Let f ∈ U ; for
x ∈ K, if i is such that x ∈ Bxi

X (ε/3), we have

d(f0(x), f(x)) ≤ d(f0(x), f0(xi)) + d(f0(xi), f(xi)) + d(f(xi), f(x)) < ε,

as in the previous proof, and therefore f ∈ Of0,K,ε. Hence f0 ∈ U ⊂ Of0,K,ε.
Conversely, any basic neighbourhood of f0 for the pointwise topology contains

obviously an ucc-neighbourhood of f0.

From now on, we consider the group Isom(X) furnished with the compact-open
topology, equivalently the pointwise topology, equivalently the ucc-topology.

Lemma 5.B.3. Let X be a metric space. With the topology defined above, Isom(X)
is a topological group.
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Proof. Let f, g ∈ Isom(X). Let K be a compact subset and W an open subset of
X such that gf(K) ⊂ W , so that OK,W is a compact-open neighbourhood of gf in
Isom(X). There exists a relatively compact-open neighbourhood V of f(K) such
that f(K) ⊂ V ⊂ V ⊂ g−1(W ). Then OK,V × OV ,W is an open neighbourhood of
(f, g) in Isom(X)× Isom(X) with image by the multiplication map in OK,W . Hence
the multiplication is continuous.

Let f0 ∈ Isom(X). Consider a compact subset L of X , a number ε > 0, and the
resulting ucc-neighbourhood Of−1

0
,L,ε of f−1

0 . Set K = f−1
0 (L). For f ∈ Of0,K,ε, we

have
sup
y∈L

d(f−1
0 (y), f−1(y)) = sup

x∈K
d(x, f−1f0(x))

= sup
x∈K

d(f(x), f0(x)) < ε ,

and therefore f−1 ∈ Of−1
0

,L,ε. Hence the map f 7→ f−1 is continuous on Isom(X).

In case we know the topology of Isom(X) is locally compact (see Lemma 5.B.4),
another argument rests on the following general fact: in a group G with a locally
compact topology T , if the multiplication is continuous (even separately continuous),
then the inverse is also continuous, and (G, T ) is a topological group [Elli–57].

Lemma 5.B.4. Let X be a proper metric space.

(1) The topology defined above on Isom(X) is second-countable and locally com-
pact.

(2) The natural action of Isom(X) on X is continuous and proper.

Proof. (1) Let (Ui)i∈I be a countable basis of open sets in X , all of them being
relatively compact. Then (OUi,Uj

)i∈I,j∈J is a countable subbasis of open sets for the

compact-open topology on Isom(X). If necessary, details of the proof can be read
in [Helg–62, Chapter IV, Lemma 2.1].

Consider an isometry f ∈ Isom(X), a non-empty compact subset K of X , and
a relatively compact open subset V of X containing f(K). Then OK,V is an open
neighbourhood of f . It follows from the Arezelà-Ascoli theorem that OK,V is rela-
tively compact [BTG5-10, Page X.17]. Hence Isom(X) is locally compact.

(2) Let F : Isom(X)×X −→ X, (f, x) 7−→ f(x) denote the evaluation map. Let
f ∈ Isom(X) and x ∈ X . Let V be an open neighbourhood of f(x) in X . Since X is
proper, there exists a relatively compact and open neighbourhood U of x such that
f(U) ⊂ V . Then OU,V ×U is an open neighbourhood of (f, x) in Isom(X)×X , and
its image by F is inside V . Hence the natural action of Isom(X) on X is continuous.

The natural map

Φ : Isom(X)×X −→ X ×X, (f, x) 7−→ (f(x), x) = (F (f, x), x)

is closed, as one can check thinking of the ucc-topology on Isom(X). To show that
the action F is proper, i.e., that the map Φ is proper, it remains to see that, for
compact subsets K,L ofX , the inverse image Φ−1(K×L) is compact in Isom(X)×X ;
for this, we think of the compact-open topology on Isom(X).
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Let D denote the diameter of L. Set V = {v ∈ X | d(v,K) < D + 1}. For
(f, x) ∈ Φ−1(K × L), we have f(x) ∈ K, so that

f(K) ⊂ {y ∈ X | d(y,K) ≤ D} ⊂ V.

Hence Φ−1(K ×L) is contained in the set OK,V ×L, which is relatively compact by
the Arzelà-Ascoli theorem.

For the following proposition, recall that a proper metric-space is second-countable
and separable (Theorem 2.A.10). l

Proposition 5.B.5. Let (X, dX) be a proper metric space.

(1) On the group Isom(X) of isometries of X, the following three topologies co-
incide: the compact-open topology, the pointwise topology, and the topology of
uniform convergence on compact sets.

(2) For this topology, Isom(X) is a second-countable LC-group; moreover, the nat-
ural action of Isom(X) on X is continuous and proper.

(3) Let x0 be a base point in X. The function d defined on Isom(X)× Isom(X) by

d(f, g) = sup
x∈X

dX(f(x), g(x))e−dX(x0,x)

is a left-invariant proper compatible metric on Isom(X).
(4) If X is compact, the topological group Isom(X) is compact, and the function

d′ defined by
d′(f, g) = sup

x∈X
dX(f(x), g(x))

is a left- and right-invariant proper compatible metric on Isom(X).

Proof. Claims (1) and (2) sum up the conclusions of Lemmas 5.B.1 to 5.B.4.
Since Isom(X) is locally compact and second-countable, it is also σ-compact and

metrizable (Theorem 2.A.10). It follows from Theorem 2.B.4 that there exists on
Isom(X) a metric which is left-invariant, proper, and compatible.

In (4), compactness is a consequence of the Arzelà-Ascoli theorem, and the for-
mula for d′ is rather standard. In (3), the formula for d is that of Busemann. We
leave it to the reader to check the details; see [Buse–55, Section 4], or the more
recent exposition [Papa–05, Section 4.4].

In specific cases, other metrics are also of interest: see for example 2.B.10.

Proposition 5.B.6. Let G be a topological group, X a proper metric space, Isom(X)
its isometry group as in Proposition 5.B.5, α : G×X −→ X a continuous isometric
action, and ρ : G −→ Isom(X) the corresponding homomorphism.

(1) α is continuous if and only if ρ is continuous.

Assume moreover that the group G is locally compact and the action α is proper.

(2) The image ρ(G) is a closed subgroup of Isom(X). In particular, when the
action α is faithful, the homomorphism ρ identifies G with a closed subgroup
of Isom(X).
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Assume moreover that the group G is σ-compact.

(3) The homomorphism G −→ ρ(G) is open.

Proof. (1) If α is continuous, the continuity of ρ follows from the definition of the
pointwise topology on Isom(X). If ρ is continuous, it is obvious that α is sepa-
rately continuous; since isometries are equicontinuous, separate continuity implies
continuity.

(2) Consider the maps

ρ× idX : G×X −→ Isom(X)×X, (g, x) 7−→ (ρ(g), x)
Φ : Isom(X)×X −→ X ×X, (h, x) 7−→ (h(x), x)

α× idX : G×X −→ X ×X, (g, x) 7−→ (ρ(g)(x), x)

and observe that
α× idX = Φ ◦ (ρ× idX).

We know that Φ is proper (Lemma 5.B.4). By [BTG1-4, Page I.73], it follows that
ρ × idX is proper if and only if α × idX is proper. In particular, if the action α
is proper, then ρ × idX is proper, hence ρ is a closed map, and ρ(G) is closed in
Isom(X).

(Note that the condition of properness of the action cannot be omitted, as shown
by actions Z×R/Z −→ R/Z by irrational rotations.)

(3) This follows by Corollary 2.D.6.

Remark 5.B.7. Let X be a metric space.
(1) An isometry f from X into X need not be surjective. This is the case of the

one-sided shift f on the set N of non-negative integers, defined by f(n) = n+ 1 for
all n ∈ N, where N has the {0, 1}-valued metric, defined by d(m,n) = 1 whenever
m 6= n. The shift is a non-surjective isometry. (The same fact holds for the usual
metric, defined by (m,n) 7−→ |m− n|.)

(2) The group Isom(X) need not be closed in the space Isom(X,X) of isometric
maps from X into X , say for the pointwise topology. Indeed, consider again N with
the {0, 1}-valued metric and the same one-sided shift f . For every integer k ≥ 0,
define fk ∈ Isom(N,N) by

fk(n) =





n+ 1 if 0 ≤ n ≤ k,

0 if n = k + 1,

n if n ≥ k + 2.

The sequence (fk)k≥0 converges to f for the pointwise topology, each fk is invertible,
and f is not.

Example 5.B.8 (the symmetric group of an infinite countable set). Consider the set
N of natural integers, with the discrete topology. Let X be the infinite product NN,
with the product topology, i.e., with the pointwise topology. This is a metrizable
space, and a compatible metric dX can be defined by dX(f, g) = 2−n, where n is the
smallest non-negative integer such that f(n) 6= g(n), for f 6= g. The metric space
(X, dX) is clearly separable and complete; thus X is a Polish space.
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For the {0, 1}-valued metric d on N, as in the previous remark, the group
Isom(N) = Sym(N) of all permutations of N is a subspace of X . For the sub-
space topology, it is also a Polish space. Indeed, the metric (f, g) 7−→ dX(f, g) +
dX(f−1, g−1) is compatible and complete (note that it is not a left-invariant metric).

The pointwise topology makes Sym(N) a topological group (Lemma 5.B.3); thus
it is a Polish group. (Incidentally, it is the unique topology making Sym(N) a Polish
group [Gaug–67, Kall–79], indeed the unique topology making it a non-discrete
Hausdorff topological group [KeRo-07].)

Let F denote the family of finite subsets of N. For F ∈ F , set

Sym(Nr F ) = {g ∈ Sym(N) | gx = x for all x ∈ F};

this is an open subgroup of Sym(N). Observe that the group Sym(N r F ) is not
compact because, if (yj)1≤j<∞ is an enumeration of Nr F , it is the infinite disjoint
union of the open subsets {g ∈ Sym(N r F ) | gy1 = yj}, for 1 ≤ j < ∞. The
family (Sym(Nr F ))F∈F is a basis of closed neighbourhoods of 1 in Sym(N). As
none of them is compact, the group Sym(N) is not locally compact. Note also that
the evaluation map Sym(N) ×N −→ N is not proper, because isotropy groups of
points are not compact in Sym(N).

Consider again the metric dX , now restricted to the group Sym(N); it is a left-
invariant compatible metric. The sequence of Remark 5.B.7 is a left Cauchy sequence
(in the sense of Remark 2.B.1(3)) which does not converge in Sym(N). In particu-
lar, (fk)k≥0 is a non-converging Cauchy sequence for every left-invariant compatible
metric on Sym(N). It follows that there is no complete left-invariant compatible
metric on the Polish group Sym(N); thus, Sym(N) is not a cli-group.

The example is classical: it essentially appears in [Dieu–44].

Remark 5.B.9. (1) Here is one more example showing that the hypothesis of
properness on X cannot be omitted in Proposition 5.B.5.

Let X be the subset of the Euclidean space R2 consisting of the first axis and the
point (0, 1). Let dE denote the Euclidean metric on X . Define another metric d on
X by d(x, y) = inf{1, dE(x, y)}. Then Isom(X, d) is locally compact, but its action
on X is not proper, because the isotropy subgroup of (0, 1) contains the translations
of the first axis and is therefore non-compact (example from [MaSt–03]).

(2) The following result of van Dantzig and van der Waerden is of historical
interest: if (X, d) is a locally compact metric space that is connected (but not
necessarily proper), the group of isometries Isom(X, d) is locally compact and acts
properly on X . See [DaWa–28] and [KoNo–63, Chapter I, Theorem 4.7]. This carries
over to the so-called pseudo-connected separable spaces [GaKe–03, Proposition 5.3].

Proposition 5.B.10. Let X be a non-empty proper metric space. Let Isom(X) be
its group of isometries, as in Proposition 5.B.5. Assume moreover that the action
of Isom(X) on X is cocompact.

Then this action is geometric. In particular, Isom(X) is compactly generated if
and only if X is coarsely connected.

Proof. For every proper metric space, the action of Isom(X) on X is continuous,
metrically proper (Proposition 5.B.5 and Remark 4.C.3(6)), and locally bounded
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(Remark 4.C.3(4)). Hence, when the action of Isom(X) on X is cocompact as
assumed here, it is geometric. Therefore, the proposition follows from Theorem
4.C.5 and Proposition 4.B.8.

Example 5.B.11 (automorphism groups of connected graphs and polyhedral com-
plexes). Let X be a connected graph, X0 its vertex set, and d1 the combinatorial
metric on X (Example 2.A.13). Assume for simplicity that X has neither loops
nor multiple edges; an automorphism of X is then a permutation α of X0 such that,
for x, y ∈ X0, there is an edge connecting α(x) and α(y) if and only if there is one
connecting x and y.

The automorphism group Aut(X) of the connected graph X coincides with
Isom(X0, d1).

For a subset Y of X0, set VY = {g ∈ Aut(X) | gy = y ∀y ∈ Y }. Let F be the
set of finite subsets of X , and set N = (VY )Y ∈F ; let B be the set of bounded subsets
of X , and set N ′ = (VY )Y ∈B. Then N [respectively N ′] is a basis of neighbourhoods
of the identity for a group topology T [respectively T ′] on Isom(X0, d1), i.e., on
Aut(X).

Suppose now that the graph X is locally finite. Then the topologies T and T ′

coincide with each other, and also with the topology of Proposition 5.B.5, for which
Aut(X) is a second-countable LC-group (this is in [Tits–70, 2.5], for X a tree).

Suppose moreover that the action of Aut(X) on X is cobounded. Then this
action is geometric (see Example 4.C.4(3)), and it follows that the group Aut(X) is
compactly generated (Corollary 4.C.6). In particular, if Tk denotes a regular tree of
some valency k ≥ 0, then Aut(Tk) is compactly generated.

More generally, the group of automorphisms of a connected locally finite poly-
hedral complex is an LC-group for its natural topology (say for the compact-open
topology), in which the stabilizer of each cell is a compact open subgroup. A dis-
cussion on these groups has appeared in [FaHT–11].

Example 5.B.12 (isometry groups of countable groups). Let G be a countable dis-
crete group, given together with a proper left-invariant metric d. Then Isom(G, d)
is compactly generated if and only if G is finitely generated; this follows from The-
orem 4.C.5, because it is easy to check that the natural action of Isom(G, d) on G
is geometric.

We have Isom(G, d) = GK, where G is naturally embedded as the group of left
translations, and K is the stabilizer of 1 in Isom(G, d). The group Isom(G, d) is
discrete if and only if the profinite group K is finite.

Consider for example the free abelian group Zn on a Z-basis B = {e1, . . . , en}
and the word metric dB. Then Isom(Zn, dB) is finitely generated; indeed, it is the
semi-direct product Zn⋊F , where F is the finite symmetry group of the polytope in
Rn with set of vertices {±e1, . . . ,±en}. On the contrary, let F be a free group on a
finite basis S of at least two elements, with the word metric dS. Then Isom(F, dS) is
a non-discrete compactly generated group; indeed, Isom(F, dS) is the group written
Aut(Tk) in Example 2.E.4(5), for k twice the rank of F .

Example 5.B.13 (isometry groups of manifolds). Let X be a connected Rieman-
nian manifold. Its group of isometries Isom(X) is a Lie group, possibly with in-
finitely many connected components. Moreover, if n denotes the dimension of X ,
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then dim(Isom(X)) ≤ 1
2
n(n + 1). See [MySt–39], as well as [KoNo–63, Chapter VI,

Section 3].
For a generic Riemannian structure on a given connected closed smooth manifold

M of dimension at least 2, the corresponding isometry group is discrete, indeed
trivial. More precisely, on the spaceM of all smooth Riemannian structures on M ,
there is a natural topology (that of uniform convergence of the Riemannian metric
tensor and of all its derivatives) such that the subspace of those g ∈ M for which
the isometry group Isom(M, g) is {idM} is open dense [Ebin–70].

Examples of Riemannian manifolds (M, g) with Isom(M, g) non-discrete include
homogeneous spaces G/K, with G a connected Lie group, K a compact subgroup,

and g appropriate, as well as various bundles with homogeneous fibers. When (M̃, g̃)
is the universal cover of a closed Riemannian manifold (M, g), the subgroup of

Isom(M̃, g̃) of covering transformations is discrete, and naturally isomorphic to the
fundamental group of M . Special attention has been given to the closed aspherical
Riemannian manifolds M such that Isom(M̃, g̃) is non-discrete [FaWe–08].

Let us finally quote from [MaSo–09] the following:

Theorem 5.B.14 (Malicki and Solecki). Let G be a second-countable LC-group.
There exists a second-countable proper metric space (X, d) such that G is topologi-
cally isomorphic to Isom(X, d).

5.C Lattices in LC-groups

Definition 5.C.1. In an LC-group G, a lattice is a discrete subgroup Γ such that
G/Γ has a G-invariant probability measure on Borel subsets, and a uniform lattice
is a cocompact discrete subgroup.

More generally, a closed subgroup H of G has finite covolume if there exists
a G-invariant probability measure defined on Borel subsets of the quotient space
G/H .

Remark 5.C.2. Metric lattices in pseudo-metric spaces (Definition 3.C.1) and lat-
tices in LC-groups are two notions that should not be confused.

Proposition 5.C.3. Let G be a topological group and Γ a cocompact discrete sub-
group.

(1) G is locally compact and Γ is a lattice.
(2) G is compactly generated if and only if Γ is finitely generated.
(3) Suppose that the conditions of (2) hold. Let dG be a geodesically adapted metric

on G and dΓ a word metric on Γ, with respect to some finite generating set.
Then the inclusion (Γ, dΓ) −֒→ (G, dG) is a quasi-isometry.

Proof. (1) That G is a locally compact group is a particular case of Claim (2)
for (c) in Proposition 2.C.8. That Γ is a lattice is a standard fact in the theory
of measures on LC-groups; see e.g. [Ragh–72, Chapter 1]. Recall that, for every
discrete subgroup Γ of G, there exists a semi-invariant Borel measure µ on G/Γ,
i.e., a measure for which there exists a continuous homomorphism χ : G −→ R×

+
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such that µ(gB) = χ(g)µ(B) for all g ∈ G and Borel subset B in G/Γ. Moreover, if
µ(G/Γ) <∞, then χ(g) = 1 for all g ∈ G.

(2) & (3) This is contained in Proposition 4.C.11.

Remark 5.C.4. In complement to (2) of the previous proposition, let us men-
tion that, in connected Lie groups, all lattices are finitely generated, indeed finitely
presented. For uniform lattices, this is rather straightforward: it follows from the
above proposition for finite generation and Corollary 8.A.5 for finite presentation.
For non-uniform lattices, there is no short proof available; we refer to the discussion
in [Harp–00, Item V.20].

The general situation is more intricate. For instance, a non-cocompact lattice
in a compactly generated LC-group need not be finitely generated. Consider for
example an integer n ≥ 2 and the group SLn(Fq[t]), isomorphic to the non-uniform
lattice SLn(Fq[t

−1]) in the compactly generated (indeed compactly presented) LC-
group SLn(Fq((t))). If n = 2, then SL2(Fq[t]) is not finitely generated; see Exercice
3 of § II.1.6 in [Serr–77, Page 212].

If n = 3, then SLn(Fq[t]) is finitely generated and not finitely presented [Behr–79].
If n ≥ 4, then SLn(Fq[t]) is finitely presented [ReSo–76, Page 184].

Proposition 5.C.5. Let G be an LC-group which admits a lattice.

(1) G is unimodular.
(2) Assume moreover that G is a connected Lie group. Then the group of inner

automorphisms of G is closed in the group of all automorphisms of G (see
2.C.10).

References for a proof. For (1), see for example [Ragh–72, Remark 1.9]. For (2), see
[GaGo–66, Theorem 2].

Remark 5.C.6. Conditions (1) and (2) of the previous proposition are not sufficient
for G to have a lattice.

Indeed, there is in the Appendix of [GaGo–66] an example of a four-dimensional
solvable connected Lie group of type H = R3 ⋊ R that has the following three
properties: H is unimodular, the group of inner automorphisms of H is closed in
Aut(H), and H does not have any lattice.

Example 5.C.7. (1) Here are some examples among the easiest to check: Zn is
a uniform lattice in Rn for every n ≥ 1; in particular, the additive group of the
Gaussian integers Z[i] is a uniform lattice in C. The infinite cyclic group 2Z is a
uniform lattice in C×.

Let p be a prime. The additive group Qp has no lattice1; indeed, being locally
elliptic and torsion-free, Qp has no discrete subgroup other than {0}. The multi-
plicative group Q×

p has cocompact lattices, for example pZ. Let q be a prime power.
The ring of polynomials Fq[t

−1] is a lattice in the local field Fq((t))) of Laurent series
with coefficients in Fq.

1The meaning of “lattice” here should not be confused with different notions, used in different
contexts. For example, in a finite-dimensional vector space V over Qp, the Zp-span of a basis of
V is also called a lattice.
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(2) A compactly generated LCA-group A has a cocompact lattice that is a finitely
generated free abelian group. More precisely, if A = Rℓ × Zm × K as in Example
5.A.3(2), then Zℓ+m is a cocompact lattice in A.

(3) In a nilpotent LC-group, finite covolume closed subgroups are necessarily
cocompact. In particular, lattices are necessarily uniform [BeQu–14, Lemma 3.3].

Lattices in solvable Lie groups with countably many connected components are
necessarily uniform. This is a result of Mostow, from 1957 [Ragh–72, Theorem 3.1].

(4) A simply connected nilpotent real Lie group G has uniform lattices if and
only if its Lie algebra has a basis with respect to which the constants of structure
are in Q. This is a result of Malcev, from 1951 [Ragh–72, Theorem 2.12].

For example, the discrete Heisenberg group




1 Z Z
0 1 Z
0 0 1


 is a uniform lattice in

the real Heisenberg group




1 R R
0 1 R
0 0 1


.

(5) An LC-group G is approximated by discrete subgroups if, in the space
of closed subgroups of G, the set of discrete subgroups is dense for the Chabauty
topology, i.e., if, for every integer k ≥ 1 and for every k-uple (U1, . . . , Uk) of non-
empty open subsets of G, there exists a discrete subgroup Γ of G such that Γ∩Ui 6= ∅
for all i ∈ {1, . . . , k}. In the particular case of a second countable LC-group G, this
condition is equivalent to: there exists a sequence (Γn)n≥1 of discrete subgroups of
G such that, for every non-empty open subset U of G, there exists n0 ≥ 1 such that
U ∩ Γn 6= ∅ for all n ≥ n0.

For a connected Lie group G, Kuranishi [Kura–51] has shown: (i) if G is approx-
imated by discrete subgroups, then G is nilpotent; (ii) if G is nilpotent and simply
connected, then G is approximated by discrete subgroups if and only ifG has uniform
lattices. Moreover, there is a necessary and sufficient condition for a nilpotent con-
nected Lie group (not necessarily simply connected) to be approximated by discrete
subgroups, for which we refer to the original article by Kuranishi.

(6) For every integer n ≥ 2, the group SLn(Z) is a non-uniform lattice in SLn(R).
The result is due to Minkowski [Mink–91]; see [Bore–69, théorème 1.4 and lemme
1.11].

(7) There are groups with non-uniform lattices and without uniform lattices.
For example, consider an integer n ≥ 2 and the natural semi-direct product G =
Rn ⋊ SLn(R). On the one hand, Zn ⋊ SLn(Z) is a non-uniform lattice in G. On the
other hand, G does not have any uniform lattice, as we check now.

Let Γ be a lattice in G. Let π : G −→ SLn(R) denotes the canonical projection
on the quotient of G by its solvable radical Rn. Then π(Γ) is a lattice in SLn(R),
by a theorem of H.C. Wang, see [Wang–63, Number 3.4], or [BeQu–14, Lemma 6.4].
If Γ was uniform, then Γ ∩Rn would be a lattice in Rn by Theorem 1 of [Ausl–63];
upon conjugating it in G, one could therefore assume that Γ ∩Rn = Zn; since π(Γ)
would have to normalize Zn, it would be a finite index subgroup of GLn(Z), and
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this is impossible if Γ is uniform.

Other LC-groups with non-uniform lattices and without uniform lattices are
alluded to in Example 5.C.10(1).

(8) In every dimension n ≥ 3, there are uncountably many pairwise non-isomorphic
simply connected real Lie groups, but only countably many of them have lattices
[Wink–97].

(9) There exist solvable LC-groups with non-uniform lattices. The following
example is due to Bader, Caprace, Gelander, and Mozes; see [BeQu–14, Example
3.5] and [Gela–14, Example 4.3].

For a prime p, denote by Fp the additive group of the field of order p and by
F×

p the multiplicative group of this field, which is cyclic of order p − 1. Let S be
an infinite set of primes such that

∑
p∈S p

−1 < ∞. Consider the countable abelian
group A =

⊕
p∈S Fp, the compact group K =

∏
p∈S F

×
p , which is naturally a group

of automorphisms of A, and the metabelian LC-group G = A ⋊ K, in which A is
discrete and K compact open.

For p ∈ S, choose a generator sp of the multiplicative group F×
p . Let Hp denote

the cyclic subgroup {(1 − sjp, sjp)}j=0,1,...,p−2 of Fp ⋊ F×
p , generated by (1 − sp, sp).

Let ap ∈ A be the element with pth coordinate 1 − sp and other coordinates 0, and
let kp ∈ K be the element with pth coordinate sp and other coordinates 1. Set
hp = (ap, kp) ∈ A⋊K = G; let H be the subgroup of G generated by {hp}p∈S. Then
H is a non-uniform lattice in G, as we are going to show.

Note first that H is a discrete subgroup of G, because the intersection of H with
the compact open subgroup K is trivial.

To show that H is not cocompact in G, consider the set I of all finite subsets
of S. For I ∈ I, consider the subgroup AI =

⊕
p∈I Fp of A and the subgroup

GI = AI ⋊K of G. Then AI is finite, of order
∏

p∈I p, and GI is compact open in
G, because it is a finite union of K-cosets in G. We have GI ⊂ GJ whenever I ⊂ J ,
and the family (GI)I∈I is a covering of G. It follows that any compact subset of G is
contained in some GI (in particular, with the terminology of Definition 4.D.1, G is
locally elliptic). Let π denote the canonical projection of G onto the homogeneous
space G/H . If G/H were compact, there would exist a compact subset L of G such
that π(L) = G/H (Lemma 2.C.9), hence some I ∈ I such that π(GI) = G/H ; since
this is not true, G/H is not compact.

Denote by µ the Haar measure on G normalized by µ(K) = 1. We claim that
µ induces a measure µG/H on G/H which is G-invariant and finite. For I ∈ I, the
restriction µI of µ to GI is the Haar measure on GI for which K is of measure 1, and
µI(Gi) = |AI | =

∏
p∈I p. Consider the subgrooup HI = H ∩GI = 〈hp | p ∈ I〉 of GI .

Since HI is finite of order
∏

p∈I(p − 1), the measure µI induces on GI/HI a finite

GI-invariant measure of total mass
∏

p∈I
p

p−1
=

∏
p∈I(1 + 1

p−1
). Since GI is open in

G, the space GI/HI can be identifed with an open subspace of G/H . For I, J ∈ I
with I ⊂ J , we have GI/HI ⊂ GJ/HJ , and G/H =

⋃
I∈I GI/HI . We use only now

the condition
∑

p∈S p
−1 <∞ to conclude that µG/H(G/H) =

∏
p∈S(1+ 1

p−1
) is finite.

Remark 5.C.8 (lattices in discrete groups). (1) Inside a discrete group, a subgroup
is a lattice if and only if it is of finite index. These lattices are uniform.
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(2) Let ∆ be a finitely generated group, say generated by n elements, and Γ
a finite index subgroup, say of index j. Then Γ is finitely generated; this is a
particular case of the non-trivial implication of Proposition 4.C.11(2). This can also
be established by the so-called Reidemeister-Schreier method, which provides for Γ
a set of n(j − 1) + 1 generators. See [MaKS–66, Corollary 2.7.1 and Theorem 2.10],
and also [MaSw–59].

Example 5.C.9 (lattices in semisimple and reductive Lie groups). (1) Let G be a
semisimple real Lie group with a finite number of connected components. Then G
contains lattices [BoHa–62]. More precisely, G contains cocompact lattices ([Bore–63],
announced in [BoHa–61]). It was previously known that, if G is non-compact, then
it also admits non-cocompact lattices (usually obtained by taking integral points);
see [Ragh–72, Theorem 14.1].

If moreover G0 has a finite centre, discrete groups quasi-isometric to lattices
in G and the classification of such lattices up to quasi-isometry have received a
lot of attention, as discussed in [Farb–97]. Relying on these results and on work of
Kleiner-Leeb [KlLe–09], it is checked in [Corn, Section 3] that a compactly generated
LC-group is quasi-isometric to G if and only if it admits a copci homomorphism (as
defined in Remark 4.C.13) into Aut(g), where g is the Lie algebra of G.

The archetypical example of a lattice in a simple Lie group is SLn(Z) in SLn(R),
already cited in 5.C.7(6).

(2) The simple real Lie group PSL2(R) contains as uniform lattices fundamen-
tal groups of closed surfaces of genus at least 2 (and this in many ways, by the

uniformization theory for Riemann surfaces). Let Γ be such a lattice, and Γ̃ its
inverse image in SL2(R). The reductive real Lie group GL+

2 (R), where the “+”
indicates matrices of positive determinants, or equivalently the identity component
of GL2(R), has uniform lattices of the form Γ̃× 2Z, because the map





SL2(R)×R×
+ −→ GL+

2 (R)
((

a b
c d

)
, t

)
7−→

(
a b
c d

)(√
t 0

0
√
t

)

is an isomorphism of Lie groups.

(3) The group PSL2(C) can be seen as a simple complex Lie group, and also as
a simple real Lie group by “restriction of scalars”. It contains as uniform lattices
fundamental groups of compact hyperbolic 3-manifolds. The map

ι :





SL2(C)×C× −։ GL2(C)((
a b
c d

)
, t

)
7−→

(
a b
c d

)(
t 0
0 t

)

is a surjective homomorphism of Lie groups with kernel of order 2. Let Γ ⊂ SL2(C)
be a uniform lattice, say the inverse image of a uniform lattice in PSL2(C). Then
ι
(
Γ× 2Z

)
is a uniform lattice in GL2(C).

Example 5.C.10 (lattices in algebraic groups over other fields). (1) Let G be
an algebraic group defined over a local field K of characteristic 0; if G = G(K)
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has a lattice, then G is reductive and the lattice is uniform; see [Tama–65], or
[Serr–77, Section II.1.5]. The following converse is a result of Borel and Harder:
every reductive group over a local field of characteristic zero contains a uniform
lattice [BoHa–78].

In finite characteristic, some reductive groups have uniform lattices and others
do not. We refer to the discussion in [Marg–91, Remark IX.1.6(viii) Page 295, and
Pages 316–317].

(2) For the diagonal embedding, Z[1/p] is a cocompact lattice in R×Qp, as we
check now.

On the one hand, we have Z[1/p] ∩ Zp = Z ⊂ Qp and Z ∩ ]−1, 1[ = {0} ⊂ R.
Hence ]−1, 1[× Zp, which is an open neighbourhood of (0, 0) in R×Qp, intersects
Z[1/p] in the singleton {(0, 0)}. This shows that Z[1/p] is a discrete subgroup of
R×Qp.

On the other hand, consider (x, y) ∈ R ×Qp. Write y = [y] +
∑n

i=1 yip
−i, with

[y] ∈ Zp, n ≥ 0, and yi ∈ {0, 1, . . . , p−1} for i = 1, 2, . . . , n. Set z = k+
∑n

i=1 yip
−i ∈

Z[1/p], with k ∈ Z such that |x − z| ≤ 1/2; observe that y − z ∈ Zp. Hence
R×Qp =

⋃
z∈Z[1/p] z + ([−1/2, 1/2]× Zp). This shows that Z[1/p] is cocompact in

R×Qp.

The quotient Sp := (R×Qp)/Z[1/p] is an abelian compact group known as the
p-adic solenoid. It can also be seen as an inverse limit lim←−R/pnZ. There is a
short exact sequence Zp −֒→ Sp −։ R/Z, and Sp is a covering of a circle with Zp

fibers. The compact group Sp contains both a dense subgroup isomorphic to R (it
follows that Sp is connected) and a dense subgroup isomorphic to Qp. Note that
Sp is an LCA-group that is connected and not locally connected. On Sp, see for
example [Robe–00, Appendix to Chapter 1].

Similarly, Q is a cocompact lattice in R×AQ, where AQ denotes the adeles of
Q; see [Weil–67, Chapter IV, § 2], and Example 8.B.7(4)

(3) We describe other examples of lattices in products of algebraic groups defined
over different fields; compare with the simple one given in § 1.B. Consider an integer
m ≥ 2, and the prime divisors p1, . . . , pk ofm. The direct product A := R×∏k

j=1Qpj

is an abelian locally compact group, indeed a locally compact ring. Let αm be the
automorphism of A that is multiplication by m in each factor of the product. Let
A⋊mZ be the semidirect product, with respect to the action for which the generator
1 of Z acts on A by αm.

The solvable Baumslag-Solitar group BS(1, m) = Z[1/m] ⋊m Z is naturally a
cocompact lattice in A ⋊m Z. We come back to this example in 8.D.2, and allude
to other Baumslag-Solitar groups in 5.C.12.

(4) The group SLn(Z[1/p]) is naturally a non-cocompact lattice in SLn(R) ×
SLn(Qp).

Example 5.C.11 (tree lattices). Let X be a locally finite tree; let G = Aut(X)
denote its automorphism group, with its natural separable locally compact topology,
as in Example 2.E.4(5) above. Then G contains uniform lattices if and only if G is
unimodular and the graph G\Xbary is finite. (Here, Xbary denotes the barycentric
subdivision of X ; the point is that G naturally acts on Xbary with quotient a graph,
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whereas G\X need not be a graph in the strict sense.) Suppose that G contains
uniform lattices; then any such lattice is virtually free (i.e., has finitely generated
free subgroups of finite index), and two such lattices Γ1,Γ2 are commensurable (i.e.,
there exists g ∈ G such that Γ1 ∩ gΓ2g

−1 is of finite index in both Γ1 and Γ2). See
[BaKu–90].

Among trees for which G has uniform lattices, there exist trees for which G has
non-uniform lattices and trees for which G has none [BaLu–01].

Remark 5.C.12. Every Baumslag-Solitar group BS(m,n), solvable or not, is a
cocompact lattice in a semi-direct product (B ×R)⋊Z, where B is an appropriate
closed subgroup of the group of automorphisms of the regular tree of valency m+n.
This is a particular case of Proposition 5.4 in [CoVa–15], building up on [GaJa–03].

Remark 5.C.13. There are compactly generated simple LC-group without any
lattice [BCGM–12].



Chapter 6

Simple connectedness in the
metric coarse category

6.A Coarsely simply connected pseudo-metric

spaces

Our first definition provides a coarse notion of simple connectedness, as Definition
3.B.1 provides coarse notions of connectedness. For a definition with less numerical
constants, see [HiPR–97, Section 11].

Definition 6.A.1. Let (X, d) be a pseudo-metric space. Let c > 0 be a constant.
Recall that c-paths in X have been defined (3.B.1), and that a c-path is a c′-path
for every c′ ≥ c.

Two c-paths ξ = (x0, x1, . . . , xm) and η = (y0, y1, . . . , yn) inX are c-elementarily
homotopic if they have the same origin, x0 = y0, the same end, xm = yn, and if one
path can be obtained from the other by inserting one new point; the last condition
means more precisely that

either n = m + 1 and (y0, . . . , yn) = (x0, . . . , xi, yi+1, xi+1, . . . , xm),

or n+ 1 = m and (x0, . . . , xm) = (y0, . . . , yi, xi+1, yi+1, . . . , yn),

for some i.
Two c-paths ξ, η are c-homotopic if there exists a sequence of c-paths (ξ0 =

ξ, ξ1, . . . , ξℓ = η) such that ξj−1 and ξj are c-elementarily homotopic for j = 1, . . . , ℓ.
Note that, for c′ ≥ c, two c-paths are c′-homotopic if they are so as c′-paths.

Let x0 be a point in X . A c-loop in X at x0 is a c-path that starts and ends
at x0.

Examples of c′-homotopic paths are provided by

Proposition 6.A.2 (c-near c-paths are 2c-homotopic). Let (X, d) be a pseudo-
metric space, c > 0 a constant, and ξ = (x0, . . . , xn), η = (y0, . . . , yn) two c-paths
with the same number of steps from x0 = y0 to xn = yn in X.

If d(xi, yi) ≤ c for all i ∈ {1, . . . , n− 1}, then ξ and η are 2c-homotopic.

155
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Proof. Inspection shows that each of the following is a 2c-path of n or n + 1 steps
in X

ξ = ξ0 = (y0, x1, x2, x3, . . . , xn)
ξ1 = (y0, y1, x1, x2, x3, . . . , xn)
ξ2 = (y0, y1, x2, x3, . . . , xn)

...
ξ2n−4 = (y0, y1, . . . , yn−2, xn−1, xn)
ξ2n−3 = (y0, y1, . . . , yn−2, yn−1, xn−1, xn)

η = ξ2n−2 = (y0, y1, . . . , yn−2, yn−1, xn)

and that ξj−1 is 2c-elementarily homotopic to ξj for j = 1, . . . , 2n− 2.

Definition 6.A.3. Consider a pseudo-metric space X with a point x0 ∈ X . For
constants c′′ ≥ c′ > 0, define the property

(SC(c′, c′′)) any c′-loop in X at x0 is c′′-homotopic to the trivial loop (x0).

Remark 6.A.4. (1) For constants c, c′, c′′ with c′′ ≥ c′ ≥ c > 0 and a c-coarsely
connected space X , observe that Property (SC(c′, c′′)) holds for one choice of x0
if and only if it holds for any other choice of a base point in X . In the following
definitions, the base point will not be mentioned at all.

(2) Consider moreover constants C ′, C ′′ with c′′ ≥ C ′′ ≥ C ′ ≥ c′. Then Property
(SC(C ′, C ′′)) implies Property (SC(c′, c′′)).

Definition 6.A.5. For c > 0, a non-empty pseudo-metric space X is c-coarsely
simply connected if X is c-coarsely connected and, for all c′ ≥ c, there exists
c′′ ≥ c′ such that X has Property (SC(c′, c′′)).

The space X is coarsely simply connected if it is c-coarsely simply connected
for some c > 0 (equivalently for all c large enough).

Remark 6.A.6. (1) Let c, C be two constants with C ≥ c > 0 and X a c-coarsely
connected non-empty pseudo-metric space. Then X is c-coarsely simply connected
if and only if X is C-coarsely simply connected.

(2) Coarse connectedness is defined for pseudo-metric spaces, and coarse simple
connectedness for pseudo-metric spaces with base points. Thus, an empty pseudo-
metric space is coarsely connected, but simple coarse connectedness does not make
sense for it. Similarly, an empty topological space is connected, but simple connect-
edness does not make sense for it.

The following straightforward proposition is the analogue here of Proposition
3.B.7(1) for coarse connectedness.

Proposition 6.A.7. For pseudo-metric spaces, the property of being coarsely simply
connected is invariant by metric coarse equivalence.

Example 6.A.8. Let (X, d) be a pseudo-metric space, with base point x0. Let
ξ = (x0, . . . , xn) be a c-loop, with xn = x0, for some c > 0. Set

c′ = max{c, d(xi, xj), 0 ≤ i, j ≤ n}.
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Then ξ and the trivial loop (x0) are c′-homotopic c-loops.
It follows that a non-empty pseudo-metric space of finite diameter is coarsely

simply connected.

Example 6.A.9. (1) Let CR = (Re2iπt)0≤t≤1 be the circle of radius R > 0 in the
complex plane, with the metric induced by the Euclidean metric of the plane; thus
the diameter of CR is 2R.

Claim. Consider a constant c > 0 and the c-loop

ξ = (R,Re2iπ(1/m), Re2iπ(2/m), . . . , Re2iπ((m−1)/m), R)

in CR at the point R, with m large enough so that |Re2iπ(1/m) − R| < c. If ξ is
c-homotopic to the constant loop (R), then c ≥

√
3R.

To prove the claim, we define as follows a rudimentary kind of rotation number
ρ(·) for “discrete loops” in the circle CR. Define three disjoint half-open circular
arcs

Aα =
[
Re2iπ

α
3 , Re2iπ

α+1

3

[
⊂ CR, α ∈ Z/3Z,

each of length 2
3
πR. For a “discrete loop” η = (ηj)j∈Z/nZ, with ηj ∈ CR for j ∈ Z/nZ,

and α, β ∈ Z/3Z, let

Tα,β(η) = #{j ∈ Z/nZ | ηj ∈ Aα, ηj+1 ∈ Aβ}

denote the number of steps of η from Aα to Aβ, and define

ρ(η) =
∑

α∈Z/3Z

(Tα,α+1(η)− Tα+1,α(η)) .

For example, if ξ is as above with m ≥ 3, then ρ(ξ) = 3; if ξ0 = (R,R, . . . , R) is a
constant loop with m steps, then ρ(ξ0) = 0.

Let c be a constant, 0 < c <
√

3R. Let η, η′ be two c-loops in CR at R. Suppose
that η and η′ are c-elementarily homotopic, say

η = (y0, . . . , yi, yi+1, . . . , yn−1, y0),

η′ = (y0, . . . , yi, y
′, yi+1, . . . , yn−1, y0).

Let α, β, γ ∈ Z/3Z be defined by yi ∈ Aα, y′ ∈ Aβ, yi+1 ∈ Aγ . Since |yi+1 − y′|,
|y′ − yi|, |yi+1 − yi| are all strictly smaller than

√
3R, elementary geometry shows

that the indices α, β, γ are not all distinct; it follows that ρ(η) = ρ(η′). Hence, more
generally, if η and η′ are c-homotopic, then ρ(η) = ρ(η′).

Since ρ(ξ) = 3 6= 0 = ρ(ξ0), the loop ξ cannot be c-homotopic to ξ0, and the
claim is proved.

(2) Consider now CR as a metric space for itself (not as a subspace of the plane).
Denote by xR the base point R. Let X :=

∨∞
n=1Cn be the space obtained from the

disjoint union
⊔∞

n=1Cn by identifying the base points; thus X is an infinite wedge of
larger and larger circles. For m 6= n, the distance between two points x ∈ Cm ⊂ X
and x′ ∈ Cn ⊂ X is the sum d(x, xR) + d(xR, x

′). It follows from (1) that X is not
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coarsely simply connected. Of course, any finite wedge, for example XN :=
∨N

i=1Cn,
is coarsely simply connected (Example 6.A.8).

(3) The notation being as in (2), let C ′
R be the complement in CR of the point

−R. The wedge Y =
∨∞

n=1C
′
n is contractible; note that it is not coarsely simply

connected, for example because the inclusion Y ⊂ X is a quasi-isometry. This shows
that

• a simply connected metric space need not be coarsely simply con-
nected.

Conversely, a connected coarsely simply connected metric space need not be simply
connected (examples XN of (2)).

The next proposition shows that, for geodesic spaces, simple connectedness does
imply coarse simple connectedness. For c-geodesic spaces, see Proposition 6.C.4
below.

Proposition 6.A.10. Let X be a geodesic non-empty metric space. If X is simply
connected, then X is coarsely simply connected.

Proof. Choose a constant c′ > 0. Let x0 ∈ X and ξ = (x0, x1, . . . , xn = x0) be a
c′-loop in X at x0. Set L =

∑n
i=1 d(xi−1, xi); since X is geodesic, there exist a speed

one continuous loop ϕ : [0, L] −→ X and a sequence of real numbers (si)0≤i≤N such
that

0 = s0 ≤ s1 ≤ · · · ≤ sN = L,

ϕ(si) = xi for i = 0, . . . , n, in particular ϕ(0) = ϕ(L) = x0,

|si − si−1| = d(xi, xi−1) ≤ c′ for i = 1, . . . , n, .

Since X is simply connected, there exists a continuous homotopy H : [0, L] ×
[0, 1] −→ X such that

H(s, 0) = ϕ(s) and H(s, 1) = x0 for all s ∈ [0, L],
H(0, t) = H(L, t) = x0 for all t ∈ [0, 1].

By uniform continuity, there exists an integer N ≥ 1 such that

|H(s, t)−H(s′, t′)| ≤ c′ whenever |s− s′| ≤ L

N
and |t− t′| ≤ 1

N
.

There exist a sequence of real numbers (rh)0≤h≤M , with 0 = r0 ≤ r1 ≤ · · · ≤ rM = L,
such that |rh − rh−1| ≤ L/N for all h = 1, . . . ,M , and such that (si)0≤i≤N is a
subsequence of (rh)0≤h≤M .

For j ∈ {0, . . . , N}, define ξj to be the sequence (H(rh, j/N))h=0,1,...,M . In par-
ticular, ξ0 is obtained by adding new points in between those of ξ along the image
of ϕ ; it follows that ξ and ξ0 are c′-homotopic. By Proposition 6.A.2, the c′-loops
ξ0 and ξN are 2c′-homotopic. Since ξN is c′-homotopic to the trivial loop (x0), this
ends the proof.

Proposition 6.A.11. Let (Y, d) be a pseudo-metric space and Z ⊂ Y a coarse
retract of Y , in the sense of Definition 3.A.19. We assume that Z is non-empty.

If Y is coarsely simply connected, then so is Z.
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Reminder: if Y is coarsely connected, so is Z, by Proposition 3.B.4.

Proof. Let r : Y −→ Z be a coarse retraction. Upon redefining r at one point, we
can assume that there exists a point z0 ∈ Z such that r(z0) = z0. Let Φ be an upper
control (Definition 3.A.1) such that d(r(y), r(y′)) ≤ Φ(d(y, y′)) for all y, y′ ∈ Y .
Without loss of generality, we assume that Φ(t) > 0 for all t ≥ 0. Let K be a
constant such that d(z, r(z)) ≤ K for all z ∈ Z.

Choose a constant c such that Y is c-coarsely connected, and a constant c′ ≥ c.
Consider a Φ(c′)-loop η in Z at z0. By hypothesis on Y , there exist k′′ ≥ Φ(c′) and a
sequence ξ0 = η, ξ1, . . . , ξℓ = (z0) of k′′-loops in Y at z0 such that ξj−1 and ξj are k′′-
elementarily homotopic for j = 1, . . . , ℓ. Then r(ξ0) = η, r(ξ1), . . . , r(ξℓ) = (z0) is a
sequence of Φ(k′′)-loops in Z at z0 such that r(ξj−1) and r(ξj) are Φ(k′′)-elementarily
homotopic for j = 1, . . . , ℓ. This shows that Z has Property (SC(Φ(c′),Φ(k′′))).
Hence Z is coarsely simply connected.

6.B On simplicial complexes

We begin with some generalities on simplicial complexes and loops in them.

For a simplicial complex X , we denote by X0 ⊂ X1 ⊂ X2 ⊂ · · · the nested
sequence of its skeletons and by Xtop its geometric realization, which is a Haus-
dorff topological space obtained inductively by attaching cells of dimension 1, 2, . . .
on X0. A graph is a simplicial complex of dimension 1; it has simplices of dimen-
sions 0 and 1 only (as in Example 2.A.13). We use “vertex” for “0-cell” and “edge”
for “1-cell”.

Definition 6.B.1. Let X be a simplicial complex. A combinatorial path in X
from a vertex x to a vertex y is a sequence of oriented edges

ξ =
(
(x0, x1), (x1, x2), . . . , (xn−1, xm)

)

with x0 = x and xm = y; such a path is denoted by the sequence of vertices

ξ = (x0, x1, . . . , xm).

The inverse path is the path ξ−1 = (xm, xm−1, . . . , x0). The product of two
combinatorial paths (x0, x1, . . . , xm) and (y0, y1, . . . , yn) is defined when xm = y0,
and is then (x0, . . . , xm, y1, . . . , yn). A combinatorial loop in X based at some
vertex x0 ∈ X is a combinatorial path from x0 to x0.

On sets of combinatorial paths with fixed extremities, we define now two equiv-
alence relations.

Two combinatorial paths in X from x to y are elementarily graph homotopic
if they are of the form

(x0, x1, . . . , xn) and (x0, . . . , xi, u, xi, xi+1, . . . , xn), with x0 = x, xn = y,

where (xi, u) is an edge of X (so that (u, xi) is the opposite edge). Two combinatorial
paths ξ, ξ′ in X from x to y are graph homotopic if there exists a sequence
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ξ0 = ξ, ξ1, . . . , ξℓ = ξ′ of combinatorial paths from x to y such that ξj−1 and ξj
are elementarily graph homotopic for j = 1, . . . , ℓ. Observe that, for this relation,
combinatorial paths can be viewed indifferently in X or in X1.

Two combinatorial paths in X from x to y are triangle homotopic if they are
of the form

(x0, x1, . . . , xn) and (x0, . . . , xi, u, xi+1, . . . , xn), with x0 = x, xn = y,

where {xi, u, xi+1} is a 2-simplex in X . Two combinatorial paths ξ, ξ′ in X from x to
y are combinatorially homotopic if there exists a sequence ξ0 = ξ, ξ1, . . . , ξℓ = ξ′

of combinatorial paths from x to y such that ξj−1 and ξj are either elementarily
graph homotopic or triangle homotopic, for j = 1, . . . , ℓ. Observe that, for this
relation, combinatorial paths can be viewed indifferently in X or in X2.

Combinatorial homotopy between combinatorial paths is an equivalence rela-
tion that is compatible with inverses and products; in other words, combinatorial
homotopy classes of combinatorial paths are the elements of a groupoid. More pre-
cisely, let ξ, ξ′, η, η′ be combinatorial paths such that the product ξη is defined, ξ
is combinatorially homotopic to ξ′, and η is combinatorially homotopic to η′; then
ξ−1 is combinatorially homotopic to ξ′−1, and ξ′η′ is defined and combinatorially
homotopic to ξη.

Definition 6.B.2. Let X be a simplicial complex. Let ξ = (x0, x1, . . . , xn) be a
combinatorial path in X . The topological realization of ξ is a continuous path
ξtop : I −→ Xtop with origin x0 and end xn, well-defined up to reparameterization,
where I = [t0, tn] =

⋃n
j=1[tj−1, tj] is an interval of the real line made up of n subin-

tervals with disjoint interiors, and where ξtop maps successively [t0, t1] onto the edge
of ξ from x0 to x1, ...., and [tn−1, tn] onto the edge of ξ from xn−1 to xn.

Lemma 6.B.3. Let X be a connected simplicial complex, given with a base point
x0 ∈ X0.

(1) A loop in Xtop based at x0 is homotopic to the topological realization of a
combinatorial loop based at x0.

(2) Let ξ, ξ′ be combinatorial paths, and ξtop, ξ
′
top their topological realizations.

Then ξtop and ξ′top are homotopic in the topological sense if and only if ξ and ξ′ are
combinatorially homotopic.

Proof. The reader can check it as an exercise, or refer to [Span–66, Chap.3, Sec.6,
Lemma 12 and Theorem 16].

Lemma 6.B.4. Let X be a connected simplicial complex, and x0 ∈ X0. Let
ξ = (x0, x1, . . . , xn) be a combinatorial loop, with xn = x0. Suppose that ξtop is
homotopically trivial as a loop in Xtop based at x0.

Then ξ is combinatorially homotopic to a combinatorial loop
∏N

j=1 ujrju
−1
j , where

uj is a combinatorial path from x0 to some vertex zj ∈ X0, and rj is a combinatorial
loop based at zj, such that all vertices of rj belong to a common 2-simplex in X, and
such that the length of rj is 3, i.e., rj is of the form (zj , z

′
j, z

′′
j , zj) for some 2-simplex

{zj, z′j , z′′j }.
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Proof. Consider two triangle homotopic combinatorial loops of the form

η = (x0, y1, . . . , yi−1, yi, yi+1, . . . , yk−1, x0)

η′ = (x0, y1, . . . , yi−1, yi+1, . . . , yk−1, x0),

where {yi−1, yi, yi+1} is a 2-simplex of X . Set

u = (x0, y1, . . . , yi−1, yi+1)

r = (yi+1, yi−1, yi, yi+1).

Then η is elementarily graph homotopic to uru−1η′; similarly, η′ is elementarily
graph homotopic to ur−1u−1η.

By hypothesis and Lemma 6.B.3, there exists a sequence ξ0 = ξ, ξ1, . . . , ξℓ = (x0)
of combinatorial loops such that, for j ∈ {1, . . . , ℓ}, the loops ξj−1 and ξj are either
elementarily graph homotopic (say for M of the j ’s), or triangle homotopic (say for
N of the j ’s, with M +N = ℓ). Applying N times the argument written above for
η and η′, we obtain the conclusion.

Proposition 6.B.5. Let X be a connected simplicial complex.
On the geometric realization Z of the 2-skeleton X2 of X, there exists a unique

combinatorial metric d2 that makes each edge of Z an interval of length 1, each
2-cell of Z a Euclidean equilateral triangle of side-length 1, and such that (Z, d2) is
a complete geodesic space.

If d1 denotes the combinatorial metric on the geometric realization Y of X1

(Example 2.A.13), the inclusion (Y, d1) ⊂ (Z, d2) is a quasi-isometry.

Note. If X is a non-connected simplicial complex, the same construction yields a
combinatorial écart on the geometric realization of X2 (see Definition 2.A.5).

Proof. We refer to [BrHa–99, Theorem 7.19 and Proposition 7.31].

6.C The Rips 2-complex of a pseudo-metric space

Definition 6.C.1. Let (X, d) be a non-empty pseudo-metric space; let c > 0 be
a constant. The Rips simplicial 2-complex Rips2c(X, d) is the simplicial complex
of dimension 2 with X as set of vertices, pairs (x, y) of distinct points of X with
d(x, y) ≤ c as set of oriented edges, and triples (x, y, z) of distinct points of X
with mutual distances bounded by c, up to cyclic permutations, as set of oriented
2-simplices.

The Rips 2-complex is the geometric realization of this complex, denoted again
by Rips2c(X, d), endowed with the combinatorial écart d2 of Proposition 6.B.5. Note
that any connected component of

(
Rips2c(X, d), d2

)
is a complete geodesic space.

Whenever convenient, we write Rips2c(X) for Rips2c(X, d).

Rips complexes are usually defined as complexes of unbounded dimension; but
our restriction to dimension 2 will suffice below, because we are not interested here
in coarse analogues of connectedness conditions πj(−) = {0} for j ≥ 2. Complexes
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Ripsc(−) have been used by Rips and Gromov in the context of hyperbolic groups
[Grom–87, Section 1.7], but the idea goes back to Vietoris [Viet–27, Haus–95].

If (X, dc) is the metric space associated to a connected graph and its combinato-
rial metric, as in Example 2.A.13, there is a variant of the Rips 2-complex, Pk(X),
obtained from the graph X by adding ℓ-gons at every combinatorial loop of length
ℓ ≤ k. The spaces Rips2c(X) and Pk(X) are quasi-isometric. The two spaces are
useful for the same kind of purposes, but Pk(X) is sometimes more convenient: see
[SaTe].

Proposition 6.C.2 (on the inclusion of X in its Rips complex). Let X be a non-
empty pseudo-metric space, with a base point x0, and Rips2c(X) its Rips 2-complex.
For a constant c > 0:

(1) X is c-coarsely connected if and only if Rips2c(X) is connected;
(2) X is c-coarsely geodesic if and only if the natural inclusion X −֒→ Rips2c(X)

is a metric coarse equivalence;
(3) X is c-large-scale geodesic if and only if the natural inclusion X −֒→ Rips2c(X)

is a quasi-isometry.

For two constants c′′ ≥ c′ > 0, there is a canonical inclusion j : Rips2c′(X) −֒→
Rips2c′′(X), which is the identity on the 0-skeletons. We have:

(4) if Rips2c′(X) is connected, so is Rips2c′′(X);
(5) the space X has Property (SC(c′, c′′)) of Definition 6.A.3 if and only if the

homomorphism of fundamental groups j∗ : π1(Rips2c′(X)) −→ π1(Rips2c′′(X))
is trivial.

Proof. Claims (1) to (4) are straightforward consequences of the definitions. Let us
check Claim (5).

First, assume that X has Property (SC(c′, c′′)). Consider γ ∈ π1(Rips2c′(X)). By
Lemma 6.B.3(1), γ can be represented by a combinatorial loop based at x0, and the
latter defines a c′-loop in X at x0, say ξ. Since X has Property (SC(c′, c′′)), there is a
c′′-homotopy from this c′-loop ξ to the trivial loop (x0). This c′′-homotopy provides
a combinatorial homotopy from ξ viewed as a combinatorial loop in Rips2c′′(X) to
the trivial loop. Hence j∗(γ) = 1 ∈ π1(Rips2c′′(X)).

Assume, conversely, that j∗ has trivial image. Let ξ be a c′-loop in X at x0.
This can be viewed as a combinatorial loop in Rips2c′(X). Since the image of j∗ is
trivial, there is a homotopy from ξtop viewed as a loop in Rips2c′′(X) to the constant
loop. By Lemma 6.B.3(2), there exists a combinatorial homotopy from ξ viewed as
a combinatorial loop in Rips2c′′(X) to the constant loop. The latter combinatorial
homotopy provides a c′′-homotopy from the c′-loop ξ to the constant loop. Hence
X has Property (SC(c′, c′′)).

Lemma 6.C.3. Let c, c′, c′′ be constants with c′′ ≥ c′ ≥ c > 0, and X a c-geodesic
metric space, with base point x0.

If X has Property (SC(c′, c′′)), then X has Property (SC(c′′, c′′)).

Proof. Let ξ = (x0, x1, . . . , xm = x0) be a c′′-loop in X at x0. Since X is c′-geodesic,
there is a way of inserting new points in between those of ξ to obtain a c′-loop
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η = (x0, y1 . . . , yn = x0) that is c′′-homotopic to ξ. If X has Property (SC(c′, c′′)),
this loop η is c′′-homotopic to the constant loop (x0). Hence ξ is c′′-homotopic to
(x0). The conclusion follows.

Proposition 6.C.4. Let X be a non-empty pseudo-metric space, with x0 ∈ X.
Assume that X is c-geodesic, for some c > 0. The following three properties are
equivalent:

(i) the space X is c-coarsely simply connected;
(ii) there exists k ≥ c such that Rips2k(X) is simply connected;
(iii) there exists k ≥ c such that Rips2K(X) is simply connected for all K ≥ k.

Proof. (i) ⇒ (iii) Suppose that (i) holds. There exists k ≥ c such that X has
Property (SC(c, k)). By Lemma 6.C.3, X has also Property (SC(K,K)) for all
K ≥ k. Property (iii) follows from Proposition 6.C.2(5).

(ii) ⇒ (i) Suppose that (ii) holds. Since Rips2k(X) is a complete geodesic space,
it is coarsely simply connected, by Proposition 6.A.10. Since X is c-geodesic, the
inclusion of X in Rips2k(X) is a quasi-isometry, by Proposition 6.C.2(3). Hence X
has Property (i), by Proposition 6.A.7.

Example 6.C.5. In Proposition 6.C.4, the condition on X to be c-geodesic cannot
be relaxed to being large-scale geodesic, as we show here with an example of a metric
space that is bilipschitz to N (the half-line graph), and such that, for every c > 0,
the Rips 2-complex Rips2c(X) is not simply connected.

The idea is to start from the graph N, and to force some pairs of points at
distance 3n to have distance n. This can be constructed as a connected (but not
geodesic) subgraph of a larger graph, as follows.

Let Y be the graph with vertex set

Vert(X) = {un}n∈N ⊔
( ⊔

n∈N
{vn,1, vn,2, . . . , vn,n−1}

)

and edge set consisting of

one edge {un, un+1} for all n ≥ 0,

n edges {u10n, vn,1}, {vn,1, vn,2}, . . . , {vn,n−1, u10n+3n} for all n ≥ 1.

Let d denote the combinatorial metric on Y (Example 2.A.13). The map

u : N −→ Y, n 7−→ un

is bilipschitz, with 1
3
|m− n| ≤ d(um, un) ≤ |m− n| for all m,n ∈ N.

Set X = u(N), with the restriction d of the metric of (Y, d). The metric space
(X, d) is large-scale geodesic, because it is quasi-isometric to N. Observe that, for
all n ≥ 1,

· d(u10n, u10n+3n) = n ,

· the length of the path (u10n , u10n+1, u10n+2, . . . , u10n+3n−1, u10n+3n) is 3n ;

hence (X, d) is not geodesic.
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Let c > 0 be a constant. If c < 1, the Rips 2-complex Rips2c(X) is not connected.
Assume c ≥ 1, so that Rips2c(X) is connected. Let n be the integer such that
n ≤ c < n + 1. In Rips2c(X), there is an edge, {u10n , u10n+3n}, that is not contained
in any 2-simplex. It follows that a loop in Rips2c(X) going around

u10n , u10n+1, u10n+2, . . . , u10n+3n, u10n

is not homotopic to a constant loop, so that Rips2c(X) is not simply connected.

Proposition 6.C.6. Let X be a non-empty pseudo-metric space, with x0 ∈ X.
Assume that X is coarsely geodesic. The following properties are equivalent:

(i) X is coarsely simply connected;
(ii) X is coarsely equivalent to a simply connected geodesic metric space.

Proof. (i) ⇒ (ii). Assume that X has Property (i). Since X is coarsely geodesic,
there exists a geodesic metric space Z coarsely equivalent toX (Proposition 3.B.7(4)).
Since X is coarsely simply connected, so is Z (Proposition 6.A.7). For c large enough,
Rips2c(Z) is simply connected (Proposition 6.C.4) and the inclusion Z ⊂ Rips2c(Z)
is a metric coarse equivalence (Proposition 6.C.2). It follows that X and the simply
connected geodesic metric space Rips2c(Z) are coarsely equivalent.

(ii)⇒ (i). Assume conversely that X is coarsely equivalent to a simply connected
geodesic metric space Y . Then Y is coarsely simply connected (Proposition 6.A.10),
and so is X (Proposition 6.A.7).



Chapter 7

Bounded presentations

7.A Presentations with relators of bounded length

We revisit Definition 2.C.1 as follows:

Definition 7.A.1 (generation). A generation of a group G is a pair made up of
a set S and a surjective homomorphism π : FS ։ G of the free group on S onto G.
The relations of such a generation are the elements of Ker(π).

Definition 7.A.2 (presentation). A presentation of a group G is a triple made up
of a generation (S, π) as above and a subset R of FS generating Ker(π) as a normal
subgroup. The notation

G = 〈S | R〉
summarizes such data. The set S is often called an alphabet.

Such a subset R ⊂ FS is called a relating subset; its elements are the rela-
tors of the presentation. Observe that the relations are the elements of the form∏k

i=1wiriw
−1
i , with k ≥ 0, r1, . . . , rk ∈ R ∪ R−1, and w1, . . . , wk ∈ FS.

A group is finitely presented if it is given as G = 〈S | R〉 with both S and R
finite, and finitely presentable if it can be given in such a way. It is improper,
but nevertheless standard, to use “finitely presented group” for “finitely presentable
group”.

Consider two alphabets S1, S2, the free group F1 on S1 and the free group F on
the disjoint union S1⊔S2, and identify naturally F1 to a subgroup of F . Consider also
subsets R1 ⊂ F1 and R2 ⊂ F . We can define two groups G1, G by the presentations
G1 = 〈S1 | R1〉, G = 〈S1, S2 | R1, R2〉. We write shortly (and abusively)

G = 〈G1, S2 | R2〉 for G = 〈S1, S2 | R1, R2〉.

In some important cases, such as amalgamated products and HNN-extensions as
in Section 8.B, it can be established that the natural homomorphism G1 −→ G is
injective.

Remark 7.A.3. (1) In Definitions 7.A.1 and 7.A.2, as in the footnote to 2.C.17(3),
we emphasize that, even if G is a topological group and S a subset of G, the free
group FS is not considered with any topology.

165
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(2) If the restriction of π to S is injective, it is standard to identify S with its
image in G.

(3) Let π : FS −→ G = 〈S | R〉 be a presentation of a group G. Let R be the
natural image of R in Fπ(S); in other words, the elements of R are the words in the
letters of π(S) and their inverses obtained from the relators in R first by substitution
of π(s) for s, for all s ∈ S ∪ S−1, and then by deletion of those π(s) equal to 1 in
G. Let π(S)′ stand for π(S) r {1} if 1 ∈ π(S), and for π(S) otherwise; we have a
generation Fπ(S)′ −→ G and a presentation 〈π(S)′ | R〉 of G.

Example 7.A.4. Let G be a group acting by homeomorphisms on a non-empty
topological space X ; let U be an open subset of X such that GU = X . Set

S = {s ∈ G | U ∩ sU 6= ∅},
R = {stu−1 ∈ FS | s, t, u ∈ S with st = u in G and U ∩ sU ∩ uU 6= ∅}.

(1) If X is connected, S generates G.
(2) If X is simply connected and X,U are path-connected, 〈S | R〉 is a presentation

of G.

Note: if the action is proper and U is relatively compact, then S and R are finite.

Proof. (1) Let H be the subgroup of G generated by S. Set Y = HU and Z =
(G r H)U ; they are open subsets of X . Then Y ∩ Z = ∅; indeed, otherwise there
would exist h ∈ H and g ∈ G r H such that h−1gU ∩ U 6= ∅, hence such that
g ∈ hS ⊂ H , in contradiction with g ∈ G r H . Since Y is non-empty (because
U ⊂ Y ) and X connected, Y = X .

Consider now g ∈ G. There exists h ∈ H with gU ∩ hU 6= ∅. Thus h−1g ∈ S,
and g ∈ hS ⊂ H . Hence H = G.

(2) The proof, that we do not reproduce here, has three steps. First one intro-
duces an S-labelled “Cayley complex” K, with vertex set G, labelled edges of the
form (g1, g2, s) where g2 = g1s, s ∈ S, and 2-cells attached to edge-loops labelled by
words in R. Then one shows that K is simply connected. From this one concludes
that G = 〈S | R〉.

The result is from [Macb–64]. Actual proofs can also be found in [Serr–77,
Appendix of Section I.3, Pages 45–46] and [BrHa–99, Theorem I.8.10, Page 135].
Serre indicates related references.

Definition 7.A.5 (bounded presentation). A bounded presentation for a group
G is a presentation G = 〈S | R〉 with R a set of relators of bounded length. A group
is boundedly presented over S if it is given by such a presentation.

Example 7.A.6. (1) Let G be any group. Let S be a set given with a bijection
G −→ S, g 7−→ sg. In the free group FS on S, define the subset

R = {sgshs−1
k ∈ FS | g, h ∈ G and k = gh}.

Then G = 〈S | R〉 is a bounded presentation, with all relators of length 3.

(2) If G has a finite generating set S, then G is boundedly presented over S if
and only if G is finitely presentable.
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(3 – Coxeter groups and Artin-Tits groups). Let S be an abstract set (possibly
infinite) with Coxeter data, i.e., with a symmetric matrix M = (ms,t)s,t∈S having
coefficients in N≥1 ∪ {∞}, with ms,s = 1 for all s ∈ S and ms,t ≥ 2 whenever s 6= t.
The corresponding Coxeter group is defined by the presentation

WM = 〈S | (st)ms,t = 1 ∀ s, t ∈ S with ms,t <∞〉,

and the Artin-Tits group by

AM = 〈S | sts · · · = tst · · · ∀ s, t ∈ S with s 6= t and ms,t <∞〉

(with a product of ms,t factors on each side of the last equality sign). These presen-
tations are bounded if and only if sup{ms,t | s, t ∈ S with ms,t <∞} is finite.

For general M as above, Artin-Tits groups are rather mysterious. For example,
it is conjectured but unknown that AM is always torsion-free. This and other open
problems on Artin-Tits groups are discussed in [GoPa–12].

(4 – Steinberg groups). Let R be an associative ring (not necessarily commutative
or unital) and n an integer, n ≥ 3. The Steinberg group Stn(R) is the group
defined by the following bounded presentation: there are generators ei,j(r) indexed
by pairs (i, j) ∈ {1, . . . , n}2 with i 6= j and r ∈ R, and relators

ei,j(r)ei,j(s) = ei,j(r + s), i, j distinct,

[ei,j(r), ej,k(s)] = ei,k(rs), i, j, k distinct,

[ei,j(r), ek,ℓ(s)] = 1, i 6= j, ℓ and k 6= j, ℓ,

all of length ≤ 5 (where [a, b] stands for aba−1b−1).
When n = 2, the group St2(R) is usually defined with additional generators and

relators; we refer to [Miln–71, Pages 40 and 82].

(5) For R and n as in (4), there is a natural homomorphism Stn(R) −→ SLn(R).
In some cases, we know a presentation of SLn(R) closely related to this homomor-
phism and the presentation of (4). For example, when R = Z and n ≥ 3, we have
the Steinberg presentation

SLn(Z) =

〈
ei,j

with i, j = 1, . . . , n

and i 6= j

∣∣∣∣∣

[ei,j , ej,k] = ei,k if i, j, k are distinct

[ei,j , ek,ℓ] = 1 if i 6= j, ℓ and k 6= j, ℓ

(e1,2e
−1

2,1e1,2)
4 = 1

〉

with relators of length ≤ 12 [Miln–71, § 10]. Here, ei,j is the elementary matrix
in SLn(Z), with 1 ’s on the diagonal and at the intersection of the ith row and the
jth column, and 0 ’s elsewhere. For SL2(Z), we refer to [Miln–71, Theorem 10.5].

Definition 7.A.7 (defining subset). Let G be a group and S a generating subset.
We say that S is a defining generating subset, or shortly a defining subset, if G
is presented with S as generating set, and {stu−1 ∈ FS | s, t, u ∈ S and st = u} as
set of relators.

Clearly, if S is a defining generating subset of G, then G is boundedly presented
over S. The following lemma, which is [Behr–67, Hilfssatz 1], is a weak converse.

Recall that Ŝn := (S ∪ S−1 ∪ {1})n has been defined in 2.C.1.
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Lemma 7.A.8. Let G be a group given with a bounded presentation

G =
〈
S | R = (rι)ι∈I

〉

with relators rι of length bounded by some integer n. Let m be the integer part of
n+2
3
. Then Ŝm is a defining generating subset of G.

Proof. Without loss of generality, we assume that the generating set is symmetric
and contains 1, i.e., that Ŝ = S; thus

{1} = S0 ⊂ S1 = S ⊂ S2 ⊂ S3 ⊂ · · · .

Since 1 ∈ S, we can assume that each relator r ∈ R has length exactly n.
For every m ≥ 1, let Sm be a set given with a bijection with the subset Sm

of G. For a group element w ∈ Sm, we write w the corresponding “letter” in Sm.
Moreover, we identify Sm with the appropriate subset of Sm+1.

For m ≥ 2, define Qm to be the set of words in the letters of Sm consisting of the
relators w s = ws, with w ∈ Sm−1, s ∈ S1, and therefore ws ∈ Sm; such an equation
stands improperly for a word w s (ws)−1 of length at most 3. We have

G = 〈S | R〉 = 〈S2 | R ∪Q2〉 = 〈S3 | R ∪Q2 ∪Q3〉
= · · · = 〈Sm | R ∪Q2 ∪ · · · ∪Qm〉 .

Assume now that m ≥ n+2
3

. Each rι ∈ R can be first split in at most three subwords
of lengths at most m, and then rewritten as a word of length at most three in the
letters of Sm. Hence G = 〈Sm | Q2 ∪ · · · ∪Qm〉. If R′ is the set of relators of the
form u v w−1, with u, v, w ∈ Sm and uv = w ∈ Sm ⊂ G, then Q2 ∪ · · · ∪ Qm ⊂ R′

and G = 〈Sm | R′〉. Hence Sm is a defining subset of G.

Lemma 7.A.9. Let G be a group, S1, S2 generating subsets of G, and m ≥ 1 an
integer.

(1) G is boundedly presented over Ŝm
1 if and only if it is boundedly presented over

S1.
(2) If S1 ⊂ S2 ⊂ Ŝm

1 and if G is boundedly presented over S1, then it is boundedly
presented over S2.

(3) If Ŝm
1 ⊂ Ŝn

2 ⊂ Ŝm′

1 for some n,m′ ≥ 1, then G is boundedly presented over S1

if and only if it is boundedly presented over S2.
(4) Assume that G is an LC-group; let S1, S2 be two compact generating sets. If

G is boundedly presented over S1, then G is boundedly presented over S2.

Proof. (1) This claim is straightforward; compare with the proof of Lemma 7.A.8.
(2) Let G = 〈S1 | R1〉 be a bounded presentation, with relators in R1 of S1-

lengths at most b, say. Since S2 ⊂ Ŝm
1 , there exists for each s ∈ S2 r S1 a S1-word

ws of length at most m such that s = ws; let R2 denote the set of S2-words of the
form s−1ws. Then 〈S2 | R1 ⊔ R2〉 is a presentation of G in which each relator is of
length at most max{b,m + 1}.

(3) Suppose that G is boundedly presented over S1. Then G is boundedly pre-
sented
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over Ŝm
1 , by (1),

and over Ŝn
2 , by (2) applied to Ŝm

1 ⊂ Ŝn
2 ⊂ Ŝmm′

1 ,
and also over S2, by (1) again.

Since Ŝnm
2 ⊂ Ŝm′m

1 ⊂ Ŝm′n
2 , the converse holds by the same argument.

(4) We may assume that m is such that Ŝm
1 is a compact neighbourhood of 1

(Proposition 2.C.3). The group G is boundedly presented over Ŝm
1 , by (1). Moreover,

for appropriate values of n and m, we have Ŝm
1 ⊂ Ŝn

2 ⊂ Ŝm′

1 . Thus (4) follows
from (3).

Example 7.A.10. (1) Any “boundedly generated” group is boundedly presented.
More precisely, let G be a group, S a symmetric generating set, and dS the cor-
responding word metric on G. Assume that the metric space (G, dS) has finite
diameter, i.e., that N := supg∈G dS(1, g) < ∞. Then G is boundedly presented
over S.

This follows from Lemma 7.A.9(1), since G is boundedly presented over ŜN = G.
Note that there are infinite groups, for example the full symmetric group G =

Sym(X) of an infinite set X , such that the diameter of (G, dS) is finite for every
generating set S. See [Berg–06], as well as our Definition 4.E.10 and Example 4.E.15.

(2) It is not true that, if a group G is boundedly presented over S1 and S2 ⊃ S1,
then G is necessarily boundedly presented over S2.

Indeed, consider the case G = Z of the infinite cyclic group. Consider a strictly
increasing sequence (mk)k≥1 of positive integers such that

m1 = 1 and lim
k→∞

mk

mk−1
= ∞.

On the one hand, we have a presentation Z = 〈u | ∅〉, with one generator u repre-
senting 1 ∈ Z and no relators. On the other hand, consider a presentation 〈S | R′〉
with an infinite generating set S = {sk}k≥1 such that sk ∈ S represents mk ∈ Z for
each k ≥ 1.

We claim that the presentation 〈S | R′〉 is not bounded, in particular that Z is
not boundedly presented over S.

Proof of the claim. Suppose ab absurdo that there exists an integer n ≥ 4 such that
the S-length of any r′ ∈ R′ is at most n. We will arrive at a contradiction.

Each relator r′ ∈ R′ determines a relator r′ab = sν11 s
ν2
2 s

ν3
3 · · · such that r′ and

r′ab define the same element in the free abelian group on the set of generators S.
In other terms, r′ab =

∏
k≥1 s

νk
k , with νk ∈ Z for each k ≥ 1 and νk = 0 for all

but at most n values of k. We denote by R′
ab the set of these r′ab, for r′ ∈ R′.

Set R′′ = {sksℓs−1
k s−1

ℓ | k, ℓ ≥ 1}, and R = R′
ab ⊔ R′′. We have a new bounded

presentation G = 〈S | R〉 where any r ∈ R is a word of length ≤ n.
Let k0 be such that mk

mk−1
> n for all k ≥ k0. There exists in R′

ab a relator r′ab
containing a letter sj with j ≥ k0; let sℓ denote the letter of maximal index that
occurs in r′ab; we can write

r′ab =
( ℓ−1∏

k=1

sνkk

)
sνℓℓ , with νℓ 6= 0 and

ℓ∑

k=1

|νk| ≤ n.
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On the one hand, we have
∑ℓ−1

k=1 νkmk = −νℓmℓ, hence

∣∣∣
ℓ−1∑

k=1

νk
mk

mℓ

∣∣∣ = |νℓ| ≥ 1.

On the other hand, since mk

mℓ
< 1

n
for k = 1, . . . , ℓ− 1, we have also

∣∣∣
ℓ−1∑

k=1

νk
mk

mℓ

∣∣∣ <
ℓ−1∑

k=1

|νk|
1

n
≤ 1,

and this is the announced contradiction.

Bounded presentations of groups and their quotients are related as follows:

Lemma 7.A.11. Let N −֒→ G
π−։ Q be a short exact sequence of groups.

(1) Assume that G is boundedly presented over a set S and that N is generated,

as a normal subgroup, by N ∩ Ŝn for some n. Then Q is boundedly presented
over π(S).

(2) Let ρ : FS ։ G be a generation of G such that the kernel of πρ : FS ։ Q is
generated as a normal subgroup by a set R of relators of length at most k, for
some positive integer k (in particular, we have a bounded presentation Q =

〈πρ(S) | R〉). Then N is generated as a normal subgroup of G by ρ(Ŝk) ∩N .

Proof. (1) For each r ∈ R, let r denote the word in the letters of π(Ŝ) obtained

by replacing each letter s ∈ Ŝ of r by the corresponding letter π(s) ∈ π(Ŝ); let

R1 denote the set of these r. For each g ∈ N ∩ Ŝn, choose s1, . . . , sn ∈ Ŝ such
that g = s1 · · · sn; let R2 denote the set of words of the form π(s1) · · ·π(sn). Then

〈π(Ŝ) | R1 ∪R2〉 is a bounded presentation of G/N .

(2) Let M be the normal subgroup of G generated by ρ(Ŝk)∩N . It is clear that
M ⊂ N , and we have to show that M = N . Upon replacing G by G/M , we can
assume that M = {1}, and we have to show that N = {1}.

Clearly ker(ρ) ⊂ ker(πρ). Let r ∈ R, viewed as a word in the letters of S ∪ S−1.

We have ρ(r) ∈ Ŝk ∩ N , and therefore r ∈ ker(ρ). Since R generates ker(πρ) as a
normal subgroup of FS, it follows that ker(πρ) ⊂ ker(ρ). Hence ker(ρ) = ker(πρ),
and this shows that N = {1}.

The case of groups given as extensions is more delicate to formulate:

Lemma 7.A.12. Let N −֒→ G
π−։ Q be a short exact sequence of groups. Assume

that N and Q are boundedly presented, more precisely that:

(BN) the group N has a bounded presentation 〈SN | RN 〉 with 1 ∈ SN = S−1
N and

mN := sup{|r|SN
| r ∈ RN} <∞;

(BQ) the group Q has a bounded presentation 〈SQ | RQ〉 with 1 ∈ SQ = S−1
Q and

mQ := sup{|r|SQ
| r ∈ RQ} <∞.

Let S ′
G be a subset of G such that 1 ∈ S ′

G = (S ′
G)−1 and π(S ′

G) = SQ. Let σ : SQ −→
S ′
G be a mapping such that πσ(s) = s for all s ∈ SQ. Assume furthermore that
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(CN) there exists an integer k ≥ 1 such that (S ′
GSNS

′
G) ∩N ⊂ (SN)k;

(CQ) there exists an integer ℓ ≥ 1 such that (S ′
G)mQ ∩N ⊂ (SN)ℓ.

Then G is boundedly presented. More precisely, there exists a set RG of words of
bounded length in the letters of SN ∪ S ′

G such that

G = 〈SN ∪ S ′
G | RG〉

is a bounded presentation of G.

Observation. Note that we cannot assume that the restriction of π is a bijection
S ′
G −→ SQ: if s ∈ SQ is such that s 6= 1 = s2, there need not exist g ∈ G with
π(g) = s and g2 = 1.

Proof. For all pairs (s1, s2) ∈ SN × S ′
G, choose using (CN) a word vs1,s2 of length k

in the letters of SN such that s2s1s
−1
2 = vs1,s2 ∈ N . We denote by

Rconj the set of relators of the form s2s1s
−1
2 v−1

s1,s2
obtained in this way.

Note that their lengths are bounded by k + 3.
For all pairs (s1, s2) ∈ S ′

G×S ′
G with π(s1) = π(s2), choose similarly a word ws1,s2

of length k in the letters of SN such that s1 = s2ws1,s2 ∈ G. We denote by

Rπ the set of relators of the form s−1
1 s2ws1,s2 obtained in this way.

Note that their lengths are bounded by k + 2.
For all relators r ∈ RQ, let sr,1 · · · sr,mQ

be a word in the letters of SQ representing
it. By (CQ), we can choose a word ur of length ℓ in the letters of SN such that

σ(r) := σ(sr,1) · · ·σ(sr,mQ
)ur

is a word in the letters of SN ∪ S ′
G representing 1 ∈ G. We denote by

Rσ the set of these relators.

Note that their lengths are bounded by mQ + ℓ.
Denote by T the set of relators ss′, for pairs (s, s′) in S ′

G with ss′ = 1. Define a

group G̃ by the presentation

G̃ = 〈SN ∪ S ′
G | RN ∪ Rconj ∪Rπ ∪Rσ ∪ T 〉.

It follows from the definitions that the tautological map from SN ∪ S ′
G viewed as a

generating set of G̃ to SN∪S ′
G viewed as a generating set of G extends to a surjective

homomorphism p : G̃։ G.
Denote by Ñ the subgroup of G̃ generated by SN . Clearly p(Ñ) = N , and the

restriction pN : Ñ −→ N of p to Ñ is an isomorphism. Moreover Ñ is normal in G̃,
because sts−1 ∈ Ñ for all s ∈ SN ∪ S ′

G and t ∈ SN , and G̃ is generated by SN ∪ S ′
G

as a semi-group.
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Thus p factors as a surjective homomorphism pQ : G̃/Ñ ։ Q. As we have the

presentation G̃/Ñ = 〈SQ | RQ〉, the quotient morphism pQ is indeed an isomorphism.
Since the diagram

Ñ −֒→ G̃ −։ G̃/Ñ

↓≃ ↓ p ↓≃

N −֒→ G
π−։ Q

commutes, it follows that p is an isomorphism. This proves the lemma, for SG =
SN ∪ S ′

G and RG = RN ∪ Rconj ∪Rπ ∪Rσ.

Proposition 7.A.13. Let N
j−֒→ G

π−։ Q be a short exact sequence of LC-groups,
where the topology of N coincides with the topology induced by j, and the homomor-
phism π is continuous and open. Assume that

(CPN) the group N has a presentation 〈SN | RN〉 with SN ⊂ N compact and sup{|r|SN
|

r ∈ RN} <∞;
(CPQ) the group Q has a presentation 〈SQ | RQ〉 with SQ ⊂ Q compact and sup{|r|SQ

|
r ∈ RQ} <∞.

Then

(CPG) the group G has a presentation 〈SG | RG〉 with SG ⊂ G compact and sup{|r|SG
|

r ∈ RG} <∞.

Proof. We keep the notation of the previous lemma and of its proof. We can choose
S ′
G compact, by Lemma 2.C.9. Then SG := SN ∪ S ′

G is a compact generating set of
G, and the lengths of the relators in RG := RN ∪ Rconj ∪ Rπ ∪ Rσ are bounded by
max{mN , k + 3, mQ + ℓ}.

7.B The Rips complex of a bounded presentation

For a group G with a pseudo-metric d, we have a Rips 2-complex Rips2c(G, d) as in
Definition 6.C.1. When d is the word metric defined by a generating set S, we also
write Rips2c(G, S) for Rips2c(G, dS); this space can often be used instead of Cayley
graphs or Cayley 2-complexes defined in other references (such as [Cann–02]).

Proposition 7.B.1. Let G be a group endowed with a generating subset S. The
following conditions are equivalent:

(i) the group G is boundedly presented over S;
(ii) Rips2c(G, S) is simply connected for some c;
(iii) Rips2c(G, S) is simply connected for all c large enough;
(iv) the metric space (G, dS) is coarsely simply connected.

Proof. The equivalence of Conditions (ii), (iii), and (iv) is a particular case of Propo-
sition 6.C.4.
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(i) ⇒ (ii) Let G = 〈S | R〉 be a bounded presentation; set m = maxr∈R ℓS(r).
We claim that, for n ≥ max{m/2, 1}, the complex Rips2n(G, S) is simply connected.

Consider a loop ξ based at 1 in the topological realization of Rips2n(G, S). We
have to show that ξ is homotopic to the constant loop (1). By Lemma 6.B.3(1), we
can assume that ξ is the topological realization of a combinatorial loop

η = (1, s1, s1s2, . . . , s1 · · · sk−1, s1 · · · sk−1sk = 1)

with s1, . . . , sk ∈ Ŝ. There are relators r1, . . . , rℓ ∈ R ∪R−1 and words w1, . . . , wℓ ∈
FS such that

s1s2 · · · sk =
ℓ∏

j=1

wjrjw
−1
j .

Let j ∈ {1, . . . , ℓ}; since ℓS(rj) ≤ m, any triple of vertices of rj is in a common
2-simplex; hence the prefixes of the word wjrjw

−1
j constitute a combinatorial loop

that is combinatorially homotopic to the constant loop. It follows that η is combi-
natorially homotopic to the constant loop, hence that ξ is homotopic to the trivial
loop. This establishes the claim.

(iii) ⇒ (i) Let m ≥ 1 be an integer such that Rips2m(G, S) is simply connected.
Let π : FS ։ G be as in Definition 7.A.1; set N = Ker(π). Let w ∈ N ; write

w = s1 · · · sk, with s1, . . . , sk ∈ Ŝ. Consider

η = (1, s1, s1s2, . . . , s1 · · · sk−1, s1 · · · sk−1sk = 1),

that is a combinatorial loop based at 1 in Rips2m(G, S). Then η is combinatori-
ally homotopic to some combinatorial loop of the form

∏N
j=1 ujrju

−1
j , the notation

being as in Lemma 6.B.4, with each rj being a combinatorial loop of length 3 in
Rips2m(G, S). Changing our viewpoint, we consider rj as a word in the letters of
S ∪ S−1 of length at most 3m. If R denotes the set of these words rj , we have a
bounded presentation G = 〈S | R〉.
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Chapter 8

Compactly presented groups

8.A Definition and first examples

Definition 8.A.1. Let G be an LC-group.
A compact presentation of G is a presentation 〈S | R〉 of G with S compact in

G and R a bounded relating subset, in other words a bounded presentation 〈S | R〉
of G with S compact.

An LC-group is compactly presented if it admits a compact presentation.

The earliest article we know in which this notion appears is that of Martin Kneser
[Knes–64].

Proposition 8.A.2. Let G be a compactly generated LC-group; let S1, S2 be two
compact generating subsets of G. Then G has a compact presentation with generating
set S1 if and only if it has one with S2.

Proof. This is a consequence of Lemma 7.A.9(4).

Proposition 8.A.3. Let G be a compactly generated LC-group. Let S be a compact
generating set and dS the corresponding word metric.

(1) The group G is compactly presented if and only if the metric space (G, dS) is
coarsely simply connected.

More generally, let G be a σ-compact LC-group. Let d be an adapted pseudo-metric
on G (Proposition 4.A.2).

(2) The group G is compactly presented if and only if the pseudo-metric space
(G, d) is coarsely simply connected.

Proof. Claim (1) holds true by Proposition 7.B.1. In [Grom–93, Example 1.C1],
Gromov has a short comment concerning the claim: “this is obvious”.

For Claim (2), suppose first that G is compactly presented, say with a compact
presentation 〈S | R〉. Then (G, dS) is coarsely simply connected by (1), hence (G, d)
is coarsely simply connected by Corollary 4.A.6(2) and Proposition 6.A.7. Suppose
now that (G, d) is coarsely simply connected. Since (G, d) is coarsely connected, G
is compactly generated by Proposition 4.B.4(1), say with compact generating set
S. Then (G, dS) is coarsely simply connected by Proposition 6.A.7, hence (G, d) is
compactly presented by (1).

175
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Propositions 6.A.7 and 8.A.3 imply:

Corollary 8.A.4. Among σ-compact LC-groups, being compactly presented is in-
variant by metric coarse equivalence.

In particular, among compactly generated LC-groups, being compactly presented
is invariant by quasi-isometry.

Corollary 8.A.5. Let G be an LC-group.

(1) Let H be a cocompact closed subgroup of G. Then G is compactly presented if
and only if H is so. In particular:

(a) compact groups are compactly presented;
(b) a uniform lattice in an LC-group G is finitely presented if and only if G

is compactly presented.

(2) Let K be a compact normal subgroup of G. Then G is compactly presented if
and only if G/K is so.

Proof. By the previous corollary, (1) follows from Proposition 4.C.11 and (2) from
Proposition 4.C.12.

There is another proof of (a) in Example 7.A.6(1).

Let G be a σ-compact LC-group with an adapted metric d, as in Proposition
8.A.3(2). Recall that d is coarsely geodesic if and only if G is compactly generated.
Moreover, if the latter condition holds, d can be chosen to be a geodesically adapted
metric. In particular, if S is a compact generating set, the word metric dS is a
geodesically adapted metric on G (Proposition 4.B.4).

Proposition 8.A.6. Let G be a compactly generated LC-group, S a compact gen-
erating set, d an adapted pseudo-metric on G, and c a constant, c ≥ 1.

(1) The inclusion of (G, d) into Rips2c(G, S) is a metric coarse equivalence.
(2) When d is geodesically adapted, the inclusion of (G, d) into Rips2c(G, S) is a

quasi-isometry.

Proof. (1) The identity map (G, d) −→ (G, dS) is a metric coarse equivalence by
Corollary 4.A.6, and the inclusion (G, dS) −֒→ Rips2c(G, S) is a quasi-isometry by
Proposition 6.C.2.

(2) If d is geodesically adapted, the identity map (G, d) −→ (G, dS) is a quasi-
isometry by Corollary 4.B.11.

In view of Propositions 8.A.3, 8.A.6, and 7.B.1, we have the following third
important step in our exposition (the first two being 4.A.8 and 4.B.13).

Milestone 8.A.7. For a compactly generated LC-group G, with a geodesically adapted
pseudo-metric d, and a compact generating set S, the following properties are equiv-
alent:

(i) the LC-group G is compactly presented;
(ii) the pseudo-metric space (G, d) is coarsely simply connected;
(iii) the inclusion of (G, d) into Rips2c(G, S) is a metric coarse equivalence ∀ c ≥ 1;
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(iv) the inclusion of (G, d) into Rips2c(G, S) is a quasi-isometry ∀ c ≥ 1;
(v) Rips2c(G, S) is simply connected for all c large enough.

Since coarse simple connectedness is invariant by metric coarse equivalence (Pro-
position 6.A.7), we have here for compact presentation the analogues of what are
Theorem 4.C.5 and Corollary 4.C.6 for compact generation:

Theorem 8.A.8. Let G be an LC-group and X a non-empty coarsely proper pseudo-
metric space; suppose that there exists a geometric action of G on X.

Then G is compactly presented if and only if X is coarsely simply connected.

Corollary 8.A.9. For an LC-group G, the following conditions are equivalent:

(i) G is compactly presented;
(ii) there exists a geometric action of G on a non-empty coarsely simply connected

pseudo-metric space;
(iii) there exists a geometric action of G on a non-empty geodesic simply connected

metric space;
(iv) there exists a geometric faithful action of G on a non-empty geodesic simply

connected metric space.

The literature contains various instances of this statement in the particular case
of discrete groups. As an example, here is Corollary I.8.11 on Page 137 of [BrHa–99]:

A group is finitely presented if and only if it acts properly and cocompactly
by isometries on a simply connected geodesic space.

For proper cocompact isometric actions, see Remark 4.C.3(6).

The following proposition is Theorem 2.1 in [Abel–72].

Proposition 8.A.10. Let N −֒→ G −։ Q be a short exact sequence of LC-groups
and continuous homomorphisms.

(1) Assume that G is compactly presented and that N is compactly generated as a
normal subgroup of G. Then Q is compactly presented.

(2) Assume that G is compactly generated and that Q is compactly presented. Then
N is compactly generated as a normal subgroup of G.

(3) If N and Q are compactly presented, so is G.

Proof. This follows from Lemma 7.A.11 and Proposition 7.A.13.

Definition 8.A.11. In an LC-group G, a group retract is a closed subgroup
H such that there exists a continuous homomorphism p : G ։ H of which the
restriction to H is the identity.

Proposition 8.A.12 (retracts). Let G be a σ-compact LC-group and H a closed
subgroup.

If G is compactly presented and H a group retract, then H is compactly presented.

Proof. It follows from Propositions 4.A.5, 6.A.11 and 8.A.3.
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Example 8.A.13. Let H,N be two σ-compact LC-groups, α a continuous action
of H on N by topological automorphisms, and G = N ⋊α H the corresponding
semidirect product. Consider G as a metric space, for some adapted metric d;
observe that the restriction of d to H (identified with {1}×H) is an adapted metric.

Then the canonical projection is a coarse retraction from G to H , in the sense
of Definition 3.A.19. Consequently, if G is compactly presented, so is H .

Lemma 8.A.14. Let G be a group and V a set of subsets of G containing 1. Then
V is the set of neighbourhoods of 1 of a group topology T on G if and only if the
following five conditions are satisfied:

(F) if A ∈ V and A′ ⊂ G with A′ ⊃ A, then A′ ∈ V;
(∩) for all A′, A′′ ∈ V, there exists A ∈ V such that A ⊂ A′ ∩ A′′;

(M1) for all A ∈ V, there exist A′, A′′ ∈ V such that A′A′′ ⊂ A;

(I1) if A ∈ V, then A−1 ∈ V;
(C) V is stable by conjugation: g−1

0 Ag0 ∈ V for all A ∈ V and g0 ∈ G.
If these conditions are satisfied, such a T is unique.

Moreover, if these conditions are satisfied, the topology T is Hausdorff if and
only if

⋂
A∈V A = {1}.

Note. For a set of subsets of G containing 1, Conditions (F) and (∩) define V as a
filter of subsets of G. The subscripts in (M1) and (I1) indicate that these conditions
express continuity of the multiplication at (1, 1) and of inversion at 1. Compare with
Lemma 8.B.5.

The lemma is well-known, see e.g. Proposition 1 in [BTG1-4, Page III.3].

Proof. Both the necessity of the conditions and the uniqueness of T are clear. Let
us prove that the conditions are sufficient.

Given V satisfying (F), (∩), (M1), (I1), and (C), define T to be the set of subsets
U of G such that, for all g ∈ U , we have g−1U ∈ V. Note that, by (C), the latter
condition is equivalent to Ug−1 ∈ V.

Let us check that T is a topology on G. It is obvious that ∅, G ∈ T . Let
U1, U2 ∈ T be such that U1∩U2 6= ∅, and let g ∈ U1∩U2; by (∩), there exists V ∈ V
such that V ⊂ g−1(U1 ∩ U2); hence g−1(U1 ∩ U2) ∈ V by (F); it follows that T is
stable by finite intersections. Similarly, T is stable by unions.

Ler us check that T is a group topology. Consider two elements g, h ∈ G and
two nets (gi)i, (hj)j in G such that limi gi = g and limj hj = h. By definition of T ,
the conditions are equivalent to limi g

−1gi = 1 and limj h
−1hj = 1. Then

lim
i,j
h−1g−1gihj = lim

i,j

(
h−1

(
g−1gi

)
h
(
h−1hj

))

= h−1
(

lim
i
g−1gi

)
h
(

lim
j
h−1hj

)
by (C) and (M1)

= 1 by hypothesis on (gi)i and (hj)j,

so that limi,j gihj = gh; hence, for T , the multiplication in G is continuous. More-
over, we have also limi gig

−1 = 1, by (C), and limi gg
−1
i = 1, by (I1), so that

limi g
−1
i = g−1; hence the inversion is also continuous.
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Proposition 8.A.15. Let G be a topological group. Let A be an open symmetric
neighbourhood of 1 in G, and S a symmetric subset of G such that A ⊂ S ⊂ A.
Assume that S generates G.

Let S̃ be a set given with a bijection S̃ ∋ s̃ ↔ s ∈ S. Define a group by a
presentation G̃S = 〈S̃ | R〉 with set of generators S̃ and set of relators

R := {s̃ t̃ ũ −1 | s, t, u ∈ S, st = u}.

Denote by p : G̃S −→ G the homomorphism defined by p(s̃) = s for all s ∈ S.

(1) The group G̃S has a unique group topology such that p is a covering map.

Suppose from now on that G̃S is given the topology of (1).

(2) If G is locally compact, then so is G̃S.

(3) If G is locally compact and A is connected, then G̃S is locally compact and
connected.

Proof. For every subset B of S, set B̃ = {s̃ ∈ S̃ | s ∈ B}.
(Beginning of (1)) Recall that a group topology on a group is characterized by

nets converging to 1. Let B be a compact neighbourhood of 1 contained in A; it is
easily seen that, for a group topology T on G̃S such that p is a covering map, a net
(gi)i in G̃S converges to g ∈ G̃S if and only if it satisfies the two following conditions:

(8.1) eventually g−1gi ∈ B̃, and lim
i
p(g−1gi) = 1 ∈ G.

This proves the uniqueness of T .
Let us now prove the existence of such a topology. Define V to be the set of

subsets X in G̃S such that p(X ∩ S̃) is a neighbourhood of 1 in S. Conditions (F),
(∩), (M1), and (I1) of Lemma 8.A.14 are clearly satisfied. To show that T is a group
topology on G, it remains to show that Condition (C) is satisfied.

(C) Define H to be the set of elements in G̃S which normalize V; it is a subgroup

of G̃. We claim that the set Ã is inside the group H .
Consider X ∈ V, a ∈ A, and let us show that ãXã−1 ∈ V. Upon replacing X by

X ∩ S̃, we can assume without loss of generality that X ⊂ S̃, i.e., that X = B̃ for
some neighbourhood B of 1 in S. Since A is a neighbourhood of both 1 and a, there
exists a neighbourhood C of 1 in A such that aC ⊂ A and aCa−1 ⊂ A. Let c ∈ C;
set d = ac and e = aca−1 = da−1; observe that d, e ∈ A. Moreover, since ac = d =

ea ∈ A, we have ãc̃ = d̃ = ẽã, and therefore ẽ = ãc̃ã−1 ∈ Ã. Hence ãc̃ã−1 = ãca−1

for all c ∈ C, and a fortiori for all c ∈ B ∩ C, i.e., p
(
ã(B̃ ∩ C̃)ã−1

)
= a(B ∩ C)a−1.

Since the latter is a neighbourhood of 1 in S contained in p(ãB̃ã−1 ∩ S̃), it follows

that ãB̃ã−1 ∈ V. Hence the claim is shown.
Since S ⊂ A, we have S ⊂ AA. Thus every element of S is of the form s = ab

with a, b ∈ A. This implies s̃ = ãb̃; consequently Ã generates G̃S. Hence, for X ∈ V,
the conclusion of the previous step, i.e., hXh−1 ∈ V, holds not only for all h ∈ Ã,
but indeed for all h ∈ G̃S. Consequently H = G̃S, i.e., Condition (C) of the previous
lemma is satisfied.
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(End of (1)) Recall our convention (see (A1) Page 19) according to which the
topological group G is Hausdorff. To check that the group topology T just defined
on G̃S is Hausdorff, it suffices to check that, in a constant net converging to 1, every
element is 1. This is true: let h ∈ G̃S, and (gi) a constant net, with gi = h for all i;

if the net is converging to g = 1, the conditions of (8.1) above imply that 1−1h ∈ S̃
and p(h) = 1, so that h = 1.

It is immediate that the homomorphism p is continuous, and that p induces a
homeomorphism of Ã onto A. It follows from Proposition 2.D.2 that p is a covering.

(2) If G is locally compact, there exists a compact neighbourhood C of 1 in A.

Then C̃ is a compact neighbourhood of 1 in G̃S.

(3) Suppose that G is locally compact and A connected. As recalled in Remark

2.C.4, it suffices to show that every neighbourhood of 1 in G̃S, say W , generates G̃S.
Upon replacing W by a smaller one, we can assume that W is symmetric and

contained in A. Then W = Ṽ for an appropriate symmetric neighbourhood V of 1
in G. Define an equivalence relation ∼ in S̃ as follows: for s̃, s̃′ ∈ S̃ (with s, s′ ∈ S),
set s̃ ∼ s̃′ if there exist t0, t1, . . . , tk ∈ S with t0 = s, tk = s′, and tit

−1
i−1 ∈ V for

i = 1, . . . , k. Since V is a neighbourhood of 1, the classes of this equivalence relation
are open in S̃. Since A is connected and A ⊂ S ⊂ A, the set S is also connected, and
it follows that this equivalence relation has exactly one class in S̃; in other terms, S̃
is in the subgroup generated by Ṽ , and thus G̃S itself is generated by Ṽ .

Remark 8.A.16. (a) In the previous proposition, the condition S ⊂ A cannot be
deleted.

Indeed, consider the example for which G = R, A =] − 1, 1[, and S = [−1, 1] ∪
{−3, 3}. Define R and G̃S as in Proposition 8.A.15. Then G̃S is isomorphic to a free

product R̃∗ Z̃, where R̃ is a group isomorphic to R and generated by [̃−1, 1], and Z̃

an infinite cyclic group generated by 3̃. The surjective homomorphism p : G̃S −→ R

applies [̃−1, 1] onto [−1, 1] and 3̃ to 3.
The point is that, if V was defined as in the previous proof, then V would not be

normalized by the generator 3̃. Indeed, there does not exist any group topology on
R̃ ∗ Z̃ for which the natural surjective homomorphism onto R would be a covering
map.

(b) Claim (1) of the previous proposition is essentially Lemma 1.7 in [Abel–72].

Corollary 8.A.17. For every compactly generated LC-group G, there exists a com-
pactly presented LC-group G̃ and a discrete normal subgroup N of G̃ such that the
quotient G̃/N is topologically isomorphic to G.

If moreover G is connected, then G̃ can be chosen to be connected as well.

Proof. There exists in G an open symmetric neighbourhood U of 1 with compact
closure U which is generating. With the notation of Proposition 8.A.15, the corollary
holds for G̃ = G̃U and N = ker(p).

Corollary 8.A.18. Let G be a connected simply connected Lie group and U a rel-
atively compact open symmetric neighbourhood of 1 in G. Set S = U , let S̃ be a set
given with a bijection S̃ ∋ s̃↔ s ∈ S, and define R = {s̃ t̃ ũ−1 | s, t, u ∈ S, st = u}.
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Then 〈S̃ | R〉 is a compact presentation of G.

Proof. This corollary follows from the previous one and from the fact that any
connected covering of a simply connected Lie group is an isomorphism.

Example 8.A.19 (compact presentations of Lie groups). (1) The additive group R

is generated by the compact interval [−1, 1]. Let S̃ be a set given with a bijection

S̃ ∋ s̃↔ s ∈ [−1, 1]; then
〈
S̃

∣∣ s̃t̃ = ũ for all s, t, u ∈ [−1, 1] such that s+ t = u
〉

is a compact presentation of R.

(2) Let SLuniv
2 (R) denote the universal cover of SL2(R), and π the corresponding

covering map. Let c be a positive constant with 0 < c < 1. Set

S =

{(
t x
y z

)
∈ SL2(R)

∣∣∣ |t− 1| ≤ c, |x| ≤ c, |y| ≤ c, |z − 1| ≤ c

}
.

Let S̃ be a set given with a bijection S̃ ∋ s̃↔ s ∈ S, and set

R = {g̃h̃k̃−1 | g, h, k ∈ S and k = gh ∈ S}.

As an example for Corollary 8.A.17, 〈S̃ | R〉 is a compact presentation of SLuniv
2 (R).

Set moreover

u =

(
cos(π/n) sin(π/n)
− sin(π/n) cos(π/n)

)
with n ∈ N large enough so that u ∈ S,

R′ = R ∪ {(ũ)2n}.

Recall that the kernel of the universal covering 〈S̃ | R〉 −→ SL2(R) is an infinite
cyclic group, and observe that (ũ)2n is a generator of this kernel. Hence, as an

example of Corollary 8.A.18, 〈S̃ | R′〉 is a compact presentation of SL2(R).
This procedure of writing down compact presentations can be adapted at will to

other groups of real or complex matrices.

(3) We refer to [Viro] for an other kind of presentations of groups such as Rn ⋊
O(n), with S the non-compact set of all reflections of Rn. These presentations are
bounded, but not compact.

Here is a strengthening of Corollary 8.A.17 for groups containing compact open
subgroups, as in Proposition 2.E.9.

Theorem 8.A.20. Let G be a compactly generated LC-group containing a compact
open subgroup.

There exists an LC-group G̃, an open surjective homomorphism with discrete
kernel G̃ ։ G, and a vertex-transitive proper continuous action of G̃ on a regular
tree T of bounded valency. In particular, G̃ is compactly presented.

If G is totally disconnected, then G̃ is totally disconnected as well.
If G has no non-trivial compact normal subgroup, then the action of G̃ on T can

be chosen to be faithful.
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Proof. Let X be a Cayley-Abels graph for G, as in 2.E.9; recall that X is a graph
of bounded valency. Let N denote the kernel of the action of G on X ; it is a
compact normal subgroup of G, and H := G/N acts faithfully on X . We denote by
ρ : G ։ H the canonical projection. Recall that the automorphism group of X is
naturally an isometry group, that we denote by Isom(X); see Example 5.B.11. In
particular, Isom(X) has a natural topology that makes it an LC-group, and we can
identify H with a closed subgroup of Isom(X); see Proposition 5.B.6. For x ∈ X , let
Hx denote the isotropy group {h ∈ H | h(x) = x}, and similarly for Isom(X)x. Since
Isom(X)x is compact (Lemma 5.B.6(2)), and contains Hx as a closed subgroup, Hx

is compact.
Let X̃ be the universal covering tree of X , and π : X̃ −→ X the covering

projection. Let Isom(X̃) be the group of automorphisms of X̃ , with the LC-topology

defined in Section 5.B. Define H̃ as the subgroup of Isom(X̃) of isometries covering

automorphisms in H . By covering theory, the natural homomorphism p : H̃ −→ H
is surjective. Moreover, for all x ∈ X and x̃ ∈ π−1(x), there is a continuous section

sx : Hx −→ H̃x̃ of p over Hx, i.e., a continuous homomorphism such that psx is the
identity of Hx. It follows that H̃x̃ is a compact subgroup for all x̃ ∈ X̃ , hence that
H̃ is closed in Isom(X̃).

In particular, H̃ is an LC-group, ker(p) has trivial intersection with H̃x̃ for one

(equivalently all) x̃ ∈ X̃ , and therefore ker(p) is discrete in H̃.

Consider the fibre product G̃ = G×H H̃ := {(g, h̃) ∈ G× H̃ | ρ(g) = p(h̃)}, see

Definition 2.C.14. If G is totally disconnected, so is G̃.
The projection πG : G̃ −→ G is surjective with discrete kernel, because ker(p) is

discrete in H̃ (see Remark 2.C.15(1)). The projection πH̃ : G̃ −→ H̃ is surjective

with compact kernel, indeed ker(πH̃) = N × {1}. The action of Isom(X̃) on X̃

continuous, isometric, and proper; hence so is the action of H̃ on X̃ ; since the latter
is vertex-transitive, it is also geometric. Hence, similarly, the action of G̃ on X̃ is
geometric.

Since X̃ is a tree, it follows that G̃ is coarsely simply connected. Hence G̃ is
compactly presented.

Denote by K the kernel of the action of G̃ on X̃ . Since this actions factors
through H̃ , we have K ⊂ N × {1}. When G has no compact normal subgroup,

we have N = {1}, and it follows that K = 1, i.e., that the action of G̃ on X̃ is
faithful.

The following proposition and corollary can be found in articles by Abels. See
in particular 2.1 in [Abel–69], as well as Satz A and 3.2 in [Abel–72]. Recall that
connected-by-compact LC-groups are compactly generated (Proposition 5.A.1).

Proposition 8.A.21. Every connected-by-compact LC-group is compactly presented.

Proof. Let K be a maximal compact subgroup of G. The space G/K has a
G-invariant structure of analytic manifold, which is diffeomorphic to Rn for some
n (Theorem 2.E.16). There exists a G-invariant Riemannian structure on G/K
(Proposition 4.C.8); denote by d the Riemannian metric on G/K and by d the
pseudo-metric on G defined by d(g1, g2) = d(g1K, g2K).
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Being geodesic and simply connected, the space (G/K, d) is coarsely simply con-
nected (Proposition 6.A.10). Since the canonical map (G, d) −→ (G/K, d) is a
quasi-isometry, the space (G, d) is coarsely simply connected (Proposition 6.A.7).
Hence G is compactly presented (Proposition 8.A.3).

Corollary 8.A.22. An LC-group G is compactly presented if and only the quotient
group G/G0 is compactly presented.

Proof. Since the connected component G0 of G is compactly presented by Proposi-
tion 8.A.21, the corollary follows from Proposition 8.A.10.

Corollary 8.A.23. Let L be a connected Lie group.
(1) The fundamental group π1(L) is finitely generated.
(2) Every discrete normal subgroup of L is finitely generated.

Proof. Denote by E the universal cover of L, by π its projection onto L, and consider
the short exact sequence

π1(L) −֒→ E
π−։ L,

where π1(L) is viewed as a discrete central subgroup E (see Proposition 2.D.3). For a
central subgroup of E, finite generation as a group coincides with finite generation as
a normal subgroup. Since E and L are compactly presented by Proposition 8.A.21,
Claim (1) follows from Proposition 8.A.10.

Let Γ be a discrete normal subgroup of L. Since π−1(Γ) is a discrete normal
subgroup of E, it can be viewed as the fundamental group of the connected Lie
group E/π−1(Γ). Claim (1) follows from Claim (2).

The following proposition is Theorem 3.4 in [Abel–72].

Proposition 8.A.24 (abelian and nilpotent groups). Every abelian compactly gen-
erated LC-group is compactly presented.

More generally, every nilpotent compactly generated LC-group is compactly pre-
sented.

Proof. A compactly generated LCA-group contains a cocompact lattice that is a
finitely generated free abelian group (Example 5.C.7(2)), hence is compactly pre-
sented by Corollary 8.A.5.

Consider now a nilpotent compactly generated LC-group G. Let i be the smallest
integer such that C iG is central is G. We proceed by induction on i. Since the case
i = 1 is that of abelian groups, we can assume that i ≥ 2 and that the proposition
holds up to i− 1. We have a short exact sequence

C iG −֒→ G −։ G/C iG,

with G compactly generated. Since [G,C i−1(G)] ⊂ C iG, the group C i−1(G/C iG)
is central; hence, by the induction hypothesis, G/C iG is compactly presented. It
follows from Proposition 8.A.10(2) that C iG is compactly generated as a normal
subgroup of G. Since C iG is central, it is compactly generated as a group, and
therefore (since it is abelian) it is compactly presented. Hence G is compactly
presented, by Proposition 8.A.10(3).
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Proposition 8.A.25 (groups of polynomial growth). Let G be a locally compact,
compactly generated group of polynomial growth. Then G is compactly presented.

Proof. By a result of Losert [Lose–87], G has a compact normal subgroup K such
that L := G/K is a Lie group of polynomial growth. On the one hand, the connected
component L0 of L is compactly presented by Proposition 8.A.21. On the other hand,
the discrete group L/L0 is finitely presented, by Gromov’s theorem [Grom–81b] and
Proposition 8.A.24. Hence Proposition 8.A.25 follows from Proposition 8.A.10.

Remark 8.A.26. Groups of polynomial growth have been characterized by Gromov
(case of discrete groups), Guivarc’h and Jenkins (LC-groups with conditions), and
Losert (LC-groups in general). See [Grom–81b], [Guiv–73], [Jenk–73], and [Lose–01].

It can be shown that any compactly generated LC-group of polynomial growth
is quasi-isometric to a simply connected solvable Lie group of polynomial growth
(but, in general, “solvable” cannot be replaced by “nilpotent”) [Breu–14]. Compare
with Example 3.A.14(8).

Proposition 8.A.27 (Gromov-hyperbolic groups). Let G be a compactly generated
LC-group. If G is Gromov-hyperbolic (see Remark 4.B.15), then G is compactly
presented.

Proof. Gromov has shown that, for a compact generating set S of G and a large
enough constant c, the Rips complex Rips2c(G, S) is simply connected. (The full Rips
complex Ripsc(G, S) is contractible, see [Grom–87, 1.7.A]). Hence the metric space
(G, dS) is coarsely simply connected (Proposition 6.C.4), so that G is compactly
presented.

Proposition 8.A.28. For every local field K, the group K2 ⋊ SL2(K) is compactly
generated but not compactly presented.

Proof. Define here the Heisenberg group H(K) as the set K3 with the multiplication

(x, y, t)(x′, y′, t′) = (x + x′, y + y′, t+ t′ + xy′ − x′y).

The group SL2(K) acts on H(K) by
(
a b
c d

)
(x, y, t) = (ax + by, cx+ dy, t).

It is easy to check that the semidirect product G := H(K) ⋊ SL2(K) is compactly
generated. The centre Z of G coincides with the centre of H(K), isomorphic to K;
in particular, Z is not compactly generated as a normal subgroup of G. Thus by
Proposition 8.A.10(2), G/Z ≃ K2 ⋊ SL2(K) is not compactly presented.

Note. If the characteristic of K is not 2, the map

H(K) ∋ (x, y, t) 7−→ exp




0 2x 2t
0 0 2y
0 0 0


 =




1 2x 2(t+ xy)
0 1 2y
0 0 1


 ∈ GL3(K)

provides a topological isomorphism of the group H(K) defined here with the matrix
group H(K) defined in Example 3.B.10.
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Remark 8.A.29. Proposition 8.A.28 carries over to Kn+1⋊SL2(K) for n = 2m−1
odd, with a similar proof; the group HK has to be replaced by a higher dimensional
Heisenberg group Km ×Km ×K, with product

(x, y, t)(x′, y′, t′) = (x+ x′, y + y′, t+ t′ + ω(x, y)),

where ω is a non-degenerate alternating bilinear form on Km. The proof cannot be
adapted to the case of n even, but there is another proof: see Proposition 8.D.4.

Remark 8.A.30. An LC-group containing a finitely presented dense subgroup need
not be compactly presented. Indeed, if K is a local field of characteristic zero, the
group K2⋊SL2(K) of Proposition 8.A.28 is not compactly presented, although it has
dense subgroups which are free of finite rank (for example by [BrGe–07, Corollary
1.4]).

Recall from Remark 2.C.11(3) that an LC-group which has a finitely generated
dense subgroup is compactly generated.

Remark 8.A.31. It is known that there are uncountably many isomorphism classes
of large-scale simply connected vertex-transitive graphs [SaTe]. It is unknown whether
there are uncountably many quasi-isometry classes of compactly presented totally
disconnected LC-groups.

For comparison, let us quote two other known results. (a) There are uncountably
many quasi-isometry classes of connected real Lie groups, indeed of connected real
Lie groups of dimension 3. See [Pans–89], in particular Corollary 12.4, as well as
[Corn], in particular Conjecture 6.B.2 and Remark 6.B.5. (b) There are uncountably
many quasi-isometry classes of finitely generated groups; see Remark 3.D.27.

8.B Topological amalgamated products and HNN-

extensions

Definition 8.B.1. Let G be a group, H a subgroup, and TH a topology on H
making it a topological group.

For g ∈ G, the topology TH is g-compatible if there exist open subgroups H1, H2

of H such that gH1g
−1 = H2 and H1 −→ H2, h 7−→ ghg−1 is an isomorphism of

topological groups.
The topology TH is G-compatible if it is g-compatible for all g ∈ G.

Lemma 8.B.2. Let G,H, TH be as in Definition 8.B.1. Then

{g ∈ G | TH is g-compatible}

is a subgroup of G containing H.

Proof. Let g, g′ ∈ G. Suppose that TH is g-compatible and g′-compatible. Then
there are open subgroups H1, H2, H

′
1, H

′
2 of H and topological isomorphisms

H1 −→ H2, h 7−→ ghg−1, H ′
1 −→ H ′

2, h 7−→ g′hg′
−1
.
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Hence TH is gg′-compatible, because

H1 ∩ g−1(H2 ∩H ′
1)g −→ g′H2g

′−1 ∩H ′
2, h 7−→ g′gh(g′g)−1

is a topological isomorphism. Obviously, TH is g−1-compatible.

Proposition 8.B.3. In the situation of Definition 8.B.1, suppose that there exists a
topology TG on G inducing TH on H, making G a topological group with H an open
subgroup. Then TH is G-compatible.

Proof. With the notation of Definition 8.B.1, for all g ∈ G, it suffices to choose
H1 = g−1Hg ∩H and H2 = H ∩ gHg−1.

The following proposition can be seen as a converse of Proposition 8.B.3.

Proposition 8.B.4. Let G,H, TH be as in Definition 8.B.1. If TH is G-compatible,
then there exists a unique topology TG on G inducing TH on H, and making G a
topological group with H an open subgroup.

If, moreover, H is an LC-group for TH , then G is an LC-group f or TG.

The proof is just after 8.B.6.

Lemma 8.B.5. Let G be a group and T a topology (possibly non-Hausdorff) on G.
Consider the following continuity properties, with respect to T on G and T × T on
G×G:

(M) the multiplication G×G −→ G is continuous at (1, 1);
(I) the inversion G −→ G, g 7−→ g−1 is continuous at 1;
(C) for all g0 ∈ G, the conjugation G −→ G, g 7−→ g−1

0 gg0 is continuous at 1;
(L) for all g0 ∈ G, the left multiplication G −→ G, g 7−→ g0g is continuous;
(R) for all g0 ∈ G, the right multiplication G −→ G, g 7−→ gg0 is continuous.

The following conditions are equivalent:
(i) T is a group topology on G;
(ii) Properties (M), (I), (L), (R) hold;
(iii) Properties (M), (I), (C), (L) hold.

Note. Let S be a generating set of G. Condition (C) is equivalent to:
(C’) for all g0 ∈ S, the conjugation G −→ G, g 7−→ g−1

0 gg0 is continuous at 1.

Proof. Implications (i) ⇒ (ii) and (i) ⇒ (iii) are obvious.
Assume that (ii) holds. Let (gi)i∈I and (hj)j∈J be two nets in G converging

respectively to g and h. We have limi g
−1gi = 1 and limj hjh

−1 = 1 by (R) and (L),
hence limi,j g

−1gihjh
−1 = 1 by (M), and therefore limi,j gihj = gh by (L) and (R)

again. Hence the multiplication is continuous. Since we have limi g
−1gi = 1, we have

also limi g
−1
i g = 1 by (I), and therefore limi g

−1
i = g−1 by (R). Hence the inversion

is continuous. We have shown that (i) holds.
Assume now that Properties (M), (I), and (L) hold. It is then obvious that (R)

implies (C). Conversely, assume that, furthermore, (C) holds. Let (gi)i∈I be a net
in G converging to g ∈ G, and let g0 ∈ G. We have limi g

−1gi = 1 by (L), hence
limi g

−1
0 g−1gig0 = 1 by (C), hence limi gig0 = gg0 by (L). Hence Condition (R) holds.

This shows that Conditions (ii) and (iii) are equivalent.
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Definition 8.B.6. Let G be a group and H a subgroup. A right transversal for
H in G is a subset T of G containing 1 such that the multiplication H × T −→
G, (h, t) 7−→ ht is a bijection.

Proof of Proposition 8.B.4. Let us first show the existence of TG. Let T be a right
transversal of H in G. Consider on H × T the product of the topology TH on H
with the discrete topology on T . Let TG be the topology such that the bijection
H × T −→ G, (h, t) 7−→ ht is a homeomorphism. Then H is open in G for TG.

Condition (I) of Lemma 8.B.5 holds, because H is a topological group and
an open neighbourhood of 1 in G for TG. Condition (C) holds because TH is G-
compatible.

Let us check Condition (M) of Lemma 8.B.5. Let (hi)i∈I , (kj)j∈J be nets in H
and (ti)i∈I , (uj)j∈J be nets in T such that limi,j hiti = 1 and limi,j kjuj = 1 in G.
This implies limi ti = 1 ∈ T ; since T has the discrete topology, there is no loss of
generality in assuming ti = 1 for all i ∈ I; similarly, we assume uj = 1 for all j ∈ J .
Hence limi,j hitikjuj = limi,j hikj = 1, where the last equality holds because H is a
topological group.

There is a particular case of Condition (R) of Lemma 8.B.5 that follows from
the definition of the topology TG : for every converging net (h′i)i∈I in H and every
element g0 ∈ G, we have limi(h

′
ig0) = (limi h

′
i)g0.

Let us check Condition (L) of Lemma 8.B.5. Let (hi)i∈I be a net in H and (ti)i∈I
a net in T such that limi hiti = ht ∈ G, for some h ∈ H and t ∈ T . Let h0 ∈ H
and t0 ∈ T . We have to check that limi(h0t0hiti) = h0t0ht. As above, there is no
loss of generality in assuming ti = t for all i ∈ I. We have limi h

−1
i h = 1 in H , and

therefore limi h0t0hih
−1t−1

0 h−1
0 = 1, because TH is G-compatible. Hence

lim
i
h0t0hit = lim

i

(
(h0t0hih

−1t−1
0 h−1

0 )h0t0ht
)

=
(

lim
i
h0t0hih

−1t−1
0 h−1

0

)
h0t0ht = h0t0ht,

where the second equality holds by the particular case already checked of Condi-
tion (R).

By Lemma 8.B.5, G with TG is a topological group.
To check the uniqueness of TG, note that, given any right transversal T for H in

G, the natural bijection from H × T to G has to be a homeomorphism, with H × T
having the product of the topology TH on H and the discrete topology on T .

Example 8.B.7. (1) Let N be a normal subgroup of a group G. Any G-invariant
group topology on N is G-compatible.

Consider in particular a group topology T1 on G. The restriction TN of T1 to
N is a G-compatible topology on N . Hence, by Proposition 8.B.4, there exists a
unique group topology T2 on G with respect to which N is an open subgroup.

Note that, if (G, T1) is locally compact and N is T1-closed, then (G, T2) is locally
compact as well. Also, if G/N is uncountable, then (G, T2) is not σ-compact.

(2) Every group topology on the centre of a group G is G-compactible.

(3) Other examples of G-compatible topologies appear in Propositions 8.B.9
(amalgamated products) and 8.B.10 (HNN-extensions).
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(4) Let P denote the set of prime integers. Let AQ denote the subring of the
direct product R×∏

p∈P Qp consisting of those (a∞, (ap)p∈P ) for which ap ∈ Zp for
all but possibly finitely many p in P (it is a “restricted direct product”). Let H :=
R×∏p∈P Zp be given the product of the usual topologies, so that {0}×∏p∈P Zp is a
compact subring of H ; the ring H is locally compact, because all factors are locally
compact and all but finitely many are compact. By a straightforward variation on
Proposition 8.B.4, there exists a unique topology on AQ inducing the given topology
on H and making it an open subring. With this topology, AQ is the ring of adeles
of Q.

Similarly, the idele group

IQ =

{
(a∞, (ap)p∈P ) ∈ R× ×

∏

p∈P
Q×

p

∣∣∣
ap ∈ Z×

p

for almost all p ∈ P

}

is naturally an LC-group in which R× × ∏
p∈P Z×

p (with the product topology)
is an open subgroup. For this topology, the continuous map IQ −→ AQ × AQ,
a 7−→ (a, a−1) is a homeomorphism onto its image, but the inclusion of IQ in AQ is
not.

Similarly, the restricted direct product

SL2(AQ) =

{
(g∞, (gp)p∈P ) ∈ SL2(R)×

∏

p∈P
SL2(Zp)

∣∣∣
gp ∈ SL2(Qp)

for almost all p ∈ P

}

is naturally an LC-group in which SL2(R)×∏
p∈P SL2(Zp) is an open subgroup.

These groups appear naturally in the theory of automorphic functions [GGPS–69].

(5) Let us indicate examples of non-compatible topologies on subgroups.
Consider a topological group G, a subgroup H , and the restriction TH to H of

the group topology given on G. If TH is G-compatible and H is connected, then H
is normal in G. Hence, if H is a non-normal connected subgroup of G, then TH is
not G-compatible. For example, the pair

H :=

(
1 R
0 1

)
⊂ G = SL2(R)

provides a non-G-compatible topology TH on H .

Definition 8.B.8. Propositions 8.B.9 and 8.B.10 deal with amalgamated products
and HNN-extensions for topological groups. In preparation for these, we recall the
relevant definitions for groups.

The original articles are [Schr–27] for amalgamated products and [HiNN–49] for
HNN-extensions. A standard reference is [LySc–77, Chapter IV, § 2]. The two
notions are particular cases of a more general notion, fundamental groups of graphs
of groups, which is one of the main subjects in [Serr–70].

(1) Consider two groups A,B, a subgroup C of A, and an isomorphism ϕ of
C onto a subgroup of B. There exists a group G, well-defined up to canonical
isomorphisms, and two monomorphisms ιA : A −֒→ G, ιB : B −֒→ G, such that the
following “universal property” holds:
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for every group G′ and homomorphisms α : A −→ G′, β : B −→ G′ such that
β(ϕ(c)) = α(c) for all c ∈ C, there exists a unique homomorphism γ : G −→ G′

such that γ ◦ ιA = α and γ ◦ ιB = β.

The group G, denoted here by A∗C B, is the amalgamated product of A and
B with respect to C and ϕ. Often, A,B are identified to subgroups of G, using
ιA, ιB respectively, and C is identified to a subgroup of both A and B.

The existence of G with the required properties has to be proved, but this is
standard, and will not be repeated here. Note that A∗C B is the free product A∗B
when C is reduced to {1}, and that A∗C B ≃ A when C = B. An amalgamated
product A∗C B is non-trivial if A % C $ B

If A and B have presentations 〈SA | RA〉 and 〈SB | RB〉 respectively, then A∗C B
has the presentation 〈SA⊔SB | RA⊔RB ⊔ (c = ϕ(c) ∀c ∈ C)〉, that we write shortly
(and abusively, see Definition 7.A.2)

A∗
C
B = 〈A,B | c = ϕ(c) ∀ c ∈ C〉.

(2) Consider a group H , two subgroups K,L of H , and an isomorphism ϕ of
K onto L. There exists a group G, well-defined up to canonical isomorphisms, a
monomorphism ιH : H −֒→ G, and an element t ∈ G, such that the following
“universal property” holds:

for every group G′ with an element t′ ∈ G′ and homomorphism ψ : H −→ G′

such that ψ(ϕ(k)) = t′ψ(k)t′−1 for all k ∈ K, there exists a unique homomor-
phism γ : G −→ G′ such that γ ◦ ιH = ψ and γ(t) = t′.

The group G, denoted here by HNN(H,K,L, ϕ), is the HNN-extension corre-
sponding to H,K,L, ϕ, and the element t ∈ G is the stable letter. (Note that,
in the literature, our t is often t−1.) We will identify H to a subgroup of G, using
ιH . Such an extension is ascending if at least one of K = H , L = H holds, and
non-ascending if K 6= H 6= L

As in (1) above, the existence of G requires a proof, but it is standard and will
not be repeated here. Note that, when K (and therefore L) is reduced to {1}, then
G is the free product of H with the infinite cyclic group generated by t.

If H has a presentation 〈SH | RH〉, then HNN(H,K,L, ϕ) has the presentation
〈SH ⊔ {t} | RH ⊔ (tkt−1 = ϕ(k) ∀k ∈ K)〉, that we write shortly

HNN(H,K,L, ϕ) = 〈H, t | tkt−1 = ϕ(k) ∀ k ∈ K〉.
Proposition 8.B.9. Let A,B be topological groups, C an open subgroup of A, and
ϕ : C

≃−→ ϕ(C) ⊂ B a topological isomorphism of C onto an open subgroup of B;
let

G = A∗
C
B = 〈A,B | c = ϕ(c) ∀ c ∈ C〉

denote the corresponding amalgamated product.

(1) There exists a unique group topology on G such that the inclusion C −֒→ G
is a topological isomorphism onto an open subgroup. Moreover, the natural
homomorphisms A −֒→ G and B −֒→ G are topological isomorphisms onto
open subgroups of G.
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(2) If C is locally compact, then G is locally compact.
(3) If A and B are compactly generated [respectively σ-compact], then G has the

same property.
(4) Assume that A and B are compactly presented. Then G is compactly presented

if and only if C is compactly generated.

Proof. (1) By Proposition 8.B.3, the topology of C is both A-compatible and B-
compatible. By Lemma 8.B.2, it is G-compatible. By Proposition 8.B.4, G has a
unique topology TG making it a topological group inducing the given topology on
C, and in which C is an open subgroup.

Denote by iA the inclusion of A into G. Since iA induces a topological isomor-
phism C

≃−→ iA(C), and iA(C) is open, it follows that it also induces a topological

isomorphism A
≃−→ iA(A), with open image. The same holds for B.

Claims (2) and (3) are obvious.

For (4), choose two compact presentations

A = 〈SA | RA〉 and B = 〈SB | RB〉.

Suppose first that C is compactly generated; in this case, we assume moreover that
SA contains a compact generating set SC of C and that SB contains ϕ(SC). For
c ∈ C we write (c)A for c viewed in A and (c)B for ϕ(c) viewd in B. We have
presentations

A ∗C B = 〈A,B | (c)A = (c)B ∀ c ∈ C〉
= 〈A,B | (c)A = (c)B ∀ c ∈ SC〉
= 〈SA, SB | RA, RB, (c)A = (c)B ∀ c ∈ SC〉.

The last one is a compact presentation, because (c)A = (c)B is a relator of length 2
for each c ∈ SC .

For the converse implication, consider a nested sequence of compactly generated
open subgroups

C0 ⊂ C1 ⊂ · · · ⊂ Cn ⊂ Cn+1 ⊂ · · · ⊂ C :=
⋃

n≥0

Cn

(see Proposition 2.C.3). For each n ≥ 0, let Kn denote the kernel of the canonical
surjective homomorphism A ∗C0

B ։ A ∗Cn
B. Observe that Kn ⊂ Kn+1, and

that the kernel of the canonical surjective homomorphism A ∗C0
B ։ A ∗C B is

K :=
⋃

n≥0Kn. Since K ∩ C0 = {1}, and C0 is open in G, the kernels Kn and K
are discrete in G.

Suppose now that G is compactly presented. Then K is finitely generated as a
normal subgroup of G, by Proposition 8.A.10. It follows that there exists an integer
m ≥ 0 such that K = Km, and therefore such that C = Cm; hence C is compactly
generated.

Claim (4) appears in [Baum–93, Theorem 9, Page 117], for G discrete.
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Proposition 8.B.10. Consider a topological group H, two open subgroups K,L of
H, a topological isomorphism ϕ : K

≃−→ L, and the resulting HNN-extension

G = HNN(H,K,L, ϕ) = 〈H, t | tkt−1 = ϕ(k) ∀ k ∈ K〉

where t is the stable letter.

(1) There exists a unique topology on G which makes it a topological group in which
H is an open subgroup.

(2) If H is locally compact [respectively σ-compact], then G has the same property.
(3) If H is compactly generated, then G has the same property.
(4) Assume that H is compactly presented. Then G is compactly presented if and

only if K is compactly generated.

Proof. The topology of H is both H-compatible and t-compatible, and therefore
G-compatible by Lemma 8.B.2. Claims (1) and (2) are straightforward applications
of Proposition 8.B.4, and (3) is immediate.

For (4), choose a compact presentation 〈SH | RH〉 of H . Suppose first that K is
compactly generated; in this case, we assume moreover that SH contains a compact
generating set SK of K, as well as ϕ(SK). We have presentations

G = 〈H, t | tkt−1 = ϕ(k) ∀ k ∈ K〉
= 〈H, t | tkt−1 = ϕ(k) ∀ k ∈ SK〉
= 〈SH , t | RH , tkt

−1 = ϕ(k) ∀ k ∈ SK〉.

The last one is a compact presentation, because tkt−1 = ϕ(k) is a relator of length
4 for each k ∈ SK .

The proof of the converse implication is similar to the end of the proof of Propo-
sition 8.B.9, and we leave the details to the reader.

Claim (4) appears in [Baum–93, Page 118], for G discrete.

Remark 8.B.11. (1) By a result of Alperin, if G is an LC-group, and if the abstract
group G is an amalgam A∗C B, then C is an open subgroup in G. Similarly, if the
abstract group G is an HNN-extension HNN(H,K,L, ϕ), then K and L are open
subgroups in G. See Corollary 2 of Theorem 6 in [Alpe–82]. In particular, every
homomorphism G −→ Z is continuous.

(2) The two constructions are closely related. In particular, ifG = HNN(H,K,L, ϕ)
is as in Proposition 8.B.10, then

G = (· · ·∗
K
H ∗

K
H ∗

K
H ∗

K
H ∗

K
H ∗

K
· · · ) ⋊shift Z,

where each left embedding H ←֓ K is the inclusion and each right embedding
K →֒ H is ϕ. See [HiNN–49] and [Serr–77, No I.1.4, Proposition 5].

(3) For an LC-group G and two open subgroups A,B of G, with C = A∩B, the
following two conditions are equivalent (see [Serr–77, § I.4.1]):

(i) G = A∗C B as in Proposition 8.B.9,
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(ii) G acts continuously without edge-inversion on a tree T , the action is transitive
on the set of geometric edges of the tree, the quotient G\T is a segment, and
A,B are the stabilizers of two adjacent vertices of the tree.

This is an application of [Serr–77] to the abstract group G; the continuity of the
action in (ii) follows from the fact that all vertex and edge stabilizers are open.

For an analogue concerning HNN-extensions, see Remark 8.C.2(4).

(4) Let G = A∗C B be as in Proposition 8.B.9. Assume moreover that the
amalgam is non-degenerate, i.e., that C is of index at least 2 in A or B, and of
index at least 3 in the other. Then G contains non-abelian free groups as discrete
subgroups.

Similarly, let G = HNN(H,K,L, ϕ) be as in Proposition 8.B.10. Suppose that
the HNN-extension is non-ascending, i.e., that K $ H % L. Then G contains
non-abelian free subgroups as discrete subgroups.

These facts can be checked by making use of Lemma 2.6 in [CuMo–87].

(5) Let G be an LC-group that is an ascending HNN-extension; we use the
notation of Proposition 8.B.10. Then N :=

⋃
n≥1 t

−nHtn is an open normal subgroup
of G, and G/N ≃ Z. In the particular case of a compact group H , the group N is
locally elliptic, and it follows that N and G do not contain any discrete non-abelian
free subgroup.

Definition 8.B.12. Let G be a compactly generated LC-group. Choose a geodesi-
cally adapted pseudo-metric d on G, as in Proposition 4.B.4, and a connected graph
X of bounded valency that is quasi-isometric to (G, d), as in Proposition 3.D.16.
The space of ends of G is the space of ends of X .

This definition is independent on the choices of d and X . In case G is totally
disconnected, a convenient choice for X is a Cayley-Abels graph of G, see Definition
2.E.10.

Similarly to what happens in the discrete case, there are four cases to distinguish:
the space of ends of a compactly generated LC-group can be

(0) empty, if and only if G is compact,
(1) a singleton space, in some sense the generic case,
(2) a two-points space, if and only if G has a compact open normal subgroup N

such that G/N is isomorphic to Z, or the infinite dihedral group Isom(Z), or
R, or Isom(R) = R⋊ (Z/2Z),

(∞) an infinite space, in which case it is uncountable (see Theorem 8.B.13).

For another definition of the space of ends of an LC-group (not necessarily com-
pactly generated), see [Spec–50] and [Houg–74].

For totally disconnected LC-groups, we have an analogue of Stallings’ splitting
theorem [Stal–68], due to Abels [Abel–74]; see also [Abel–77], and the review article
[Moll].

Theorem 8.B.13. Let G be a compactly generated totally disconnected LC-group,
with an infinite space of ends. Then one of the following holds:
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(1) there are LC-groups A,B, a compact open subgroup C of A, of index at least 2,
and a topological isomorphism of C onto an open subgroup of B, of index at
least 3, such that G is topologically isomorphic to A∗C B, as in Proposition
8.B.9;

(2) there are a topological group H, two compact open subgroups K,L of H, with
K 6= H, and a topological isomorphism ϕ of K onto L such that G is topolog-
ically isomorphic to HNN(H,K,L, ϕ), as in Proposition 8.B.10.

8.C Homomorphisms to Z and splittings

It will be convenient to call epimorphisms surjective homomorphisms.

8.C.a A topological version of the Bieri-Strebel splitting
theorem

Definition 8.C.1. LetG be a group, H a subgroup, and π : G։ Z an epimorphism.
We say that π splits over H , or has a splitting over H , if

(1) H ⊂ ker(π)

and there exist splitting data, namely:

(2) an element, called the stable letter, s ∈ π−1({1}) ⊂ G ;
(3) two subgroups K,L of H such that L = sKs−1 ;
(4) an isomorphism

ψ : HNN(H,K,L, ϕ) = 〈H, t | tkt−1 = ϕ(k) for all k ∈ K〉 ≃−→ G,

where ϕ is the isomorphism of K onto L defined by ϕ(k) = sks−1, such that
the restriction of ψ to H is the identity, and ψ(t) = s.

The splitting is

ascending if at least one of K = H , L = H holds,
essential if K 6= H 6= L.

If G is a group with a subgroup H , it is common to say that G splits over H if
some epimorphism G։ Z splits over H .

Remark 8.C.2. For (2) to (5) below, we continue with the notation of Definition
8.C.1.

(1) A group G for which there exists an epimorphism onto Z is called an indi-
cable group.

(2) The homomorphism π splits over H if and only if −π splits over H .

(3) The homomorphism π always splits over N := ker(π). Indeed since Z is free,
π has a section σ : Z −→ G, hence G = N ⋊τ Z ≃ HNN(N,N,N, τ) for τ the
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automorphism of N of conjugation by σ(1). However, when it holds, it is a non-
trivial property that G split over a finitely generated subgroup of N , or a compactly
generated open subgroup in the LC-context.

(4) Let G be a topological group, H an open subgroup, and π : G ։ Z a
continuous epimorphism. Then π splits over H if and only if it satisfies the following:

There exists a continuous action of G on a tree T , without edge-inversion, with
the following property: it is transitive on both the vertex set V and the set E of
geometric edges of T , and there is a vertex in the tree whose stabilizer is H .

See [Serr–77]; the continuity argument is the same as in Remark 8.B.11(3).

(5) Suppose that G is a topological group, that the epimorphism π is continuous,
and that H is an open subgroup of G. Consider an action of G on a tree T = (V,E)
as in (3) above. The stabilizer Hx of any vertex x ∈ V is an open subgroup in G,
because it is conjugate to H . The stabilizer of an edge e ∈ E with origin x ∈ V and
extremity y ∈ V is also open, because it coincides with Hx ∩Hy. It follows that the
action of G on T is continuous.

(6) Let G = HNN(H,K,L, τ), with presentation 〈H, t | tkt−1 = τ(k) ∀k ∈ K〉,
be a group given by an HNN-extension; define an epimorphism π : G ։ Z by
π(H) = 0 and π(t) = 1. Then ker(π) is the normal subgroup of G generated by H ,
as it can be seen on the presentation above; it is also a particular case of [Serr–77,
Section I.5.4, Corollary 1].

The following result is essentially the extension to the LC-setting of a result due
to Bieri and Strebel [BiSt–78, Theorem A]. A particular case has been used by Abels
in [Abel–87, Proposition I.3.2].

Theorem 8.C.3 (Bieri-Strebel splitting theorem). Let G be a compactly presented
LC-group.

Every continuous epimorphism π : G։ Z splits over a compactly generated open
subgroup of ker(π).

Corollary 8.C.4. Let G be a compactly presented LC-group. Suppose that the free
group of rank 2 does not embed as a discrete subgroup of G.

For every continuous epimorphism π : G։ Z, either π or −π splits ascendingly
over some compactly generated open subgroup.

Proof. By Theorem 8.C.3, we know that G is isomorphic, with an isomorphism
commuting with the homomorphism onto Z, to HNN(H,K,L, ϕ) for some compactly
generated open subgroups H,K,L of G with K ⊂ H and L ⊂ H . If we had
K 6= H 6= L, the group G would contain a discrete non-abelian free subgroup (see
Remark 8.B.11(4)).

The following corollary, a strengthening of Theorem 8.C.3, is a consequence of
its proof.

Corollary 8.C.5. Let G be a compactly generated LC-group and π : G ։ Z a
continuous epimorphism.
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For every compactly presented LC-group E and continuous epimorphism ρ : E ։

G, there exist a compactly generated LC-group G′ and a factorization E ։ G′ ։ G
of ρ with ker(G′ ։ G) discrete in G′, such that the composite epimorphism G′ ։
G։ Z splits over a compactly generated open subgroup of G′.

8.C.b Proofs

We introduce the following convenient shorthand:

Definition 8.C.6. An inductive system of epimorphisms with uniformly
discrete kernels, or for short ISED, is a sequence

G1

ϕ1,2

։ G2 ։ · · ·։ Gn

ϕn,n+1

։ Gn+1 ։ · · · ,

where Gn is an LC-group and ϕn,n+1 a continuous epimorphism for each n ≥ 1, such
that K1,∞ (defined below) is a discrete subgroup of G1.

For n ≥ m ≥ 1, let Km,n denote the kernel of the composition

ϕm,n := ϕn−1,n ◦ ϕn−2,n−1 ◦ · · · ◦ ϕm,m+1 : Gm ։ Gn.

Observe that Km,n ⊂ Km,n+1. Set Km,∞ :=
⋃

n≥mKm,n. Define the LC-group

G∞ = G1/K1,∞.

Note that, for each m ≥ 1, we have the equality Km,∞ = ϕ1,m(K1,∞), a canonical
identification G∞ = Gm/Km,∞, and a canonical epimorphism ϕm,∞ : Gm ։ G∞.
[Thus G∞ is an inductive limit of the system (Gn, ϕn,n+1)n≥1 in both the category
of groups and the category of LC-groups.]

Lemma 8.C.7. The notation being as in Definition 8.C.6, suppose that G1 is com-
pactly generated.

(1) Let E be a compactly presented group and ρ : E ։ G∞ a continuous epimor-
phism. For m large enough, there exists a continuous epimorphism ρm : E ։

Gm such that ρ = ϕm,∞ ◦ ρm.
(2) Suppose that G∞ is compactly presented. Then ϕm,∞ : Gm −→ G∞ is an

isomorphism for m large enough.

Proof. (1) By Proposition 2.C.16, there exists a compactly generated group L and
two continuous epimorphisms πE , πG,1 such that the diagram

L

πE

��
��

πG,1
// // G1

ϕ1,m
��
��

Gm

ϕm,∞
��
��

E
ρ
// // G∞
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commutes; moreover, there exists a topological isomorphism of ker(πE) to a discrete
subgroup of K1,∞; in particular, ker(πE) is discrete in L. Since the quotient E
of L is compactly presented, the kernel of πE is finitely generated as a normal
subgroup (Proposition 8.A.10). Hence the image by πG,1 of ker(πE) in G1 is also
finitely generated as a normal subgroup of G1. It follows that πG,1(ker(πE)) is in
K1,m for some m ≥ 1, and therefore that ρ factors by a continuous epimorphism
ρm : E ։ Gm.

(2) This is a particular case of (1), for ρ the identity automorphism of G∞.

The Bieri-Strebel Theorem 8.C.3 follows from the following stronger but a bit
technical result.

Theorem 8.C.8. Let G be a compactly generated LC-group and π : G ։ Z a
continuous epimorphism.

There exist an ISED (Gn, ϕn,n+1)n≥1 and a topological isomorphism p∞ : G∞
≃−→

G, such that, for every m ≥ 1, the continuous epimorphism

πm : Gm

ϕn,∞−։ G∞
p∞−→ G

π−։ Z

splits over a compactly generated open subgroup of Gm (where G∞ and ϕm,∞ : Gm ։

G∞ = G1/K1,∞ = Gm/Km,∞ are as in Definition 8.C.6).

Proof. Set N = ker(π), and choose t ∈ G such that π(t) = 1 ∈ Z. Since Z is finitely
presented, Proposition 8.A.10 implies that there exists a compact subset S of N
such that

⋃
j∈Z t

jSt−j generates N ; observe that S∪{t, t−1} is a compact generating
set of G. We assume moreover that S is symmetric and has a non-empty interior.

The kernel N contains the union B∞ of compactly generated open subgroups

Bn := gp{tℓst−ℓ | 0 ≤ ℓ ≤ n and s ∈ S}, n ≥ 1.

Consider for each n ≥ 1 the two open subgroups

Un := gp{tℓst−ℓ | 0 ≤ ℓ ≤ n− 1 and s ∈ S}
Vn := gp{tℓst−ℓ | 1 ≤ ℓ ≤ n and s ∈ S}

of Bn, the continuous isomorphism

τn : Un
≃−→ Vn, u 7−→ tut−1,

and the compactly generated LC-group HNN-extension

Gn := 〈Bn, tn | tnut−1
n = τn(u) for all u ∈ Un〉

(see Proposition 8.B.10). By Britton’s lemma, we can and do view Bn as a subgroup
of Gn. Observe that Gn is actually generated by S (contained in Un) and tn; indeed,
the defining relations in Gn imply that

tℓnst
−ℓ
n = (τn)ℓ(s) = tℓst−ℓ
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for all ℓ with 0 ≤ ℓ ≤ n and s ∈ S. There are canonical continuous epimorphisms
ϕn,n+1 : Gn ։ Gn+1; more precisely, ϕn,n+1 is defined by its restriction to Bn, which
is the inclusion Bn ⊂ Bn+1, and by ϕn,n+1(tn) = tn+1. As in Definition 8.C.6, we
have for all m ≥ 1 a normal subgroup Km,∞ =

⋃
n≥mKm,n of Gm, and we set and

set
G∞ = G1/K1,∞.

Since K1,∞ ∩ B1 = {1}, and B1 is open in G1, the subgroup K1,∞ of G1 is discrete.
Hence (Gn, ϕn,n+1)n≥1 is an ISED.

The sequence of nth term tn provides an element that we denote by t∞ ∈ G∞.
Moreover, there are epimorphisms πm : Gm ։ Z such that the diagram

G1

π1
��
��

ϕ1,2
// // G2

π2
��
��

ϕ2,3
// // · · · // // Gm

πm
��
��

ϕm,m+1
// // Gm+1

πm+1
��
��

// // · · · ϕn,∞
// // G∞

π∞
��
��

Z
id

// // Z
id

// // · · · // // Z
id

// // Z // // · · · id
// // Z

commutes. More precisely, πm is defined by πm(Bm) = {0}, and by πm(tm) = 1.
For each m ≥ 1, we have also an epimorphism pm : Gm ։ G = 〈S, t〉, such

that the restriction of pm to Bm is the inclusion Bm ⊂ N , and pm(tm) = t. Since
pm = pm+1ϕm,m+1, we have at the limit an epimorphism

p∞ : G∞ ։ G

such that p∞(t∞) = t. Observe that pm = p∞ ◦ ϕm,∞ and π∞ = π ◦ p∞, and
consequently π ◦ p∞ ◦ ϕm,m+1 = π∞ ◦ ϕm,∞ = πm for all m ≥ 1.

We claim that p∞ is an isomorphism. For this, it remains to show that ker(p∞) =
{1}, i.e., that ker(p1) = K1,∞.

Let w ∈ G1. There exist k ≥ 0, n1, . . . , nk ∈ Z, and s1, . . . , sk ∈ S such that
w = tn1

1 s1 · · · tnk

1 sk. Assume that w ∈ ker(p1 : G1 ։ G). Since π∞(ϕ1,∞(w)) =
π(p1(w)) = 0, we have n1 + · · · + nk = 0. If m1 = n1, m2 = n1 + n2, . . ., mk−1 =
n1 + · · ·nk−1, mk = 0, we can write w =

∏m
j=1 t

mj

1 sjt
−mj

1 . Upon conjugating w
by a large enough power of t, we can furthermore assume that m1, . . . , mk ≥ 0.
If m := max{m1, . . . , mk} + 1, we can view w in Gm, indeed in Bm. Since the
restriction of pm to Bm is the inclusion Bm ⊂ N ⊂ G, we have w = 1 in Gm, i.e.,
w ∈ K1,∞, and the claim is proved.

Proof of Theorem 8.C.3. Our strategy of proof has two steps. The first step
holds for every compactly generated LC-group G given with a continuous epimor-
phism onto Z: we construct an ISED (Gn, ϕn,n+1)n≥1 as in Theorem 8.C.8. For each
n ≥ 1, the group Gn splits over Bn, which is a compactly generated open subgroup
of ker(πn).

For the second step, it is crucial that G is compactly presented. By Lemma
8.C.7(2), the group Gm is isomorphic to G∞, and therefore to G, for m large enough.
The conclusion follows.

Proof of Corollary 8.C.5. The first step of the proof of Theorem 8.C.3 applies
without change. We have an ISED (ϕn,n+1 : Gn ։ Gn+1)n≥1 and epimorphisms
ρ, ϕ1,n, ϕn,∞ as in the diagram below.
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By Lemma 2.C.16, there exist a compactly generated LC-group D and two epi-
morphisms πE , πG,1 such that the diagram

D

πE

��
��

πG,1
// // G1

ϕ1,n
��
��

Gn

ϕn,∞
��
��

E
ρ

// // G

commutes. By Lemma 8.C.7(1), we can lift ρ to a continuous epimorphism ρm : E ։

Gm for m large enough, and ρ = ϕm,∞ ◦ ρm. The corollary holds with G′ = Gm.

8.C.c Engulfing automorphisms

Definition 8.C.9. Let N be a group and H a subgroup. An automorphism σ of N
engulfs N into H if σ(H) ⊂ H and

⋃
k≥0 σ

−k(H) = N .

Remark 8.C.10. Let N be an LC-group, H an open subgroup of N , and σ a
topological automorphism of N .

(1) The automorphism σ engulfs N into H if and only if σ(H) ⊂ H and, for
every compact subset K of N , there exists ℓ ≥ 0 such that σℓ(K) ⊂ H .

Indeed, let K be a compact subset of N ; if σ engulfs N into H , we have an open
covering

⋃
k≥0(K ∩ σ−k(H)) of K, hence there exists ℓ ≥ 0 such that K ⊂ σ−ℓ(H),

i.e., σℓ(K) ⊂ H .

(2) If σ engulfs N into H , then σk engulfs N into H for all k ≥ 1. If moreover
H $ N , then σk+1(H) $ σk(H) for all k ∈ Z; in particular, σ is of infinite order.

Example 8.C.11. Let K be a local field, V a finite-dimensional vector space over
K, and ϕ ∈ GL(V ). Then ϕ engulfs V into a compactly generated subgroup of V if
and only if its spectral radius is strictly less than 1.

We use the following notation in the next proposition, and further down: for
g in some group L, or in a larger group in which L is normal, αg stands for the
automorphism x 7−→ gxg−1 of L.

Proposition 8.C.12. Let G be an LC-group, π : G։ Z a continuous epimorphism,
and s ∈ π−1({1}); set N = ker(π); let H be an open subgroup of N . The following
properties are equivalent:

(i) π splits ascendingly over H with stable letter s,
(ii) αs engulfs N into H.

Proof. If (i) holds, it is straightforward that (ii) holds.
Suppose conversely that (ii) holds. Since sHs−1 ⊂ H , there exists by the uni-

versal property of HNN-extensions a homomorphism

ψ : HNN(H,H, sHs−1, αs) = 〈H, t | txt−1 = αs(x) for all x ∈ H〉 −→ G,



8.C. HOMOMORPHISMS TO Z AND SPLITTINGS 199

such that ψ(x) = x for all x ∈ H and ψ(t) = s. Since
⋃

k≥0 s
−kHsk = N , the

subset H ∪ {s} of G is generating, hence ψ is surjective. It remains to check that
ker(ψ) = {1}.

Observe first that sk /∈ ⋃
ℓ∈N s

−ℓHsℓ for every k ∈ Z r {0}. Every element in
HNN(H,H, sHs−1, αs) can be written as t−mxtn, with m,n ∈ N and x ∈ H . If
t−mxtn ∈ ker(ψ), then s−mxsn = 1 ∈ G, i.e., x = sm−n, hence m = n and x = 1 by
the observation. Hence ker(ψ) = {1}.

The engulfing property is not very sensitive to composition with inner automor-
phisms:

Lemma 8.C.13. Let N be a group, H a subgroup, and σ an automorphism of N
engulfing N into H. Then, for every inner automorphism α of N , there exists m ∈ N
such that α ◦ σ engulfs N into σ−m(H).

Proof. Let h ∈ N be such that α = αh. There exists m ∈ N such that h ∈ σ−m(H).
Let us check that α ◦ σ engulfs N into σ−m(H).

By a straightforward induction, (αh ◦ σ)n(g) = (αwn
◦ σn) (g) for every n ≥ 1

and g ∈ N , where wn = hσ(h) · · ·σn−1(g). We have wn ∈ σ−m(H) and σn(g) ∈ H ⊂
σ−m(H) for n large enough, so that (αh ◦ σ)n(g) ∈ σ−m(H) for n large enough.

Proposition 8.C.14. Let G be an LC-group and π : G ։ Z a continuous epimor-
phism; set N = ker(π); let H be an open subgroup of N . The following properties
are equivalent:

(i) π splits ascendingly over H;
(ii) for all t ∈ π−1({1}), the epimorphism π splits, with stable letter t, over some

conjugate of H in N .

Proof. To show the non-trivial implication, assume that (i) holds. By Proposition
8.C.12, the automorphism αs engulfsN intoH for some s ∈ π−1({1}). Set β = αts−1 ;
it is an inner automorphism of N . By Lemma 8.C.13, there exists m ∈ N such that
the automorphism αt = β ◦ αs engulfs N into α−m

s (H).

Remark 8.C.15. The interest of the previous proposition is that, if P is an isomorphism-
invariant property of LC-groups, the condition that an LC-group G, given with a
continuous epimorphism π : G։ Z, splits over an open subgroup satisfying P, with
stable letter t ∈ π−1({1}), does not depend on the choice of t.

Corollary 8.C.16. Let N be an LC-group, ϕ a topological automorphism of N , and
G = N ⋊ϕ Z the corresponding semidirect product.

(1) The following properties are equivalent:

(i) the natural projection G ։ Z splits ascendingly over some compactly
generated open subgroup of N ,

(ii) ϕ engulfs N into some compactly generated open subgroup of N .

If (i) and (ii) hold, then G is compactly generated.

(2) The same holds, with “compactly presented” instead of “compactly generated”.
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Proof. (1) Implication (i)⇒ (ii) holds by Proposition 8.C.12. Also, if (i) holds, then
G is compactly generated by Proposition 8.B.10(3).

Assume now that (ii) holds. Let s denote the positive generator of Z. By
Proposition 8.C.14, π splits ascendingly with stable letter s. Then (i) holds by
Proposition 8.C.12.

The proof of (2) is analogous, with reference to Proposition 8.B.10(4).

Example 8.C.17. (1) Let p be a prime. The automorphism of multiplication by
p engulfs Qp into Zp. It follows from Corollary 8.C.16 that the group Qp ⋊p Z =
HNN(Zp,Zp, pZp,×p) is compactly presented.

More generally, for λ ∈ Q×
p , let Gλ = Qp ⋊λ Z be the semidirect product for

which Z acts on Qp by (n, x) 7−→ λnx. If λ is not a unit in Zp, the multiplication by
λ or λ−1 engulfs Qp into Zp, hence Gλ is compactly presented. If λ ∈ Z×

p = ZprpZp

is a unit in Zp, then Gλ is not compactly generated, because Gλ =
⋃

n≥0(p
−nZp⋊λZ)

is a union of a strictly increasing sequence of compact open subgroups.

(2) The p-adic affine group Qp ⋊ Q×
p is compactly presented. Indeed, since

{pn ∈ Q×
p | n ∈ Z} ≃ Z is a cocompact lattice in Q×

p , the group Gp = Qp ⋊p Z is
closed and cocompact in Qp ⋊Q×

p ; the conclusion follows from Corollary 8.A.5.

(3) For every positive integer m, the automorphism of multiplication by m engulfs
Z[1/m] into Z, in accordance with the fact that the solvable Baumslag-Solitar group

BS(1, m) = HNN(Z,Z, mZ,×m) = Z[1/m] ⋊m Z

is finitely presented.

We can rephrase the Bieri-Strebel splitting theorem in terms of engulfing auto-
morphisms:

Proposition 8.C.18. Let N be an LC-group, ϕ a topological automorphism of N ,
and G = N ⋊ϕ Z the corresponding semidirect product. Assume that G is compactly
presented. Then one of the following holds:

(1) ϕ or ϕ−1 engulfs N into some compactly generated open subgroup of N .
(2) The projection π : G։ Z has an essential splitting over some compactly gen-

erated open subgroup; in particular, G has a non-abelian free discrete subgroup.

Proof. By the Bieri-Strebel theorem, there exists a splitting over a compactly gen-
erated open subgroup. If it is ascending, Corollary 8.C.16 implies that (1) holds.
Otherwise, the splitting is essential; see Remark 8.B.11(4) for the additional state-
ment in (2).

Corollary 8.C.19. Let N be an LC-group, ϕ a topological automorphism of N ,
and G = N ⋊ϕ Z the corresponding semidirect product. Consider the following two
conditions:

(i) G is compactly presented;
(ii) ϕ or ϕ−1 engulfs N into a compact open subgroup of N .
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Then (ii) implies (i).

If N is locally elliptic, then (i) implies (ii).

Proof. That Condition (ii) implies Condition (i) is part of Corollary 8.C.16.
Conversely, suppose that N is locally elliptic and that Condition (i) holds. Then

(1) or (2) of Proposition 8.C.18 holds.
Suppose by contradiction that (2) holds, so that G has a non-abelian free discrete

subgroup F . Upon replacing F by its derived subgroup, we can assume that F ⊂ N ;
this is preposterous, by Example 4.D.7(3).

It follows that Condition (ii) holds.

Proposition 8.C.20. Given an LC-group N and a topological automorphism ϕ of
N , each of the following conditions implies that neither ϕ nor ϕ−1 engulfs N into
some compactly generated open subgroup of N .

(a) There exists x ∈ N such that, for every compactly generated open subgroup H
of N , the sets {n ∈ N | ϕn(x) /∈ H} and {n ∈ N | ϕ−n(x) /∈ H} are both
unbounded.

(b) There exists x ∈ N such that, for every compactly generated open subgroup H
of N , the set {n ∈ Z | ϕn(x) ∈ H} is finite.

(c) The group of fixed points Nϕ is not capped, i.e., is not contained in any com-
pactly generated subgroup of N .

(d) The group N is locally elliptic, not compact, and the automorphism ϕ preserves
the Haar measure.

Proof. Let x be as in (a). If ϕ or ϕ−1 were to engulf N into a compact open subgroup
H of N , we would have ϕn(x) ∈ H or ϕ−n(x) ∈ H for all n large enough, i.e., one
of {y ∈ N | y = ϕn(x) for some n ∈ N} and {z ∈ N | z = ϕn(x) for some n ∈ N}
would be bounded. This is impossible if (a) holds.

Condition (b) implies Condition (a).
Similarly, if one of ϕ, ϕ−1 engulfs N into a compact open subgroup H of N , then

Nϕ ⊂ H . This is impossible when (c) holds.

Suppose now that N is locally elliptic; in particular, N is unimodular. As a
comment on the statement of (d), and not as a step in the present proof, observe
that ϕ preserves the Haar measure of N if and only if the group G := N ⋊ϕ Z is
unimodular (see for example [BInt7-8, Chap. VIII, § 2, no 10]).

Suppose that (d) holds. Suppose also, by contradiction, that ϕ or ϕ−1 engulfs
N into some compactly generated open subgroup H of N . By Proposition 8.C.12,
G is isomorphic to an HNN-extension HNN(H,H,L, τ), where τ is the restriction
of ϕ to H . Since the modulus of ϕ is 1 we have L = τ(H) = ϕ(H) = H . As N =⋃

n≥0 τ
−n(H), it follows that N = H , in particular that N is compactly generated.

Since N is locally elliptic, N is compact, in contradiction with part of (d). This
ends the proof.

8.D Further examples

We now apply the Bieri-Strebel splitting theorem to various semidirect products.
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8.D.a Semidirect products with Z

Example 8.D.1. (1) Let Altf(Z) denote the group of permutations of finite support
of Z that are even on their support; it is an infinite locally finite group. Consider
the group of permutations of Z generated by Altf(Z) and the shift σ : Z ∋ j 7−→
j + 1 ∈ Z. This group is the semidirect product Altf (Z) ⋊shift Z, with respect to
the action of Z on Altf(Z) for which 1 ∈ Z acts by conjugation by σ. Observe that
Altf(Z) ⋊shift Z is generated by σ and the 3-cycle (−1, 0, 1).

It follows from Corollary 8.C.19 that Altf(Z) ⋊shift Z is not finitely presented.

(2) In 1937, B.H. Neumann defined an uncountable family of pairwise non-
isomorphic groups, all of them having a set of two generators; since the number
of finitely presented groups is countable, he showed this way that there are finitely
generated groups that are not finitely presented. In fact, none of the Neumann’s
groups is finitely presented.

Indeed, from [Neum–37] (see also Complement III.35 in [Harp–00]), it is straight-
forward to deduce that each of these groups, say GNeum, has an infinite locally finite
normal subgroup N such that GNeum/N ≃ Z. Hence GNeum is not finitely presented.
More generally:

an (infinite locally finite)-by-Z group is not finitely presented:

this follows from the Bieri-Strebel splitting theorem, or more precisely from Propo-
sition 8.C.20 (see Condition (d)) and Corollary 8.C.19.

Example 8.D.2. Consider an integer k ≥ 1, primes p1, . . . , pk, and a semidirect
product

G = (R×Qp1 × · · · ×Qpk) ⋊(λ∞,λ1,...,λk) Z,

for a diagonal action of Z by which 1 acts on R by multiplication by some λ∞ ∈ R×,
and on the jth factor Qpj by multiplication by some λj ∈ Q×

pj
, for j = 1, . . . , k. The

group
H = (Qp1 × · · · ×Qpk) ⋊(λ1,...,λk) Z

can be seen both as a closed subgroup of G, and as the quotient of G by its connected
component G0 ≃ R.

(1) To describe when H is compactly generated or compactly presented, we
distinguish three cases:

(a) If |λj|pj = 1 for at least one j ∈ {1, . . . , k}, then H is not compactly generated.
Indeed, H has a factor group of the form Hj := Qpj ⋊λj

Z and Hj is not
compactly generated (Example 8.C.17).

(b) If the |λj|pj are all 6= 1, with at least one larger and one smaller than 1, then
H is compactly generated, and not compactly presented, by Condition (b) of
Proposition 8.C.20 and Corollary 8.C.19.

(c) If the moduli |λj|pj are either all larger than 1 or all smaller than 1, then G is
compactly presented, by Corollary 8.C.16.

For example, the group
(Q2 ×Q3) ⋊(2/3) Z,
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for the diagonal action by which 1 ∈ Z acts by multiplication by 2
3

on each factor, is
compactly generated and is not compactly presented, because |2/3|2 < 1 < |2/3|3.
In contrast, the group

(Q2 ×Q3) ⋊(1/6) Z

is compactly presented.

(2) The group G is compactly generated if and only if H is so (Proposition 5.A.1),
and compactly presented if and only if H is so (Proposition 8.A.22), because of the
isomorphism G/G0 ≃ H noted above.

Assume from now on that λ∞ = λ1 = · · · = λk is an invertible element in the ring

Z
[

1
p1···pk

]
. We write λ for this common value, and ⋊λ for ⋊(λ,λ,··· ,λ). The diagonal

embedding

Z

[
1

p1 · · ·pk

]
−֒→ R×Qp1 × · · · ×Qpk

makes the left-hand side a cocompact lattice in the right-hand side (see Example
5.C.10(2)). The group

Γλ := Z

[
1

p1 · · · pk

]
⋊λ Z

is a cocompact lattice in G. It follows from the considerations above that Γλ is

(a′) not finitely generated if |λ|pj = 1 for at least one j ∈ {1, . . . , k},
(b′) finitely generated |λ|pj 6= 1 for all j ∈ {1, . . . , k},
(c′) finitely presented if either |λ|pj < 1 for all j ∈ {1, . . . , k}, or |λ|pj > 1 for all

j ∈ {1, . . . , k}.
Note that, when the conditions of (b′) hold, the conditions of (c′) hold if and only
if either λ or λ−1 is in Z.

In particular:

• Γ2/3 = Z[1/6] ⋊2/3 Z is not finitely presented,
• Γ1/6 = Z[1/6] ⋊1/6 Z is finitely presented.

This spectacular difference of behavior of two superficially similar-looking groups
was an important initial motivation of Bieri and Strebel (later joined by Neumann
and others) for the work that led to their splitting theorem [BiSt–78], and later to
the Σ-invariants; see [Bier–79].

Note that Γ1/6 is the solvable Baumslag-Solitar group BS(1, 6). The group Γ2/3

can be described as the metabelianization of the Baumslag-Solitar group BS(2, 3).
The metabelianization of a group G is its largest metabelian quotient, i.e., the
group G/[[G,G], [G,G]]; details in [BeGH–13, Appendix B].

Example 8.D.3. Let n ≥ 2; denote by Cn the cyclic group of order n, viewed
here as a finite ring. Recall that the ring Cn((t)) of formal Laurent series in t with
coefficients in Cn is a totally disconnected LC-ring (see Example 2.E.3). The ring
of Laurent polynomials Cn[t, t−1] embeds into the locally compact direct product
Cn((t))× Cn((t−1)), by

{
Cn[t, t−1] −֒→ Cn((t))× Cn((t−1))

f(t) 7−→ (f(t), f(t)),
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as a discrete cocompact subring.
Let the group Z act on the ring of Laurent polynomials by multiplication by t,

and on the product ring diagonally, by multiplication by t on each factor. Then the
embedding above is Z-equivariant. This yields an embedding

Γ := Cn[t, t−1] ⋊t Z ⊂ G :=
(
Cn((t))× Cn((t−1))

)
⋊t Z,

for which Γ is a uniform lattice in G.
The group Γ is not finitely presented, and the locally compact group G is not

compactly presented; both these claims follow again from Condition (a) of Proposi-
tion 8.C.20 and Corollary 8.C.19. That Γ is not finitely presented follows also from
its wreath product structure Γ ≃ (Z/nZ) ≀ Z; see [Baum–61].

8.D.b More general semidirect products, and SLn(K)

Proposition 8.D.4. Let K be a local field. The group K3⋊SL2(K) is not compactly
presented, where K3 stands for the second symmetric tensor power of K2, and the
action of SL2(K) on K3 is the second symmetric tensor power of its natural action
on K2.

Proof. Let {e1, e2} be the canonical basis of K2, and {e1 ⊙ e1, e1 ⊙ e2, e2 ⊙ e2} the

corresponding basis of K3. Let g =

(
a b
c d

)
∈ SL2(K). We have

g(e1 ⊙ e1) = (ae1 + ce2)⊙ (ae1 + ce2) = a2e1 ⊙ e1 + 2ace1 ⊙ e2 + c2e2 ⊙ e2,

and similarly for g(e1 ⊙ e2), g(e2 ⊙ e2). It follows that g acts on K3 by the matrix

S2(g) =



a2 ab b2

2ac ad+ bc 2bd
c2 cd d2


 .

Let us identify K3 ⋊ SL2(K) with its image by the homomorphism





K3 ⋊ SL2(K) −→ GL4(K)

(ξ, g) 7−→
(
S2(g) ξ

0 1

)
.

Let ST2(K) denote the closed subgroup of SL2(K) of matrices of the form

(
a b
0 d

)

with a, b, d ∈ K and ad = 1, and Unip2(K) the closed subgroup of ST2(K) of

matrices of the form

(
1 b
0 1

)
with b ∈ K. Since ST2(K) is an isotropy group for the

natural action of SL2(K) on the projective line, the subgroup ST2(K) is cocompact

in SL2(K). Fix λ ∈ K with |λ| > 1, set s =

(
λ 0
0 λ−1

)
∈ SL2(K), and let σ be

the automorphism of Unip2(K) of conjugation by s. We identify the corresponding
semidirect product Unip2(K) ⋊σ Z with the closed subgroup of ST2(K) of matrices
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of the form

(
λn x
0 λ−n

)
, with n ∈ Z and x ∈ K. Since λZ is a closed cocompact

subgroup of K×, the subgroup Unip2(K)⋊σZ is cocompact in ST2(K), and therefore
also in SL2(K).

Let N denote the closed subgroup of K3 ⋊ SL2(K) consisting of elements (ξ, u)
with ξ ∈ K3 and u ∈ Unip2(K). We denote again by σ the automorphism of N of
conjugation by (0, s). As above, we identify the semidirect product N ⋊σ Z with a
cocompact closed subgroup of K3⋊SL2(K). By Corollary 8.A.5, it suffices to check
that N ⋊σ Z is not compactly presented.

On the one hand, since K is a local field, the group N is locally elliptic. On the

other hand, since σ acts on the closed subgroup K3 ofN as the matrix



λ2 0 0
0 1 0
0 0 λ−2


,

the subgroup Nσ of N of elements fixed by σ contains a non-compact subgroup
{0}×K×{0} ≃ K. It follows from Proposition 8.C.20 (Condition (c)) that neither
σ nor σ−1 engulfs N into some compact open subgroup of N , hence from Corollary
8.C.19 that N is not compactly presented.

Remark 8.D.5. For n ≥ 0, consider more generally the group Gn = Kn+1⋊SL2(K),
where Kn+1 is identified with the nth symmetric power of K2. Then Gn is not
compactly presented. When n is even, the method of Proposition 8.D.4 can be
adapted to Gn. When n is odd, this does not work, but there is an argument based
on central extensions, as already remarked in 8.A.29.

Our next target is Proposition 8.D.8, for the proof of which we need two prelim-
inary lemmas.

Lemma 8.D.6. Let H be an LC-group, n ≥ 2 an integer, and N1, . . . , Nn LC-
groups, each one given with a continuous action of H by topological automorphisms.

Let G =
(∏n

i=1Ni

)
⋊ H be the semidirect product with respect to the diagonal

action of H on the product of the Ni ’s. For i, j ∈ {1, . . . , n} with i 6= j, let
Gi,j = (Ni ×Nj) ⋊H denote the natural semidirect product, identified with a closed
subgroup of G.

Assume that Gi,j is compactly presented for each pair (i, j) with i 6= j. Then G
is compactly presented.

Note. Conversely, if G is compactly presented, so is every Gi,j, because they are
group retracts of G.

In the proofs of Lemma 8.D.6 and Proposition 8.D.7, we freely use the following
immediate fact: an LC-group G is compactly presented if and only if there exist a
boundedly presented group G1 = 〈S | R〉 and an isomorphism ϕ : G1 −→ G such
that the image ϕ(S) is a compact subset of G.

Proof. Let T be a compact generating subset of H . For every i ∈ {1, . . . , n}, let
Si be a compact symmetric subset of Ni such that Si ∪ T generates Ni ⋊ H . For
every pair (i, j) of distinct elements of {1, . . . , n}, consider a copy of Gi,j, denoted

by G[i,j] = (N
[i,j]
i × N

[i,j]
j ) ⋊ H [i,j]. Let S [i,j] be the subset S

[i,j]
i ∪ S [i,j]

j of G[i,j]
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corresponding to Si ∪ Sj ⊂ Gi,j; let T [i,j] be the compact generating subset of H [i,j]

corresponding to T in H . Clearly, S [i,j] ∪ T [i,j] is a compact generating subset of
G[i,j].

We consider the free product G0 of the G[i,j] over all n2−n pairs (i, j). Since by
assumption Gi,j is compactly presented, G[i,j] is boundedly presented over S [i,j]∪T [i,j].
It follows immediately that G0 is boundedly presented by the generating subset
U :=

⋃(
S [i,j] ∪ T [i,j]

)
. The natural embeddings Gi,j ⊂ G canonically define a

surjective homomorphism p0 : G0 ։ G. Observe that p0(U) is compact and, since
n ≥ 2, that p0 is surjective.

Define a quotient G1 of G0 by elements of length 2 with respect to U , by identi-
fying all possible elements, namely

• for all distinct pairs (i, j) and (i′, j′), all k ∈ {i, j} ∩ {i′, j′}, and every s ∈ Sk,

we identify the corresponding elements s[i,j] ∈ S [i,j]
k and s[i

′,j′] ∈ S [i′,j′]
k ;

• for all distinct pairs (i, j) and (i′, j′) and every t ∈ T , we identify the corre-
sponding elements t[i,j] ∈ T [i,j] and t[i

′,j′] ∈ T [i′,j′].

Obviously, G1 has a bounded presentation, and p0 factors through a surjective ho-
momorphism

p1 : G1 ։ G.

Denote by ρ the projection G0 ։ G1; we have p0 = p1 ◦ ρ.
For every k ∈ {1, . . . , n}, the subset of G1 defined as ρ(S

[i,j]
k ) does not depend

on the choice of the pair (i, j) such that k ∈ {i, j} (there are 2n− 2 such pairs), and

we denote it by Ŝk ⊂ G1. Also, the subset of G1 defined as ρ(T [i,j]) does not depend

on the choice of the pair (i, j) and we denote it by T̂ . Since G0 is generated by the

union of all possible S
[i,j]
k (with k ∈ {i, j}) and T [i,j], it follows that G1 is generated

by the union of all Ŝi (with i ∈ {1, . . . , n}) and T̂ .

Let Ĥ be the subgroup of G1 generated by T̂ . Define an i-elementary element of
G1 as an element of the form hsih

−1 with h ∈ Ĥ and s ∈ Ŝi, and an elementary ele-
ment as an i-elementary element for some i. Since G1 is generated by the symmetric
subset

(⋃
Ŝi

)
∪ Ĥ, every element of G1 can be written as a product uh where u is

a product of elementary elements and h ∈ Ĥ.
We have [hiŜih

−1
i , hjŜjh

−1
j ] = {1} ⊂ G1 for all distinct i, j and hi, hj ∈ Ĥ.

Indeed, picking lifts h̃i and h̃j of hi and hj in G[i,j]

[
hiŜih

−1
i , hjŜjh

−1
j

]
=

[
ρ(h̃iS

[i,j]
i h̃−1

i ), ρ(h̃jS
[i,j]
j h̃−1

j )
]

= ρ
(

[h̃iS
[i,j]
i h̃−1

i , h̃jS
[i,j]
j h̃−1

j ]
)

= ρ({1}) = {1}.

It follows that any element g in G1 can be written as u1 . . . ukh where each ui is a
product of i-elementary elements and h ∈ Ĥ .

Now suppose that g ∈ ker(p1); let us show that g = 1. For all i, we have
p1(ui) ∈ Ni and p1(h) ∈ H . It follows that p1(ui) = 1 and p1(h) = 1. Pick j distinct
from i, and lifts ũi, h̃ of ui, h in G[i,j]; since the restriction of p0 = p1 ◦ ρ to G[i,j] is
injective, we have ũi = 1 and h̃ = 1. Hence ui and h are trivial. This proves that p1
is an isomorphism. As G1 is boundedly presented, G is compactly presented.
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Proposition 8.D.7. Let A,N be two LC-groups, with A compactly generated abelian,
ϕ : A −→ Aut(N) a continuous action of A on N , and G = N ⋊ϕA the correspond-
ing semidirect product. Assume there exist a0 ∈ A and a compactly presented open
subgroup L ⊂ N such that ϕ(a0) engulfs N into L.

Then G is compactly presented.

Proof. Let T be a symmetric compact generating subset of A containing a0. Define
S =

⋃
t∈T tLt

−1; note that S is a compact symmetric subset of N . The semidirect
product N ⋊a0 Z is generated by S ∪ {σ±1}, where σ denotes the positive generator
of Z.

We consider the free product G0 = (N ⋊a0 Z)∗A, endowed with the generating
subset (S∪{σ±1})∪T . Since N⋊a0Z is compactly presented by Corollary 8.C.16, and
A is compactly presented by Proposition 8.A.24, the free product G0 is boundedly
presented over (S∪{σ±1})∪T . The natural homomorphism p0 : G0 ։ G is obviously
surjective, and its restriction to each of the two free factors is also injective.

Let G1 be the quotient of G0 by

• the relator of length 2 identifying σ ∈ Z with a0 ∈ A;
• the relators of length 4 of the form txt−1y−1 for t ∈ T and x, y ∈ S whenever

the corresponding relation holds in G.

Obviously, G1 has bounded presentation, and p0 factors through a surjective homo-
morphism

p1 : G1 ։ G.

Denote by ρ the projection G0 ։ G1; we have p0 = p1 ◦ ρ.
In G1, the generator σ is redundant; since G0 is generated by (L ∪ {σ±1}) ∪ T ,

the group G1 is generated by ρ(L)∪ρ(T ). Let Â be the subgroup of G1 generated by

ρ(T ). By the same argument as in the previous proof, Â is mapped by p1 injectively
into G (actually, onto A).

Define an elementary element in G1 to be an element of the form asa−1 with
a ∈ ρ(L) and a ∈ Â. Then, as in the previous proof, it is immediate that every

element g ∈ G1 has the form g = ua with a ∈ Â and u a product of elementary
elements.

Write ϕ for ρ(σ) = ρ(a0). Now let us check that, in G1, the set of elements of

the form ϕnρ(x)ϕ−n, for n ∈ Z and x ∈ L, is stable under conjugation by Â. It
is enough to check that ρ(t)ϕnρ(x)ϕ−nρ(t)−1 has this form for every t ∈ T . And,
indeed,

ρ(t)ϕnρ(x)ϕ−nρ(t)−1 = ρ(tan0 )ρ(x)ρ(tan0 )−1 =

ρ(an0 t)ρ(x)ρ(an0 t)
−1 = ϕnρ(t)ρ(x)ρ(t)−1ϕ−n,

where the latter term is equal, by using the relators of the second kind, to some
element of the form ϕnρ(y)ϕ−n with y ∈ S. The engulfing property implies that we
can write y = σkx′σ−k for some x′ ∈ L and k ∈ Z. So

ρ(t)ϕnρ(x)ϕ−nρ(t)−1 = ϕnρ(σkx′σ−k)ϕ−n = ϕn+kρ(x′)ϕ−(n+k).

It follows that every elementary element belongs to the subgroup ρ(N ⋊a0 Z).
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Let g = uh ∈ G1 be as above. Suppose now that g ∈ ker(p1), and let us show
that g = 1. Because of the semidirect decomposition of G, both u and a belong to
ker(p1). Since u belongs to ρ(N ⋊a0 Z) and a belongs to ρ(A), it follows that u = 1
and a = 1. This proves that p1 is an isomorphism.

Let A be a topological group. The group Hom(A,R) of continuous homomor-
phisms of A to R is naturally a real vector space. For w,w′ ∈ Hom(A,R), we
denote by [w,w′] the straight line segment in Hom(A,R) joining w and w′; note
that [w,w′] = {w} when w′ = w.

Proposition 8.D.8. Consider a compactly generated LCA-group A, an integer n ≥
2, and local field K1, . . . ,Kn. For every i ∈ {1, . . . , n}, let ϕi : A −→ K×

i be a
continuous homomorphism; let | · |i on Ki be an absolute value on Ki (see Remark
4.D.9). Define wi ∈ Hom(A,R) by wi(a) = log |ϕi(a)|i for all a ∈ A. Set

Gϕ = (K1 × · · · ×Kn) ⋊ϕ A

where the semidirect product corresponds to the action of A on
∏n

i=1Ki by which
a ∈ A multiplies the ith factor of

∏n
i=1Ki by ϕi(a).

Then we have:

(1) Gϕ is compactly generated if and only if wi 6= 0 for all i ∈ {1, . . . , n}.
(2) Gϕ is compactly presented if and only if 0 /∈ [wi, wj] ⊂ Hom(A,R) for all

i, j ∈ {1, . . . , n}.

Note. The situation of the proposition with n = 1 is covered by Proposition 8.D.7.

Proof. As a preliminary observation, note that Gϕ does not contain any non-abelian
free group, because it is solvable.

(1) If wi = 0 for some i, that is if |ϕi(a)|i = 1 for all a ∈ A, then Ki ⋊ϕi
A is a

quotient of Gϕ, hence Gϕ is not compactly generated, by the argument of Example
8.C.17(2). If wi 6= 0 for all i ∈ {1, . . . , n}, the argument of Example 5.A.10 can
be adapted to the present situation, to show that each of the subgroups Ki ⋊ A is
compactly generated. Since Gϕ is generated by these subgroups, it follows that Gϕ

is compactly generated.

(2) For i ∈ {1, . . . , n}, we denote by wi : Gϕ −→ R×
+ the composition of the

canonical projection Gϕ −→ A with ϕi. The image of wi, which is that of wi, is a non-
trivial discrete subgroup of R×

+, because so is {t ∈ R×
+ | t = |x|i for some x ∈ K×}.

Note that

ker(wi) = (K1 × · · · ×Kn) ⋊ϕ ker(wi).

Since ker(wi) acts trivially on Ki, the group Ki is a direct factor of ker(wi).

Suppose first that Gϕ is compactly presented. Then wi 6= 0 for all i, by (1). We
assume ab absurdo that 0 ∈ [wi, wj] for two distinct indices i and j. There exists
a number µ > 0 such that wj = −µwi; in particular, ker(w1) = ker(w2). We will
arrive at a contradiction.
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Choose a ∈ A such that wi(a) > 1 generates the cyclic subgroup Im(wi) of R×
+.

Denote by Za the discrete cyclic subgroup of A generated by a. We have a direct
sum decomposition A = ker(wi)× Za, so that

Gϕ = ker(wi) ⋊ Za.

In view of the preliminary observation, it follows from Proposition 8.C.18 that one
of αa, αa−1 , from now on denoted by α, engulfs ker(wi) into a compactly generated
subgroup of Gϕ, say H . (The notation αa is that of Proposition 8.C.12.)

For an integer ℓ ≥ 1, denote by Hℓ the subset of ker(wi) of elements (x, b) such
that |xi|i ≤ ℓ and |xj |j ≤ ℓ. It is clearly an open subset of ker(wi); it is also a
subgroup, because every b ∈ ker(wi) = ker(wj) preserves the norms in Ki and Kj.
We have

ker(wi) =
⋃

ℓ≥1

Hℓ (increasing union).

It follows that there exists m ≥ 1 such that H ⊂ Hm. (We do not mind whether or
not Hm is compactly generated, but we know that H is.)

Let x ∈ K1 × · · · ×Kn be such that xi 6= 0 and xj 6= 0. The set of k ∈ Z such
that αk(x) ∈ Hm is finite; indeed

lim
k→∞

∣∣(αk(x)
)
i

∣∣
i

= ∞ and lim
k→∞

∣∣∣
(
α−k(x)

)
j

∣∣∣
j

= ∞

By Proposition 8.C.20 (Condition (a)), this implies that α does not engulf ker(wi)
into a compactly presented subgroup of Gϕ, in contradiction with an intermediate
conclusion above.

We have shown that, if Gϕ is compactly presented, then 0 /∈ [wi, wj] or all
i, j ∈ {1, . . . , n}.

Conversely, suppose now that 0 /∈ [wi, wj] for all i, j ∈ {1, . . . , n}. By Lemma
8.D.6, it is enough to choose i, j ∈ {1, . . . , n}, i 6= j, and to show that (Ki×Kj)⋊A
is compactly presented.

We claim that

there exists a ∈ A such that wi(a) > 0 and wj(a) > 0.

To justify the claim, we distinguish two cases. Suppose first that one of ker(wi), ker(wj)
is contained in the other; the inclusion cannot be proper, because Z is not a proper
quotient of itself; hence ker(wi) = ker(wj). Since 0 /∈ [wi, wj], there exists µ > 0 such
that wj = µwi. For b ∈ A, b /∈ ker(wi), the claim holds for one of a = b, a = b−1.
Suppose now that there exist b ∈ ker(wi) r ker(wj) and c ∈ ker(wj) r ker(wi). For
appropriate choices of ε, δ ∈ {−1, 1}, the claim holds for a = bεcδ.

Let a ∈ A be as in the claim. Then a acts on Ki ×Kj by the automorphism

σ : (xi, xj) 7−→ (ϕi(a)xi, ϕj(a)xj),

with log |ϕi(a)|i > 0 and log |ϕj(a)|j > 0. Hence σ engulfs Ki × Kj into oi × oj,
where oi [respectively oj] is the maximal compact subring of Ki, [resp. of Kj ]. It
follows from Proposition 8.D.7 that (Ki × Kj) ⋊ A is compactly presented. This
ends the proof.
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Lemma 8.D.9. Let G be an LC-group which is an essential HNN-extension G =
HNN(H,K,L, ϕ), for two proper open subgroups K,L of H and a topological iso-
morphism ϕ of K onto L.

Every normal subgroup of G without any non-abelian free discrete subgroup is
contained in K.

Proof. See Proposition 8 in [Corn–09].

Proposition 8.D.10. Let the free group F = 〈t, u〉 act on Qp, with t the multipli-
cation by p and u the identity automorphism.

Then the semidirect product G = Qp ⋊ F is compactly generated and not com-
pactly presented.

Note that if F is replaced by Z2, the resulting group is compactly presented, by
Proposition 8.D.7.

Proof. For s ∈ F , s 6= 1, denote by 〈s〉 the cyclic subgroup of F generated by s.
The group G is generated by the compactly generated subgroups 〈Qp, t〉 = Qp⋊p 〈t〉
and F , and therefore is compactly generated.

Let M be the kernel of the unique homomorphism F ։ Z mapping t onto 1
and u onto 0; we can identify M with the free product of the cyclic groups 〈tnut−n〉
indexed by n ∈ Z. The subgroup of G generated by Qp and M is a direct product
Qp × M . We can write G as the semidirect product (Qp × M) ⋊ 〈t〉. With the
notation of Corollary 8.C.19 in mind, we set N = Qp ×M .

Every compactly generated subgroup of N is contained in a product of the form
L× (∗ℓn=−ℓ〈tnut−n〉), where L is a compact subgroup of Qp and ℓ a positive integer.
Hence the group N and the automorphism of conjugation by t satisfy Condition (a)
of Proposition 8.C.20. It follows from this proposition and Corollary 8.C.19 that G
is not compactly presented.

Notation 8.D.11. For an integer n ≥ 2 and a locally compact field K, we introduce
the following closed subgroups of SLn(K):

the group STn(K) of matrices of the form




x1,1 x1,2 · · · x1,n
0 x2,2 · · · x2,n
...

...
. . .

...
0 0 · · · xn,n


 ,

the group Unipn(K) of matrices of the form




1 x1,2 · · · x1,n
0 1 · · · x2,n
...

...
. . .

...
0 0 · · · 1


 ,

the group SDn(K) of matrices of the form




x1,1 0 · · · 0
0 x2,2 · · · 0
...

...
. . .

...
0 0 · · · xn,n


 .
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Here, xi,j ∈ K for i, j = {1, . . . , n} with i ≤ j, and
∏n

i=1 xi,i = 1. The first of these
is naturally a semidirect product of the other two:

STn(K) = Unipn(K) ⋊ SDn(K).

Note that SDn(K) is abelian, indeed isomorphic to (K×)n−1. We know that SDn(K)
is compactly generated (because K× is, see Exampe 5.A.2), and therefore compactly
presented (see Proposition 8.A.24).

Theorem 8.D.12. Consider an integer n ≥ 2 and a non-discrete locally compact
field K.

(1) The special triangular group STn(K) is compactly presented.
(2) The special linear group SLn(K) is compactly presented.

Proof. First case: K is Archimedean. These groups are connected, hence both
claims follow from Proposition 8.A.21.

Second case: K is a local field. Let | · | be an absolute value on K which makes
it a complete field. Recall that K has a maximal compact subring

oK =
{
x ∈ K

∣∣ {xn | n ≥ 1} is relatively compact
}

=
{
x ∈ K

∣∣ |x| ≤ 1
}

as in Example 2.E.3 and Remark 4.D.9. Denote by Unipn(oK) the compact open
subgroup of Unipn(K) of matrices with coefficients in oK.

Choose λ ∈ K with |λ| < 1. The element

diag(λn−1, λn−3, λn−5, . . . , λ−n+1) ∈ SDn(K)

engulfs Unipn(K) into the compact open group Unipn(oK). It follows from Propo-
sition 8.D.7 that STn(K) is compactly presented.

Since STn(K) is cocompact in SLn(K), Claim (2) follows from (1) by Corollary
8.A.5.

More generally, we have the following important generalization of (2):

Theorem 8.D.13 (Behr). Let G be a reductive group defined over a local field K.
The group of K-points of G is compactly presented.

On the proof. The proof goes beyond the scope of the present book. A natural
strategy is to use the natural continuous geometric action of the group G(K) on a
geodesic contractible metric space, more precisely on its Bruhat-Tits building. See
[Behr–67], or [PlRa–94, Th. 3.15, p. 152].

Remark 8.D.14. Let G be as in the previous theorem, and Γ a lattice in the group
of K-points of G. Assume that Γ is cocompact (this is always the case if K is a
local field of characteristic 0, as already noted in Example 5.C.10(1). It follows from
Theorem 8.D.13 that Γ is finitely presented.

There exists an abundant literature (of which we quote here only [BoSe–76])
on this and stronger finiteness properties of these groups, and more generally on
“S-arithmetic groups”.
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Anal. Non Linéaire 30 (2013), 275–290. 79

[Alpe–82] Roger Alperin, Locally compact groups acting on trees, Pacific J.
Math. 100 (1982), 23–32. 191

[ArGS–12] Goulnara Arzhantseva, Erik Guentner, and Ján Spakula, Coarse
non-amenability and coarse embeddings, Geom. Funct. Anal. 22 (2012),
22–36. 102

[Ausl–63] Louis Auslander, On radicals of discrete subgroups of Lie groups,
Amer. J. Math. 85 (1963), 145–150. 150

[Baer–56] Reinhold Baer, Noethersche Gruppen, Math. Z. 66 (1956), 269–288.
139

[BCGM–12] Uri Bader, Pierre-Emmanuel Caprace, Tsachik Gelander, and
Shahar Mozes, Simple groups without lattices, Bull. London Math.
Soc. 44 (2012), 55–67. 154

[BaGS–85] Werner Ballmann, Mikhael Gromov, and Viktor Schroeder, Man-
ifolds of nonpositive curvature. Birkhäuser, 1985. 64, 81
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Birkhäuser, 2001. 154

[Baum–61] Gilbert Baumslag, Wreath products and finitely presented groups,
Math. Zeitschr. 75 (1961), 22–28. 204

[Baum–93] Gilbert Baumslag, Topics in combinatorial group theory, Lectures in
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1974. 24, 27, 28, 37, 143
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(mai 1964). 55

[BuKl–98] Dimitri Burago and Bruce Kleiner, Separated nets in Euclidean
space and Jacobians of biLipschitz maps, Geom. Funct. Anal. 8 (1998),
273–282. 80

[BuKl–02] Dimitri Burago and Bruce Kleiner, Rectifying separated nets, Geom.
Funct. Anal. 12 (2002), 80–92. 79, 80

[Buse–55] Herbert Busemann, The geometry of geodesics. Academic Press, 1955.
144

[CaFr–06] Danny Calegari and Michael H. Freedman, Distortion in transfor-
mation groups, with an appendix by Yves Cornulier, Geom. Topol.
10 (2006), 267–293. 129

[Cann–02] James W. Cannon, Geometric group theory, in “Handbook of geomet-
ric topology”, R.J. Daverman and R.B. Sher Editors (North-Holland,
2002), 261–305. 52, 62, 172

[Capr–09] Pierre-Emmanuel Caprace, Amenable groups and Hadamard spaces
with a totally disconnected isometry group, Comment. Math. Helv. 84
(2009), 437–455. 117, 118, 119

[CaCo–14] Pierre-Emmanuel Caprace and Yves Cornulier, On embeddings
into compactly generated groups, Pacific J. Math. 269 (2014), 305–321.
32, 43

[CaMo–11] Pierre-Emmanuel Caprace and Nicolas Monod, Decomposing locally
compact groups into simple pieces, Math. Proc. Cambridge Philos. Soc.
150 (2011), 97–128. 13, 39, 40

[CCMT–15] Pierre-Emmanuel Caprace, Yves Cornulier, Nicolas Monod, and
Romain Tessera, Amenable hyperbolic groups, J. Eur. Math. Soc. 17
(2015), 2903–2947. 50, 53, 57, 110, 114, 119



BIBLIOGRAPHY 219

[CaRW–I] Pierre-Emmanuel Caprace, Colin D. Reid and George A. Willis,
Locally normal subgroups of totally disconnected groups; Part I: general
theory, arXiv:1304:5144v1, 18 Apr 2013. 13

[CaRW–II] Pierre-Emmanuel Caprace, Colin D. Reid and George A. Willis,
Locally normal subgroups of totally disconnected groups; Part II: com-
pactly generated simple groups, arxiv:1401:3142v1, 14 Jan 2014. 13
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[GlTW–05] Eli Glasner, Boris Tsirelson, and Benjamin Weiss, The automor-
phism group of the Gaussian measure cannot act pointwise, Israel J.
Math. 148 (2005), 305–329. 13

[Glea–49] Andrew M. Gleason, On the structure of locally compact groups, Proc.
Nat. Acad. Sci. U.S.A. 35 (1949), 384–386. 37, 53

[Glea–51] Andrew M. Gleason, The structure of locally compact groups, Duke
Math. J. 18 (1951), 85–104. 51, 53

[Glea–52] Andrew M. Gleason, Groups without small subgroups, Annals of
Math. 56 (1952), 193–212. 53
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Sci., Paris, Sér. A-B 272 (1971), A1695–A1696. 90



224 BIBLIOGRAPHY

[Guiv–73] Yves Guivarc’h, Croissance polynomiale et périodes des fonctions
harmoniques, Bull. Soc. Math. France 101 (1973), 333–379. 90, 184
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matrices, in “Algebraic K-theory, Proceedings, Evanston 1976, Springer
Lecture Notes in Math. 551 (1976), 164–169. 149

[Rhem–68] Akbar H. Rhemtulla, A problem of bounded expressibility in free prod-
ucts, Proc. Cambridge Philos. Soc. 64 (1968), 573–584. 104
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[Weil–40] André Weil, L’intégration dans les groupes topologiques et ses appli-
cations. Hermann, 1940. 12, 13
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